MX4540: Knots
Notes by Richard Hepworth
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An introduction to knots and links

1.1

Knots and links

Definition 1.1. A knot K ⊆ R3 is a subset of the form K = f (R) where f : R → R3 is a
map with the following properties.
1. f (t1 ) = f (t2 ) if and only if t1 − t2 ∈ Z.
2. f is smooth, so that dn f /dt n exists for all n ∈ N.
3. (d f /dt)(t) 6= 0 for all t ∈ R.
(The first condition means that f determines an injective map from the circle into R3 . The
second and third conditions ensure that the knot is embedded ‘nicely’ in R3 .)
Example 1.2. The picture below shows several knots.

unknot

trefoil

also the trefoil

figure-eight

m(figure-eight)

Definition 1.3. A link L ⊆ R3 is a subset of the form
L = C1 t · · · tCn
where the Ci are pairwise disjoint knots. The Ci are called the components of the link.
Example 1.4. The picture below shows several links.

unlink

Hopf link

Whitehead link

Borromean rings

The unlink, Hopf link and Whitehead link all have two components, and the Borromean
rings has three components.
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Definition 1.5. Knots K and K 0 are equivalent, written K ' K 0 , if there exists a family of
knots Kx for x ∈ [0, 1], such that K0 = K and K1 = K 0 , and such that there is a smooth map
F : [0, 1] × R → R3 with the property that for all x ∈ [0, 1] the function F(x, −) represents
Kx in the sense of Definition 1.1. The definition of what it means for links L1 and L2 to be
equivalent, written L1 ' L2 , is left to the reader.
Most definitions given in terms of knots can be extended to links in a routine way. This
will often be left to the reader, as in the definition above.
Example 1.6. The two trefoils from Example 1.2 are equivalent. Try to see this.
When are two knots or links equivalent? For example, are the unknot and the trefoil
genuinely different? Or do they only seem different because of the way we chose to draw
them? This course will be devoted to answering questions such as these. In order to do so
we will study invariants of knots and links: numbers, polynomials or groups associated to
a knot or link that remain unchanged when we replace the knot or link with an equivalent
one.
Definition 1.7. A knot is trivial if it is equivalent to the unknot. A link is trivial with n
components if it is equivalent to the link below.
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1.2

···

2

n

Diagrams and Reidemeister moves

Knot theory as we have presented it so far is a geometric subject taking place in three
dimensions. However, just as we can easily draw any knot or link on the page, so knot
theory can be presented in a more combinatorial two dimensional way using knot and link
diagrams, defined below.
Definition 1.8. The image of a knot K ⊂ R3 under the projection onto a plane is called a
shadow of K. Note that we can lose a lot of information by passing to the shadow, since
the shadow does not record whether one arc passes over or under another.
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Here the trefoil on the left and the trivial knot on the right both have the same shadow. A
shadow is good if it does not contain any triple intersections, tangents or cusps:

Definition 1.9. A diagram of a link L is a good shadow of L, together with the data of
over- and under-crossings. Thus Examples 1.2 and 1.4 in fact consist of diagrams of knots
and links.
A single knot can have very different diagrams. In fact, any one knot admits different diagrams by choosing to project it onto different planes. So when do two diagrams
represent the same knot? The theory developed Kurt Reidemeister in the 1920s and ’30s
addresses this question.
Definition 1.10. The Reidemeister moves R1, R2 and R3 are defined as follows.
R1

R3

R2

To be more precise, we say that two diagrams are related by one of the Reidemeister moves
if we can obtain the second diagram by applying the move to some small region of the first
diagram, leaving the rest unchanged. It is easy to see that if two diagrams are related by
Reidemeister moves, then they represent equivalent knots or links.
Example 1.11. This example shows how a diagram of the trivial knot with 3 crossings
can be transformed into the standard diagram of the unknot by a sequence of Reidemeister
moves.

R2

R1

−−−→

−−−→

Theorem 1.12 (Reidemeister, 1932).
1. Every knot or link admits a diagram.
2. Two diagrams D1 and D2 represent equivalent knots or links if and only if D2 can
be obtained from D1 by a sequence of Reidemeister moves, together with smooth
deformations of the diagrams that preserve the arc and crossing data.
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In practice the above theorem is useless for determining whether two diagrams represent equivalent knots. Its real use is for defining invariants of knots or links, as we will see
in the next part.

1.3

Orientations

Definition 1.13. An oriented knot is a knot together with the data of an orientation, or
in other words a chosen direction to travel around the knot. This is defined by marking
arrows on a knot diagram in a consistent way.

An oriented link is a link whose components are oriented. Equivalence of knots and links
extends in an evident way to the notion of equivalence of oriented knots and links. An
oriented knot diagram or oriented link diagram is a diagram oriented by marking it with
arrows in a consistent way. The evident version of Reidemeister’s Theorem 1.12 holds for
oriented links and oriented diagrams.
Remark 1.14. As the course progresses we will sometimes be interested in oriented knots
and links, and at other times we will be interested in unoriented knots and links. If we
are talking about oriented quantities then we will explicitly say so, and the rest of the time
we are talking about the unoriented situation. Make sure that you are careful about this in
your own work.

1.4

The linking number

Now we encounter our first invariant, the linking number. It assigns an integer to any
oriented link, and we can use it to prove that certain links are genuinely distinct.
Definition 1.15. In a diagram of an oriented link, the crossings can all be given a sign +1
or −1, according to the following rule.

+1

-1

A crossing of sign +1 is called right-handed, while a crossing of sign −1 is called lefthanded.
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Definition 1.16. Let L be an oriented link and choose an oriented diagram D of L. The
linking number of L, denoted lk(L), is defined by
lk(L) =

1
sign(c)
2∑
c

where c ranges over all crossings in D where different components meet.
Example 1.17. After orienting the Hopf link and Whitehead link as follows
+1

+1

+1

−1

+1

−1

we find that lk(Hopf ) = 1/2 × (1 + 1) = 1 and lk(Whitehead) = 1/2 × (1 + 1 − 1 − 1) = 0.
Remark 1.18. There are two serious problems with the definition of the linking number.
First, to define lk(L) we first had to choose a diagram D of L. How do we know that a
different choice of diagram would not result in a different value for lk(L)? We should
prove that the linking number is well-defined, or in other words that it doesn’t depend
on the choices we made. Second, we would like to know that the linking number is an
invariant of oriented links. In other words, we would like to show that if two oriented links
are equivalent, then their linking numbers are equal.
Theorem 1.19. The linking number is a well-defined invariant of oriented links.
Proof. By Theorem 1.12 it suffices to show that if we change an oriented link diagram by
a Reidemeister move, then the value of lk(L) does not change. Let us check this for R1,
R2 and R3.
R1

a

a

R2

b R3
c

−a

c
b

a

R1: The crossing on the left does not contribute to lk(L) because it only involves one
component of the link. So the left and the right both contribute 0 to lk(L).
R2: The two crossings on the left will always have different signs, regardless of how
the two strands are oriented. And either both crossings on the left involve different components of the link, or they both involve the same component. So the left always contributes
0 to lk(L), and the same is true of the right since it contains no crossings.
R3: Crossings a, b, c on the left always have the same sign as the corresponding
crossings on the right, regardless of how the strands are oriented. And they involve strands
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from different components if and only if the corresponding crossings on the right do. So
the left and right make the same contribution to lk(L).
So both sides of each Reidemeister move make the same contribution to lk(L). It
follows that lk(L) does not change under the Reidemeister moves, as required.
Corollary 1.20. Let L1 and L2 be oriented links. If lk(L1 ) 6= lk(L2 ), then L1 and L2 are
not equivalent.
Example 1.21. The Hopf and Whitehead links are not equivalent. For lk(Hopf ) = ±1
depending on orientations, while lk(Whitehead) = 0. We cannot use the linking number
to tell whether the Whitehead link is trivial or not.
Remark 1.22. What the discussion in this part shows is that it is very important to distinguish between knots and links and their diagrams. You should do the same when answering questions in the course.

1.5

New knots and links from old

In this subsection we will see several ways of creating new knots and links from existing knots and links. In particular, we will see the notion of knot sum, which equips the
collection of all oriented knots with an algebraic structure.
Definition 1.23. Let L be an oriented link. The reverse of L, written rL, is the oriented
link obtained from L by simply reversing the orientation.

reverse rL

link L

Definition 1.24. Let L be a link, oriented or not. The mirror of L, written mL, is the link
obtained by reflecting L in a plane.

link L

mL (crossings reversed)

mL (diagram reflected)

A diagram of mL can be obtained from a diagram of L by reversing every crossing, changing ‘over’ to ‘under’ and vice versa. (This corresponds to reflecting the link in the plane of
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the page.) Alternatively, you can obtain a diagram of mL by simply reflecting a diagram
of L in a line. (This corresponds to reflecting the link in a plane that meets the page in that
line.)
Remark 1.25. If we begin with an oriented link L, then by taking mirrors and reverses we
can obtain a total of four different links:
L,

mL,

rL,

m(r(L))

In general these four will all be inequivalent. In certain special cases, however some of
them may be equivalent. For example the trefoil is equivalent to its reverse, but not to its
mirror.
Definition 1.26. Let L and M be links, oriented or not. The distant union of L and M,
written L t M, is obtained by first moving L and M so that they are separated by a plane,
and then taking the union. So if L and M are as shown here
L

M

then L t M is represented by the entire picture. The distant union of link diagrams is
defined in a similar way.
Definition 1.27. Let J and K be oriented knots.

J

K

The sum of J and K, denoted J#K, is obtained in the following way.

J#K
7

In general, we replace a region of the diagram of the form on the left

J

K

with one of the form on the right. (To be precise, first form J t K and choose a smooth
path γ : [0, 1] → R3 from a point γ(0) of J to a point γ(1) of K, and meeting J t K at no
other points. Then delete a short arc around γ(0) from J and delete a short arc around γ(1)
from K. Use two paths parallel to γ to connect the resulting diagrams in the unique way
compatible with all orientations.)
The knot sum is defined only for oriented knots. Without this condition there is a
second, possibly inequivalent, way of connecting the diagrams. There is also no notion of
the sum of links, even if the links are oriented. For there is no canonical way to choose
which components of the two links should be connected.
Theorem 1.28. Let J and K be oriented knots. Then up to equivalence of oriented knots,
the sum J#K is well-defined and depends only on the equivalence classes of J and K.
Outline of proof. We must show that the knot sum is independent of the choice of paths.
Suppose given oriented knots J and K and two paths γ and δ with which to form the sum
J#K. Perform the following steps.
1. Shrink K to make it small.
2. Slide K along γ so that it lies very close to γ(0).
3. Slide K around J from γ(0) to δ (0).
4. Reverse the first two steps, with δ in place of γ.
Theorem 1.29. The sum of oriented knots satisfies the following algebraic properties.
1. Associativity: (I#J)#K ' I#(J#K)
2. Commutativity: J#K ' K#J
3. Unit: K#

'K

Here I, J and K denote oriented knots, and

denotes the unknot.
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Proof. For the first part represent I, J and K as follows.
γ
I

J

δ

K

Form sums I#(−) using the arc γ and form sums (−)#K using the arc δ . Then (I#J)#K
and I#(J#K) are both given by
I

J

K

and in particular they are equivalent.
For the second part, observe that J t K = K t J and that if J#K is formed using an arc
γ, then K#J is formed using the reverse of γ, and that the two resulting knots are equal,
and in particular equivalent.
For the third part, represent K and as on the left
γ
K

K

and form the sum K# using γ. Then K# is exactly the knot on the right, which is
equivalent to K itself. This completes the proof.
Definition 1.30. An oriented knot is prime if it is not the unknot, and if it cannot be written
in the form K1 #K2 for nontrivial knots K1 and K2 .
Later in the course we will see that there are no negatives for the knot sum. In other
words, if K is an oriented knot then it is not always possible to find another oriented knot
J for which K#J ' .
The knot table is a list of all prime knots, with mirrors and reverses omitted. The list
is arranged according to crossing number: the smallest number of crossings appearing in
a diagram of the knot. Knots are given names such as 31 (the trefoil), 41 (the figure-eight)
or 1093 . In the latter case 10 is the crossing number of the knot, while 93 is the position of
that knot in a certain conventional ordering. The knot table up to seven crossings is shown
in Figure 1. The Knot atlas
• http://katlas.math.toronto.edu/wiki/The_Rolfsen_Knot_Table
gives the knot table up to and including 10 crossings. Clicking on a knot produces a page
containing lots of information about the knot, including the value of many of its invariants.
This can be useful for checking homework answers! Remember that each entry in the knot
table stands for up to four different knots, obtained by taking mirrors and reverses.
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Figure 1: The knot table up to seven crossings.
Definition 1.31. A link diagram D is alternating if, as you travel along the link, the crossings are encountered in an alternating manner over, under, over and so on. A link is called
alternating if it admits an alternating diagram.
All prime knots up to seven crossings are alternating. At one time it was believed that
all knots were alternating, but this is not so — there are non-alternating knots with eight
crossings. Determining whether or not a knot is alternating is difficult, since it requires
one to consider all possible diagrams of a given knot. Towards the end of the course we
will see a collection of very powerful results about alternating knots.
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2

The colouring of knots and links

2.1

Colourability

In this section and the two that follow we will study a series of invariants of knots and
links, all based on the idea of colouring. These will allow us to begin proving that certain
knots are not equivalent, and they will also give us stronger ways to show that certain links
are not equivalent.
Definition 2.1. Let L be a link and let n ∈ N. We say that L can be coloured modulo n if
it admits a diagram whose arcs can be labelled with integers in such a way that:
1. The colouring equation
a + b ≡ 2c mod n

a
c

holds at every crossing.
2. The colouring is not constant. In other
words, the labels are not all congruent
modulo n.

b

Such a choice of labels on a diagram D is called a colouring of the diagram modulo n.
Example 2.2. A colouring of the trefoil modulo 3:
0
α

β
1

γ

2

α:
β:
γ:

1+2 ≡ 2·0
0+2 ≡ 2·1
0+1 ≡ 2·2

mod 3
mod 3
mod 3

α:
β:

1+1 ≡ 2·0
0+0 ≡ 2·1

mod 2
mod 2

Example 2.3. A colouring of the Hopf link modulo 2:

α
0

1
β

Example 2.4. A colouring of the figure-eight modulo 5:
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1
γ
2

α
β

0 + 2 ≡ 2 · 1 mod 5
1 + 0 ≡ 2 · 3 mod 5
1 + 3 ≡ 2 · 2 mod 5
2 + 3 ≡ 2 · 0 mod 5

α:
β:
γ:
δ:

0
3

δ
Theorem 2.5. Let n ∈ N. The property of being colourable modulo n is an invariant of
links.
Proof. According to Theorem 1.12 we must check that applying Reidemeister moves to a
diagram does not affect its colourability modulo n.
R1:
a
R1
a
b≡a
The colouring equation at the crossing tells us that b ≡ a mod n. So the left appears as part
of a colouring if and only if the right does.
R2:
a
b
a
b
R2
c ≡ 2a − b
d≡b
The colouring equations at the two crossings tell us that c ≡ 2a − b and d ≡ b mod n. All
labels on the left are congruent if and only if the same is true on the right. So the left
appears as part of a colouring if and only if the right does.
R3:
b

c
2b

a

−

R3

2a
−

c

a

b

c

c

2a − 2b + c

2a − 2b + c

2a − b

2a − b

As before, one can solve the colouring equations and see that the labellings on the left and
right must be as shown. And again, the labels are all congruent on the right if and only if
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they are all congruent on the right. So the left appears as part of a colouring if and only if
the right does.
Lemma 2.6. Let L be a link that can be coloured modulo n, and let D be a diagram of L.
Then for any arc of D, there is a colouring of D with prescribed label (usually 0) on that
arc.
Proof. By the proof of Theorem 2.5 the diagram D admits a colouring modulo n. If we
add the same integer k to every label in this colouring, then the result is again a colouring
of D. To see this, suppose we are given the crossing depicted below, with the original
labels on the left, and with the new labels on the right.
a

a+k
c+k

c

b+k

b

Since the colouring equation a + b ≡ c mod n holds for the original labels, we have
(a + k) + (b + k) ≡ (a + b) + 2k ≡ 2c + 2k ≡ 2(c + k) mod n,
so that the colouring equation holds with the new labels. By choosing k correctly, we
obtain a colouring of D in which our chosen arc has the required label.
Now we fix a link L and ask the question for which n can we colour L modulo n? The
next lemma will be useful for answering this.
Lemma 2.7. Let m, n ∈ Z with n > 1. There is an integer a satisfying ma ≡ 0 mod n and
a 6≡ 0 mod n if and only if gcd(m, n) > 1. If m is prime, this means that m|n.
Proof. Suppose that m and n have no common factors and that ma ≡ 0 mod n. Since m and
n are coprime there is m0 ∈ Z such that m0 m ≡ 1 mod n. Thus a ≡ m0 ma ≡ m0 0 ≡ 0 mod
n. The ‘only if’ claim follows. Conversely, if gcd(m, n) > 1 then we can write m = av,
n = aw with a > 1, and this a then satisfies ma ≡ 0 and a 6≡ 0 modulo n.
Proposition 2.8. The trefoil can be coloured modulo n if and only if 3|n.
Proof. Suppose that the trefoil can be coloured modulo n. Then by Lemma 2.6 there is a
colouring of the form below.
0

x

α:
β:
γ:

α

β
γ

y
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x + y ≡ 2 · 0 mod n
0 + y ≡ 2 · x mod n
0 + x ≡ 2 · y mod n

By subtracting the colouring equations for α and β we find that 3x ≡ 0 mod n. Also, we
must have x 6≡ 0 mod n otherwise the colouring is constant. By Lemma 2.7 we therefore
have 3|n. Conversely, if 3|n then we may write n = 3m and we can colour the trefoil
modulo n by setting x = m and y = 2m.
Proposition 2.9. The figure-eight knot can be coloured modulo n if and only if 5|n.
Proof. Suppose that the figure-eight can be coloured modulo n. Then by Lemma 2.6 there
is a colouring of the form below.
0
γ

α
β

y

α:
β:
γ:
δ:

z
x

y+z ≡ 2·0
0+z ≡ 2·x
x+0 ≡ 2·y
x+y ≡ 2·z

mod n
mod n
mod n
mod n

δ
The colouring equations for α, β and γ together imply that 5x ≡ 0 mod n. Also we must
have x 6≡ 0 mod n otherwise the colouring is constant. Then by Lemma 2.7 we have 5|n.
Conversely, if 5|n then we may write n = 5m and we can colour the knot modulo n by
setting x = m, y = 2m and z = 3m.
Example 2.10. You can check that:
• 31 can be coloured modulo n if and only if 3|n;
• 41 can be coloured modulo n if and only if 5|n;
• 51 can be coloured modulo n if and only if 5|n;
• 52 can be coloured modulo n if and only if 7|n.
So no two of 31 , 41 and 52 are equivalent. But we cannot use colourability to distinguish
between 41 and 51 .
Proposition 2.11.
1. No knots can be coloured modulo 2.
2. Any link with more than one component can be coloured modulo 2.
Proof. Modulo 2, the colouring equation holds at a given crossing if and only if the understrand has the same label on both sides of the crossing:
x
z

x + y ≡ 2z mod 2
y
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⇐⇒

x ≡ y mod 2

So in a colouring modulo 2, each component of the link must have constant label, and so
there must be at least two components. This proves the first part. To prove the second
part, label all arcs from one component 1, and label the remaining arcs 0. Our original
observation shows that this is indeed a colouring of the link.
Definition 2.12. A link is splittable if it is equivalent to one that has components on both
sides of, but not meeting, some plane in R3 :

Proposition 2.13. If a link is splittable then it admits a colouring modulo n for all n > 2.
Proof. Since the link is splittable then as above it has a diagram with components on both
sides of, but not meeting, some line in R2 . Label all arcs on one side of the line with 0 and
label all arcs on the other side of the line with 1. Then at each crossing, either all arcs are
labelled by 0 or they are all labelled by 1, and in each case the colouring equation holds
trivially. Not all arcs have the same label. So this is a colouring modulo n.
Example 2.14. You will check in the examples sheet that the Borromean rings cannot be
coloured modulo 3. It follows from Proposition 2.13 that the Borromean rings are not
splittable.

2.2

The sum of the colouring equations

Consider colourings of the trefoil modulo 3.
0

x

α:
β:
γ:

α

β
γ

y

x + y − 2 · 0 ≡ 0 mod 3
y + 0 − 2 · x ≡ 0 mod 3
x + 0 − 2 · y ≡ 0 mod 3

Here we have written the colouring equations with all of the terms on the left. If we add
the three equations together then we obtain the equation 0 ≡ 0 mod n. We say that the
equations sum to zero. This tells us that if we have chosen x, y and z to solve any two of
the colouring equations, then the third equation is automatically satisfied. This is a general
feature of the colouring equations, as the next theorem shows.
Theorem 2.15. The colouring equations for a link diagram sum to zero, so long as the
signs of the colouring equations have been chosen well.
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Before attempting to prove the theorem, we need to explain what it means for the signs
of the equations to have been ‘chosen well’. For this we need some new language.
Definition 2.16. The curves forming a link diagram are called arcs. By deleting the arcs
from R2 you are left with the regions of the diagram. If you cut every arc whenever it
passes over a crossing, you obtain the short arcs.
2

5

1
3

4

5 regions

3 arcs

6 short arcs

Note that the ‘outside’ of the diagram is always a region.
Definition 2.17. A chessboarding of a diagram is a shading of the regions, black or white,
such that adjacent regions have opposite shade.

To obtain a chessboarding, first shift the diagram so that each vertical slice meets only
finitely many points. Then in each vertical slice, colour the regions alternately white,
black, white, and so on. By using several slices you can determine the shade of any
region.
Definition 2.18. Here is how to make a good choice of the signs of the colouring equations.
Pick a chessboarding of the diagram. Then every crossing in the diagram will have one of
the following forms.
b

a

b

a

a

a

c

c

+a − b + a − c ≡ 0 mod n

−a + b − a + c ≡ 0 mod n

Choose the signs of the colouring equations as shown. In words, we work clockwise
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around the crossing and take the label of each short arc in turn, with sign +1 if the arc lies
clockwise from a black region, and with sign −1 if the arc lies clockwise from a white
region.
Example 2.19. Here is how to make a good choice of the signs for the colouring equations
of the trefoil.
x0
0

1

x1

2

x2

0:
1:
2:

+x0 − x2 + x0 − x1 ≡ 0 mod n
+x1 − x0 + x1 − x2 ≡ 0 mod n
+x2 − x1 + x2 − x0 ≡ 0 mod n

Proof of Theorem 2.15. The colouring equation at a crossing has four contributions, one
from each short arc that meets the crossing. Each short arc meets two crossings, one at
each end. So the sum of the colouring equations has two contributions from each short arc,
each one being ±a where a is the label of the short arc. These contributions have opposite
signs, because if the short arc is clockwise from a black region at one crossing, then it is
anticlockwise from the black region at the other crossing.

short arc

So each short arc contributes zero to the sum of the colouring equations, and consequently
the sum of the colouring equations is zero.
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3

The determinant of knots and links

Now we will study the determinant of a link L. This is an invariant that assigns an integer
to any link. It will help us to distinguish between various knots and links, and is closely
related to the colouring properties of the link.

3.1

The colouring matrix and the determinant

Definition 3.1. A closed curve in a diagram is a single arc with no crossings. Thus it
forms a closed loop with no breaks.

Any such closed curve can be easily removed using Reidemeister move 1.
Lemma 3.2. If a diagram has no closed curves, then it has equal numbers of arcs and
crossings.
Proof. Orient the link. Since the diagram has no closed curves, every arc now points to a
crossing. This determines a bijection {arcs} → {crossings}.
Fix a link L and represent it by a diagram with no closed curves. Label the arcs of
the diagram x0 , . . . , xm and label the crossings 0, . . . , m. The colouring equation at the `-th
crossing can now be written in the following form.
xj
xi

`
+x j + xk − 2xi ≡ 0

mod n

xk
Form a matrix A+ as follows. The rows of A+ correspond to the crossings of the diagram,
and the columns correspond to the arcs. The j-th entry in the `-th row is the coefficient of
x j in the colouring equation at crossing `.
Example 3.3. For the figure-eight knot this works as follows.
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0:
1:
2:
3:

x0
0

2
x2

1

x2 + x3 − 2x0 ≡ 0
x0 + x3 − 2x1 ≡ 0
x0 + x1 − 2x2 ≡ 0
x1 + x2 − 2x3 ≡ 0

x3
x1


−2 0
1
1
 1 −2 0
1

A+ = 
1
1 −2 0 
0
1
1 −2

3

For alternating diagrams there is a standard way to label the arcs and crossings. Label
the crossings 0, . . . , m and then label the arc that passes over the i-th crossing by xi . (Each
arc passes over just one crossing, since the diagram is alternating.) With this choice the
diagonal entries of A+ are all given by −2.
Definition 3.4. The colouring matrix of the link L is the matrix A obtained by deleting one
row and one column from A+ . It is an m × m matrix of integers.
Note that the colouring matrix of L depends on the choice of a diagram and on the
choice of a row and column to delete from A+ . For consistency we will always choose to
delete the first row and column of A+ .
Definition 3.5. The determinant det(L) of a link L is defined to be | det(A)|. Here A is the
colouring matrix obtained from some diagram of L with no closed curves.
Later on we will see that the determinant determines the colouring properties of L,
and that it is a well-defined link invariant. (See Theorem 3.11 and Corollary 4.7.) In the
meantime let us examine some examples and techniques for computing the determinant.
Example 3.6. The determinant of the trefoil is det(31 ) = 3. To see this we label the arcs
and crossings and write down the colouring equations and the colouring matrix.
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x0

0 : x1 + x2 − 2x0 = nb0
1 : x2 + x0 − 2x1 = nb1
2 : x0 + x1 − 2x2 = nb2

0

1

x1

x2
2




−2 1
1
A+ =  1 −2 1 
1
1 −2

By discarding the first row and column of A+ we get the colouring matrix


−2 1
A=
.
1 −2
So det(31 ) = | det(A)| = 3.
Example 3.7. The determinant of the figure-eight is det(41 ) = 5. Example 3.3 computed
the matrix A+ . Discarding the first row and column we get colouring matrix


−2 0
1
A =  1 −2 0  .
1
1 −2
So det(41 ) = | det(A)| = 5.

3.2

Computing the determinant using the Goeritz matrix

Computing the determinant of a link using the definition above can be quite arduous since
the colouring matrix may be large. Here we will explain a different approach using a
potentially smaller matrix in place of the colouring matrix.
Let L be a link with diagram D. Chessboard the diagram. Label the white regions of
the diagram 0, 1, . . . , m, with 0 denoting the infinite ‘outside’ region. Give each crossing a
sign according to the following rule:

−1

+1
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Now define an (m + 1) × (m + 1) matrix



G00 · · · G0m

.. 
G+ =  ...
. 
Gm0 · · · Gmm

with entries Gi j as follows.
• For i 6= j, Gi j is the sum of the signs of the crossings where region i meets region j.
• For i = j, Gii is minus the sum of the signs of the crossings around region i.
Observe that G+ is symmetric, and that the sum of any of its rows or columns is zero. This
is useful for checking computations.
Definition 3.8. The Goeritz matrix of the diagram is the matrix G obtained by deleting
one row and one column from G+ . For consistency we will always delete the first row and
column.
Proposition 3.9. det(L) = | det(G)|. In other words, the determinant of a link can be
computed by using the Goeritz matrix in place of the colouring matrix.
The proof of this proposition is omitted: it requires some algebraic topology that is
beyond us just now. Let us see how it can be useful in computations.
Example 3.10. For the figure-eight knot this works as follows. Choose the chessboarding
with white regions 0, 1 and 2 as shown. Then all of the crossings have sign +1 and we
obtain the matrices G+ and G.


−3 2
1
G+ =  2 −3 1 
1
1 −2

0
+1

+1

1
+1



−3 1
G=
1 −2

2
+1

Thus det(41 ) = | det(G)| = 5. Compare this with Example 3.7, where we obtained this
result using the colouring matrix A. Whereas A had dimensions 3 × 3, G has dimensions
2 × 2. In general, the Goeritz matrix is smaller than the colouring matrix, making it much
easier to compute with.
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3.3

The determinant and colourings

The determinant is closely related to the notion of colourings. Here is how.
Theorem 3.11. A link L can be coloured modulo n if and only if gcd(det(L), n) > 1. In
other words, L can be coloured modulo n if and only if det(L) and n have a prime factor
in common.
Proof. Choose a diagram of L and order its arcs and its crossings. Then a colouring
exists modulo n if and only if we can find a choice of labels x0 , x1 , . . . xm ∈ Z/nZ, not all
equal, such that the colouring equation holds at crossings 0, . . . , m. By Lemma 2.6 we
may assume that x0 = 0. And by Theorem 2.15 the colouring equations sum to zero (after
possibly negating some of them), so if the colouring equation holds at crossings 1, . . . , m
then it holds at crossing 0. So a colouring exists modulo n if and only if we can find labels
labels x0 = 0, x1 , . . . xm , not all zero, such that the colouring equation holds at crossings
T
1, . . . , m. This is precisely the same as the data of a nonzero vector x = x1 . . . xm
satisfying
Āx = 0
where Ā is the matrix with entries in Z/nZ obtained from A. The `-th component of this
equation precisely expresses the colouring equation at the `-th crossing. By the next lemma
this is if and only if gcd(| det(A)|, n) > 1. Since det(L) = | det(A)| the result follows.
Lemma 3.12. Let A be an r × r matrix with integer entries. There is a nonzero vector
x ∈ (Z/nZ)r satisfying
Āx = 0
if and only if gcd(| det(A)|, n) > 1. Here Ā is the matrix with entries in Z/nZ obtained
from A.
Proof. By general linear algebra it is possible to find integer matrices C and R, both with
determinant 1, such that D = RAC is diagonal. There is a nonzero x with Āx = 0 if and only
if there is a nonzero vector y with D̄y = 0. (They are related by the equations y = C̄−1 x
and x = C̄y.) And gcd(| det(A)|, n) > 1 if and only if gcd(| det(D)|, n) > 1, just because
det(A) = det(D). So it is enough to prove the claim with D in place of A.
Let us write


d1


...
D=
.
dm
Then there is nonzero y with D̄y = 0 if and only if there are y1 , . . . , ym ∈ Z/nZ, not all zero,
such that di yi ≡ 0 mod n for all i. This is if and only if, for some i, there is nonzero yi ∈
Z/nZ such that di yi ≡ 0 mod n. And by Lemma 2.7 this is if and only if, for some i, we
have gcd(di , n) > 1. Since | det(D)| = |d1 | · · · |dm | this is if and only if gcd(| det(D)|, n) >
1.
22

Corollary 3.13.
1. If det(L) = 0 then L can be coloured modulo n for all n.
2. If det(L) = 1 then L cannot be coloured modulo n for any n.
Example 3.14.
• On the example sheet you will see knots that have determinant 1, and so admit no
colourings.
• Distinct knots can have the same determinant. For example, det(62 ) = det(72 ) = 11.
• The determinant gives more information than colouring properties. For example,
the two links

det = 8

det = 4

have different determinants. But the determinants have exactly the same prime factors, so the two links have the same colouring properties.
Proposition 3.15. If a link L is splittable then det(L) = 0.
Proof. If L is splittable, then it admits a diagram consisting of diagrams of two links, L1
and L2 , separated by a line. See Definition 2.12. We can also assume that the diagram has
no closed curves. Order the arcs of the diagram by taking the arcs of L1 followed by the
arcs of L2 , and order the crossings similarly. Then


A1+
A+ =
,
A2+
where A+ , A1+ and A2+ are the matrices obtained from L, L1 and L2 as in subsection 3.1.
Deleting the first row and column, the colouring matrix of L is


A1
A=
A2+
where A1 is the colouring matrix of L1 . By Theorem 2.15 we have det(A2+ ) = 0. Thus
det(L) = | det(A)| = | det(A1 ) det(A2+ )| = 0.
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4

The colouring group

The last two sections discussed colourings of links and the determinant of a link. Theorem 3.11 showed that the determinant of a link governs its colourability. Now we will see
an even more powerful invariant, the colouring group of a link.
Definition 4.1. Let L be a link. Choose a diagram of L. The colouring group of L, written
Col(L), is the abelian group with:
• Generators: The arcs of a diagram representing L.
• Relations: The colouring equations for the same diagram, plus the relation a0 = 0
for some given arc a0 .
In other words Col(L) = h a, b, c . . . | a + b − 2c = 0, . . . a0 = 0 i.
{z
} | {z }
| {z } |
arcs

given arc

col eqns

Example 4.2. The colouring group of the trefoil 31 is determined as follows.
x0

x1

Col(31 ) =
=
=
∼
=

0 : x1 + x2 − 2x0 = 0
1 : x2 + x0 − 2x1 = 0
2 : x0 + x1 − 2x2 = 0

0

1

x2

2

hx0 , x1 , x2 | x1 + x2 − 2x0 = 0, x2 + x0 − 2x1 = 0, x0 + x1 − 2x2 = 0, x0 = 0i
hx1 , x2 | x1 + x2 = 0, x2 − 2x1 = 0, x1 − 2x2 = 0i
hx1 | 3x1 = 0i
Z/3Z

Example 4.3. The colouring group of the figure-eight knot 41 is computed as follows.
x0
0

2
x2

1

0:
1:
2:
3:

x3

x1
3
*

Col(41 ) =

x0 , x1 , x2 , x3

x2 + x3 − 2x0 = 0
x0 + x3 − 2x1 = 0
x0 + x1 − 2x2 = 0
x1 + x2 − 2x3 = 0

x2 + x3 − 2x0 = 0,
+
x0 + x3 − 2x1 = 0,
x =0 .
x0 + x1 − 2x2 = 0, 0
x1 + x2 − 2x3 = 0,

This simplifies to hx1 | 5x1 = 0i ∼
= Z/5Z.
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Proposition 4.4. A link L can be coloured modulo n if and only if there is a nonzero
homomorphism Col(L) → Z/nZ.
Proof. To give a nonzero homomorphism φ : Col(L) → Z/nZ is to specify φ (α) ∈ Z/nZ
for each arc α, such that not all φ (α) are equal to 0, such that φ (a) = 0 for the given arc
a, and such that φ (b) + φ (c) − 2φ (d) = 0 for every crossing of the following form.
b
d
c
In other words, a nonzero homomorphism φ : Col(L) → Z/nZ is exactly the same as a
colouring of L modulo n, with label φ (α) on the arc α, and with label 0 on the chosen arc
a.
The colouring group is not a well-defined link invariant. If you compute the colouring
group of some link with two different chosen arcs, or with two completely different diagrams, then the two groups you get will be defined using different sets of generators and
relations, and as such are not equal. However, they will be isomorphic. So it only makes
sense for us to talk about the colouring group up to isomorphism, or about the isomorphism
class of the colouring group.
Theorem 4.5. The isomorphism class of the colouring group is a well-defined link invariant.
Outline of proof. Suppose given a link L with diagram D and chosen arc a. With this data
we can compute Col(L). It must be checked that if we choose a different arc a, or if we
adjust D by a Reidemeister move, then the resulting colouring group is isomorphic to the
one already computed. For changing the choice of arc, this follows by the same reasoning
as in the proof of Lemma 2.6. And for the Reidemeister moves this follows by the same
reasoning as in the proof of Theorem 2.5.
Here is a method for computing the colouring group of a link L. First, choose a diagram
of L that has no closed curves. Choose a labelling x0 , . . . , xm of the arcs and a numbering
0, . . . , m of the crossings. Form the associated colouring matrix A. There is a isomorphism
of abelian groups
Col(L) ∼
= Zm /AT Zm .
This is an immediate consequence of the definition of A.
Next, find a diagonal matrix


d1


...
D=

dm
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such that D = RAC where R and C are integer matrices with determinant 1. (A method for
finding D is included in Appendix A.) Then D = DT = CT AT RT . It follows that there is
an isomorphism
∼
=
Zm /AT Zm −−−→ Zm /DZm
defined by x 7→ CT x. Since D is diagonal there is an isomorphism
Zm /DZm ∼
= Z/|d1 |Z × · · · × Z/|dm |Z.
This discussion is summarised as follows.
Theorem 4.6.
1. Let L be a link with colouring matrix A. Suppose given integer matrices R,C with
determinant 1 such that RAC is a diagonal matrix D = diag(d1 , . . . , dm ). Then
Col(L) ∼
= Z/|d1 |Z × · · · × Z/|dm |Z.
The same holds if the colouring matrix A is replaced by the Goeritz matrix G.
2. Col(L) is finite if and only if det(L) 6= 0, in which case |Col(L)| = det(L).
3. Col(L) is infinite if and only if det(L) = 0.
Proof. The first part follows from the discussion above. The second and third follow from
the fact that det(L) = |d1 | · · · |dm |, as in the proof of Theorem 3.11.
Corollary 4.7. The determinant is an invariant of links.
Example 4.8. Theorem 4.6 tells us that the order of the colouring group Col(L) is determined by det(L). However Col(L) contains strictly more information. For example, the
knots 61 and 31 #31 shown here

both have determinant 9. However 61 has colouring group Z/9Z, while 31 #31 has colouring group Z/3Z × Z/3Z. Since these two groups are not isomorphic, it follows that the
two knots are not equivalent.
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5

The Alexander Polynomial

This section introduces the Alexander polynomial of an oriented knot or link. This is
formally very similar to the determinant, but in fact contains strictly more information.
Definition 5.1. A Laurent polynomial in a variable X is a symbol of the form
f = ar X r + ar+1 X r+1 + · · · + as X s
where r 6 s are integers (possibly negative) and ar , . . . , as are also integers. If ar = 0 then
f above is identified with the symbol ar+1 X r+1 + · · · + as X s , and similarly if as = 0. These
symbols are subject to the usual rules for adding and multiplying polynomials. The set of
all Laurent polynomials in X is written Z[X, X −1 ]. We sometimes emphasise the variable
being used by writing f (X) in place of f .
The Alexander polynomial, to be defined below, will be a Laurent polynomial in a
.
variable t, or in other words an element of Z[t,t −1 ]. We write f (t) = g(t) if f (t) = ±t m g(t)
for some m ∈ Z. Later in the course we will see several more Laurent polynomials.
Definition 5.2. The polynomial colouring equation at a crossing
b
a
c
in an oriented link diagram is
a + tc − ta − b = 0.
This is a linear equation in the arcs, with coefficients in Z[t,t −1 ]. Only the orientation of
the strand passing over the crossing matters. If we set t = −1 this becomes the standard
colouring equation.
Definition 5.3. Let L be an oriented link. Choose a diagram of L with no closed curves.
Label the arcs of the diagram x0 , . . . , xm and label the crossings 0, . . . , m. Form the matrix


P00 · · · P0m
 ..
.. 
..
 .
.
. 
Pm0 · · · Pmm

whose entries express the coefficients in the polynomial colouring equations. Thus Pi j is
the coefficient of x j in the polynomial colouring equation at the i-th vertex. Delete any row
and any column of this matrix, and then take the determinant. The result is the Alexander
polynomial ∆L (t).
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Example 5.4. The Alexander polynomial of the trefoil is ∆31 (t) = t 2 − t + 1. To see this
we label the arcs and crossings and write down the polynomial colouring equations and
the corresponding matrix.

x0

0 : x0 + tx1 − tx0 − x2 = 0
1 : x1 + tx2 − tx1 − x0 = 0
2 : x2 + tx0 − tx2 − x1 = 0

0

1

x1



1−t
t
−1
 −1 1 − t
t 
t
−1 1 − t

x2
2

Discard the first row and column of the matrix and compute the determinant to find


1−t
t
∆31 (t) = det
= (1 − t)2 + t = t 2 − t + 1
−1 1 − t
as claimed.
Remark 5.5. Many choices were made in the definition of the Alexander polynomial: A
choice of diagram, orderings of the arcs and crossings, and a choice of row and column
to delete. Different choices can lead to different Alexander polynomials ∆1L (t) 6= ∆2L (t) for
.
the same oriented link L. However the relation ∆1L (t) = ∆2L (t) always holds.
.
Theorem 5.6. The = equivalence class of the Alexander polynomial ∆L (t) is a welldefined invariant of oriented links.
This theorem is analogous to the fact that the determinant is a link invariant. That
fact relies on the connection between the determinant and the colouring group. Here,
the connection is between the Alexander polynomial and an object called the Alexander
module, which is a module for the ring Z[t,t −1 ]. We do not have the necessary module
theory to give a full account of this story, and so we will take the above theorem on faith.
Proposition 5.7. Let L be an oriented link.
1. |∆L (−1)| = det(L)
.
2. ∆mL (t) = ∆L (t −1 )
.
3. ∆rL (t) = ∆L (t −1 )
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Proof. Observe that when t = −1 the polynomial colouring equation becomes the standard
colouring equation. Part (1) now follows by comparing the definitions of ∆L and det(L).
Let us prove (2). Choose a diagram D of L, and reflect it in a vertical line to get a diagram mD of mL. Choose a single crossing of D and consider the corresponding crossing
of mD:

diagram D

mirror mD
b

b
a

a

c

c

a + tb − ta − c = 0

a + tc − ta − b = 0

The coefficients of the equation on the left determine a matrix whose determinant is ∆L (t),
and if we replace t with t −1 then we obtain a matrix P whose determinant is ∆L (t −1 ). Similarly, the coefficients of the equation on the right determine a matrix Q whose determinant
is ∆mL (t). Now observe that the equation on the left, with t replaced by t −1 , is precisely
the equation on the right multiplied by −t −1 . Thus P = −t −1 Q and
.
∆L (t −1 ) = det(P) = (−t)−m det(Q) = (−t −1 )m ∆mL (t) = ∆mL (t)
as required. The proof of (3) is similar.
.
Theorem 5.8. Let J and K be oriented knots. Then ∆J#K (t) = ∆J (t)∆K (t).
Proof. Choose diagrams of J and K as follows, with arcs and crossings labelled as indicated.
x1 , . . . , xm−1
1, . . . , m

0
xm

y1 , . . . , yn−1

0
x0

y0

yn

1, . . . , n

Denote by A and B the matrices obtained from the polynomial colouring equations of J
and K, deleting the zero-th row and column in each case. Thus
∆J (t) = det(A),

∆K (t) = det(B).
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We have the following diagram for J#K.
z

x1 , . . . , xm−1
1, . . . , m

y1 , . . . , yn−1

ζ

0
xm

yn

x0 = y0

1, . . . , n

Order the arcs of this diagram as x0 = y0 , x1 , . . . , xm , y1 , . . . , yn , z. Order the crossings as
0, 1, . . . , m from J, followed by 1, . . . , n from K, followed by ζ . The polynomial colouring
equations for J#K at crossings 1, . . . , m are precisely the original colouring equations for J,
and at crossings 1, . . . , m are precisely the original colouring equations for K. At crossing
ζ the polynomial colouring equation states that (1 − t)y0 + tz − yn = 0. It follows that
∆J#K (t) is the determinant of the matrix












A





.





B
−1 t

Here we have again chosen to delete the zero-th row and column. The determinant of this
matrix is det(A) det(B)t, and so
.
∆J#K (t) = det(A) det(B)t = ∆J (t)∆K (t)t = ∆J (t)∆K (t)
as required.
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6

The Jones polynomial

In this section we will study another polynomial invariant of oriented knots and links,
namely the Jones polynomial. While the Alexander polynomial has been known since
1923 and has its roots in classic algebraic topology, the Jones polynomial was only discovered in 1984 and is more strongly connected to theoretical physics. We will see how to
define and compute the Jones polynomial, and later we will see important applications to
alternating knots.

6.1

Introducing the Jones polynomial

As the name suggests, the Jones polynomial is a polynomial invariant. But unlike the
Alexander polynomial it takes values in Z[t 1/2 ,t −1/2 ] and not Z[t,t −1 ]. (So the powers of
t appearing in the Jones polynomial of a link can be half-integers.) We won’t begin our
study of the Jones polynomial with the definition. Instead we start by giving a theorem
that states some of its properties, and this will be enough for us to do any computations we
wish.
Theorem 6.1 (Jones, 1985). There is an invariant V of oriented links with the following
properties:
• it takes values in Z[t 1/2 ,t −1/2 ];
• it satisfies V ( ) = 1 where

denotes the unknot.

• it satisfies the skein relation
t −1V (L+ ) − tV (L− ) + (t −1/2 − t 1/2 )V (L0 ) = 0

(1)

whenever L+ , L− and L0 are three oriented links which have diagrams that are
identical except in a small region where they are given as follows.
(2)
L−

L+

L0

It is called the Jones polynomial.
Example 6.2 (The trivial link of 2 components). Let T denote the trivial link of two
components:
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Let’s compute its Jones polynomial. Consider the following three oriented links:

L+

L−

L0

The given diagrams of L+ , L− and L0 are identical except in a small region (inside the red
circle), and in that region they differ exactly as in the diagrams (2). So the skein relation (1)
applies, and it tells us that
t −1V (L+ ) − tV (L− ) + (t −1/2 − t 1/2 )V (L0 ) = 0.
But L+ and L− are both diagrams of the unknot, so that V (L+ ) = V (L− ) = 1. And L0 is
equivalent to our link T , so that V (L0 ) = V (T ). Thus the skein relation becomes
(t −1 − t 1 ) + (t −1/2 − t 1/2 )V (T ) = 0.
Since (t −1 − t 1 ) = (t −1/2 − t 1/2 )(t −1/2 + t 1/2 ), this simplifies to give
V (T ) = −(t −1/2 + t 1/2 ).
Example 6.3 (The Jones polynomial of the Hopf link). Let us compute the Jones polynomial of the Hopf link when it is oriented as follows.

We will use the skein relation. To do that we have to find three oriented links L+ , L− and
L0 that have diagrams that are identical everywhere except in a small region where they are
given by (2). Let’s look at the top crossing of our diagram of the Hopf link, and observe
that it is of exactly the same kind as the crossing in L+ (but rotated through 90 degrees,
which does not matter):

So we can take this diagram to be L+ in the skein relation. To find L− and L0 , we simply
adjust the circled region in the appropriate way. (More precisely we change the crossing
from over to under to get L− , and we smooth the crossing to get L0 .) We end up with the
following.

L+

L−
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L0

The skein relation can now be applied to these three links to tell us that:
t −1V (L+ ) − tV (L− ) + (t −1/2 − t 1/2 )V (L0 ) = 0.
Observe that L− is the trivial link of two components so that V (L− ) = (−t 1/2 − t −1/2 ),
while L0 is the unknot so that V (L0 ) = 1 by our previous example, and L+ is the Hopf link
that we started with. So the skein relation becomes the statement
t −1V (Hopf ) − t(−t −1/2 − t 1/2 ) + (t −1/2 − t 1/2 ) · 1 = 0.
This rearranges to give
V (Hopf ) = −t 5/2 − t 1/2 .
Remark 6.4. If we had chosen a different orientation for the Hopf link, then the computation would change, as indeed would the final value of the Jones polynomial. In other words
the Jones polynomial of an oriented link depends on the orientations of the components.
In the example we were careful to make clear how we oriented the Hopf link — make sure
that you are just as careful.
Example 6.5 (The Jones polynomial of the trefoil). Let us use the skein relation to compute the Jones polynomial of the trefoil, oriented as follows.

Examining the top-right crossing, and adjusting it as in the skein relation, we obtain the
following three oriented links.

L+

L−

L0

The first is just the trefoil, since our chosen crossing had sign +1. The second is the unknot
while the third is the oriented Hopf link that appeared in our previous example. (Check
carefully that the orientation really is the same!) The skein relation
t −1V (L+ ) − tV (L− ) + (t −1/2 − t 1/2 )V (L0 ) = 0
then becomes
t −1V (Trefoil) − tV ( ) + (t −1/2 − t 1/2 )V (Hopf ) = 0.
Now V (Hopf ) = −t 5/2 − t 1/2 from the last example, while V ( ) = 1. Substituting these
values in and rearranging gives us
V (Trefoil) = −t 4 + t 3 + t.
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Proposition 6.6. V (L t ) = (−t 1/2 − t −1/2 )V (L) for any oriented link L.
Proof. Let’s draw the original link L in the following form.
L

Then we consider the following three links:
L

L

L
L−

L+

L0

Observe that L+ and L− are both equivalent to L, while L0 is equivalent to L t . So the
skein relation tells us that
t −1V (L) − tV (L) + (t −1/2 − t 1/2 )V (L t ) = 0
and so
V (L t ) =

−(t −1 − t)
V (L) = (−t −1/2 − t 1/2 )V (L)
t −1/2 − t 1/2

as required.
Corollary 6.7. The Jones polynomial of the trivial link of n components is (−t −1/2 −
t 1/2 )n−1 . (Recall that the trivial link of n components consists of n copies of the unknot
placed ‘side by side’.)
Remark 6.8. It is possible for distinct oriented knots to have the same Jones polynomial.
In a famous example the Conway knot and the Kinoshita-Terasaka knot, both of which
have 11 crossings, have the same Jones polynomial but are not equivalent.
Remark 6.9. We have now seen several examples where we can compute the Jones polynomial of an oriented link using just the skein relation and the fact that V ( ) = 1. In fact,
we can compute the Jones polynomial of any link using just these properties.
We now move on to the task of defining the Jones polynomial and proving Theorem 6.1.

6.2

The Kauffman bracket

This subsection defines the Kauffman bracket, which is the main ingredient in the definition of the Jones polynomial. Recall that a Laurent polynomial in a variable X is a symbol
f = ar X r + · · · + as X s where r, s, ar , . . . , as are integers and r 6 s.
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Definition 6.10. The Kauffman bracket hDi of a link diagram D (not an oriented link
diagram) is the Laurent polynomial in the variable A characterised by the fact that it is
invariant under smooth deformation of diagrams, together with the following three rules,
called the Kauffman axioms.
K1: h i = 1
K2: hD t i = (−A−2 − A2 )hDi
K3: h i = Ah i + A−1 h i
Here is the standard diagram of the unknot consisting of a single closed curve. The
symbol D t denotes the diagram obtained from D by adding a new closed curve that
does not cross D. And the three symbols

refer to three diagrams that are identical except in a single small region, where they differ
as shown.
Definition 6.11. The diagrams
of respectively.

and

are called the positive and negative smoothings

positive smoothing

negative smoothing

←−−−−−−−−−−−−

−−−−−−−−−−−−→

They are also called the right-handed and left-handed smoothings, respectively.
The rules K1, K2, K3 allow us to compute the Kauffman bracket of any diagram. For
if D has n crossings, then by repeatedly applying K3 one can write hDi as a linear sum of
2n terms, each depending on the Kauffman bracket of a diagram obtained by smoothing
away all the crossings of D. Any such diagram just consists of closed curves, so that its
Kauffman bracket can be computed using K1 and K2. This computation depends on the
choice of an order in which to smooth the crossings of D. However it is not difficult to see
that the resulting polynomial hDi does not depend on this choice.
Lemma 6.12. Reidemeister move R1 has the following effect on the Kauffman bracket.


 
−3
= −A
Reidemeister move R2 does not affect the Kauffman bracket. In other words
  

=
.
Reidemeister move R3 does not affect the Kauffman bracket. In other words

 

=
.
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Proof. For R1 we have





K3
−1
=A
+A



 

K2

=A

−1

+ A (−A

−2

2

 

−A )

−3

 

= −A

where the first equation follows from K3, the second follows from K2, and the third is a
simple rearrangement. For R2 we have the following.
 
 
 
K3
−1
=
A
+ A
 
 
K1
−2
−1
= −A
+ A
 
 
 
K3
−2
−1
−1 −1
= −A
+A A
+A A
 
=
For R3 we have






K3



= A




−1









+A

= A
*

+

R2

−1

= A

K3



+A


R2

−1

+A




=

where the second and third equations follow from what we just proved about Reidemeister
move 2. This completes the proof.

6.3

The writhe

Here is the second ingredient of the Jones polynomial.
Definition 6.13. Let D be an oriented link diagram. The writhe of D is the number
w(D) =

∑

sign(c).

crossings c

Example 6.14. For the three diagrams below
+1

−1

+1

D1

D2
D3

+1

36

we have w(D1 ) = 3, w(D2 ) = 0 and w(D3 ) = −1.
Lemma 6.15. Reidemeister move R1 has the following effect on the writhe of a diagram.
 


=w
−1
w
Reidemeister move R2 does not affect the writhe. In other words
 


w
=w
.
Reidemeister move R3 does not affect the writhe. In other words




w
=w
.
These rules hold regardless of how the diagrams are oriented. (For R1 there are two
possible orientations. For R2 there are four and for R3 there are eight.)
The proof is an exercise.

6.4

Defining the Jones polynomial and proving the skein relation

Definition 6.16. The Jones polynomial of an oriented link L is the Laurent polynomial
V (L) ∈ Z[t 1/2 ,t −1/2 ] defined by
h
i
V (L) = (−A)−3w(D) hDi 1/2 −2
t

=A

where D is any diagram of L. The subscript means that we substitute t 1/2 for A−2 , or
equivalently that we substitute t −1/4 for A itself.
Theorem 6.17. The Jones polynomial is an invariant of oriented links.
Proof. According to Remark 1.18 it is enough for us to show that (−A)−3w(D) hDi is invariant under the Reidemeister moves. Lemmas 6.12 and 6.15 tell us that hDi and w(D)
are invariant under moves R2 and R3, so that (−A)−3w(D) hDi is itself invariant
under
R2


−3
= (−A)
, while w
=w
− 1, so
and R3. The same lemmas tell us that
we have
 
 

 
−3w
−3w
+3
−3
(−A)
= (−A)
(−A)
  
−3w
= (−A)
.
Thus (−A)−3w(D) hDi is invariant under move R1. This completes the proof.
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Theorem 6.18. The Jones polynomial satisfies the property V ( ) = 1 and the skein relation.
Proof. The first part is immediate from the definition. Expressing the Jones polynomial in
terms of the Kauffman bracket and the writhe we see that the second claim is equivalent
to showing that
A4 (−A)−3w(L+ ) h i − A−4 (−A)−3w(L− ) h i + (A2 − A−2 )(−A)−3w(L0 ) h i = 0.
Now w(L± ) = w(L0 ) ± 1, so this is equivalent to showing that
− Ah i + A−1 h i + (A2 − A−2 )h i = 0.

(3)

Let us prove that (3) holds. By the definition of the Kauffman bracket we have the following two equations.
h i = Ah i + A−1 h i

h i = Ah i + A−1 h i

Multiplying the first equation by A, the second by A−1 , and then subtracting the two gives
Ah i − A−1 h i = A2 h i − A−2 h i.
This rearranges to give (3), and so completes the proof.

6.5

The Jones polynomial: reverses, mirrors and sums

Now we will examine how the Jones polynomial behaves when we create new knots from
old using reverses, mirrors or sums.
Proposition 6.19. Let L be an oriented link.
1. V (rL) = V (L)
2. V (mL)(t) = V (L)(t −1 )
The latter means that V (mL) coincides with V (L) after substituting t −1 in place of t.
Proof of (1). Let D be a diagram of L, so that V (L) = [(−A)−3w(D) hDi]t 1/2 =A−2 . Since hDi
is independent of the orientation of D, we just need to show the same for w(D). This is
immediate, for if we reverse the orientation of a link the signs of the crossings in a diagram
do not change.
Proof of (2). If f is a Laurent polynomial in some variable X, let us write f for the Laurent
polynomial obtained by substituting X −1 in place of X. And if D is a link diagram, oriented
or not, let us write D for the mirror of that diagram, obtained by switching each crossing
from ‘over’ to ‘under’. Here are two claims:
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• w(D) = −w(D)
• hDi = hDi
The first is immediate since switching a crossing from ‘over’ to ‘under’ changes its sign
from +1 to −1 and vice versa. To prove the second let f1 (D) = hDi and f2 (D) = hDi.
Then:
(i) fi ( ) = 1
(ii) fi (D t ) = (−A−2 − A2 ) f (D)
(iii) fi ( ) = A−1 fi ( ) + A fi ( )
In both cases these follow from the Kauffman axioms. Since fi (D) can be computed using
just (i), (ii) and (iii) we must have f1 (D) = f2 (D). This proves the second claim.
Now we can complete the proof. Let D be a diagram of L, so that D is a diagram of
mL. The two claims now show (−A)−3w(D) hDi = (−A)3w(D) hDi = (−A)−3w(D) hDi, and
substituting t 1/2 = A−2 gives V (mL) = V (L).
Corollary 6.20. The Jones polynomial is an invariant of unoriented knots. More precisely,
if K is a knot then V (K) does not depend on the orientation of K.
It does not follow that the Jones polynomial is an invariant of unoriented links. For
a knot has only two orientations, which are swapped by taking reverses, but a link of m
components has 2m different orientations.
Corollary 6.21. Let L be an oriented link. If V (L)(t) 6= V (L)(t −1 ), then L and mL are not
equivalent.
Example 6.22. The trefoil is not equivalent to its mirror. For V (31 ) = −t 4 +t 3 +t 1 changes
when t is replaced with t −1 . On the other hand, V (41 ) = t 2 − t + 1 − t −1 + t −2 does not
change when we replace t with t −1 , and indeed 41 is equivalent to its mirror. (This is an
exercise on the example sheets.)
Theorem 6.23.
1. V (L t M) = (−t 1/2 − t −1/2 )V (L)V (M) where L and M are oriented links.
2. V (J#K) = V (J)V (K) where J and K are oriented knots.
Proof of (1). Choose diagrams D and E for L and M respectively. Substituting t 1/2 = A−2 ,
the claim is that
(−A)−3w(DtE) hD t Ei = (−A2 − A−2 )(−A)−3(w(D)+w(E)) hDihEi.
Now it is clear that w(D t E) = w(D) + w(E), so it is enough to prove that
hD t Ei = (−A2 − A−2 )hDihEi.
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Let’s write f1 (D) and f2 (D) for the two sides of the equation. These are two Laurent
polynomials that we regard as depending on the single diagram D. Using the Kauffman
axioms one can show that for both functions we have:
• fi ( ) = (−A2 − A−2 )hEi.
• fi (D t ) = (−A2 − A−2 ) fi (D).
• fi ( ) = A fi ( ) + A−1 fi ( ).
Now we must have f1 (D) = f2 (D) since each fi (D) can be computed for any diagram D
using just the three properties above. This completes the proof.
Proof of (2). Draw J and K like this
J

K

and consider the following three links.
J

J

K
J#K

K

J

K
J tK

J#K

The skein relation applies, and tells us that
t −1V (J#K) − tV (J#K) + (t −1/2 − t 1/2 )V (J t K) = 0.
Using V (J t K) = (−t 1/2 − t −1/2 )V (J)V (K), this simplifies to give V (J#K) = V (J)V (K)
as required.
Example 6.24.
!
V

!
=V

!
V
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= (−t 4 + t 3 + t)2

7

The Jones polynomial and alternating knots

In this section we will use the Jones polynomial to prove the following important result.
Theorem. Let L be an oriented link that admits an alternating, reduced and connected
diagram with n crossings. Then any other diagram of L has at least n crossings.
Put another way, the crossing number of L is exactly n. Recall that the crossing number
of a knot K is the minimum, taken over all diagrams of K, of the number of crossings in
the diagram. This important result was conjectured by P.G. Tait in the 19th century, but
had to wait until the arrival of the Jones polynomial in the 1980’s to be proved. To begin
with we must explain the meaning of the three adjectives in the statement.
Definition 7.1. Recall that a link diagram D is alternating if, as you travel along the link,
the crossings are encountered in an alternating manner over, under, over and so on.

A diagram is called unreduced if it contains a portion of the form below. Such a crossing
is called removable. The diagram is called reduced if it has no removable crossings.

If a diagram can be separated into two nonempty pieces that do not meet at any crossings,
then it is called disconnected. Otherwise it is called connected.

disconnected

connected

Example 7.2. A knot diagram is always connected, and the diagrams of prime knots in
the knot table are always reduced. Up to seven crossings all the knots in the table are
alternating. However the knots 819 , 820 and 821 are not alternating.
Our main tool for proving this theorem will be the Jones polynomial, and in particular
a study of its maximum and minimum powers and its span:
Definition 7.3. Let f be a Laurent polynomial in some variable X (which could be A or t).
• M( f ) denotes the highest power appearing in f .
• m( f ) denotes the lowest power appearing in f .
• The span of f is span( f ) = M( f ) − m( f ).
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Example 7.4. The trefoil has Jones polynomial V (31 ) = −t 4 + t 3 + t, so that
M(V (31 )) = 4,

m(V (31 )) = 1,

span(V (31 )) = 3.

We will prove results that tell us about M, m and span of the Jones polynomial, and
the theorem will follow from these. Altogether it will take quite a bit of work, which we
go through in the next three subsections.

7.1

The state-sum formula

In this section we will find an explicit formula for the Kauffman bracket. The formula is a
sum of 2n terms, where n is the number of crossings in the diagram, and consequently is of
little use for making calculations. Its real benefit, as we will see, is for proving theorems.
Definition 7.5. Let D be a link diagram.
1. A state of D is a function from the set of crossings of D to {+1, −1}. In other words
a state labels each crossing of D with a sign +1 or −1.
2. Given a state s of D, let sD be the diagram obtained by smoothing each crossing
according to s. In other words we take the positive smoothing of the crossings c
with s(c) = +1 and the negative smoothing of those with s(c) = −1.
s(c)=1

s(c)=−1

←−−−−−

−−−−−−−→
c

3. The new diagram sD is just a union of closed curves, and we write |sD| for the
number of these closed curves.
4. The sum of the all the values of s is denoted by |s|.
Example 7.6. Take D to be the diagram of the trefoil shown on the left, and let s be the
state shown in the middle. Then the smoothing sD is shown on the right.
s

D

sD
−1

+1
+1

Since sD consists of a single closed curve we have |sD| = 1. And |s| = +1 + 1 − 1 = 1.
Theorem 7.7 (The state-sum formula). Let D be a link diagram. Then
hDi = ∑(−A2 − A−2 )|sD|−1 A|s|
where the sum is taken over all states s of D.
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Proof. Let us write [D] for the right-hand-side of the state sum formula for D. We will
prove:
1. [ ] = 1
2. [D t ] = (−A−2 − A2 )[D]
3. [ ] = A[ ] + A−1 [ ]
This means that [D] satisfies the rules K1, K2 and K3 that determine hDi, and it follows
that [D] = hDi.
Note that has a unique state s, which has |s| = 0 and |s | = 1. Formula (1) now
follows from the definition. To prove (2) observe that Dt and D have the same crossings,
so we can identify states s of D with states u of D t . Under this correspondence we have
|u| = |s| and |u(D t )| = |sD| + 1. So

∑(−A2 − A−2)|u(Dt

[D t ] =

)|−1 |u|

A

u

∑(−A2 − A−2)|sD|A|s|

=

s

= (−A2 − A−2 )[D]
and this proves (2). Finally let us prove (3). By definition
A[ ] = ∑(−A2 − A−2 )|u

|−1 |u|+1

A

u

where u ranges over all states of . But is simply with the given crossing (call it c)
smoothed in the positive way, so that states u of are in bijection with those states s of
for which s(c) = +1. Under this bijection we have |s | = |u | and |s| = |u| + 1. Thus
A[ ] =

∑

(−A2 − A−2 )|u

|−1 |u|+1

∑

(−A2 − A−2 )|s

|−1 |s|

A

u

=

A

s(c)=+1

and similar reasoning shows that
A−1 [ ] =

∑

(−A2 − A−2 )|s

|−1 |s|

A .

s(c)=−1

Adding the last two equations gives
A[ ] + A−1 [ ] = ∑(−A2 − A−2 )|s

|−1 |s|

s

This proves (3), and completes the proof of the theorem.
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A = [ ].

Example 7.8. The Hopf link has Kauffman bracket
= −A4 − A−4 . Let us prove
this result using the state-sum formula. The Hopf link has four states, shown here:
+1

+1

+1

−1

−1

−1

+1

−1

For each one we compute the smoothing sD and the numbers |sD| and |s|:

|sD| = 2, |s| = 2

|sD| = 1, |s| = 0

|sD| = 1, |s| = 0

|sD| = 2, |s| = −2

Now the state-sum formula gives us
(−A2 − A−2 )2−1 A2
+(−A2 − A−2 )1−1 A0
=
+(−A2 − A−2 )1−1 A0
+(−A2 − A−2 )2−1 A−2
which simplifies to −A4 − A−4 as we expected.

7.2

The highest and lowest powers in the Kauffman bracket

To begin we will study two special states of a diagram D:
Definition 7.9. Let s+ be the state that assigns the sign +1 to every crossing, and let s−
be the state that assigns the sign −1 to every crossing.
Let D be an alternating, reduced connected diagram. Choose a chessboarding of D.
Since D is alternating and connected, the signs of the crossings are all equal:
+1

+1
+1

+1
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By swapping black with white if needed, we can assume the signs are all +1 as above.
Call this the standard chessboarding of the diagram. Now compare the smoothing s+ D
s+ D

with the smoothing s− D.
s− D

The closed curves that make up s+ D are just the boundaries of the white regions of the
chessboarding, while those that make up s− D are the boundaries of the black regions.
Observe also that, since the diagram is reduced, at each crossing there are four different
black and white regions. (The regions cannot join up elsewhere.)
Lemma 7.10. Let D be a connected link diagram with n crossings. Then
|s+ D| + |s− D| 6 n + 2,
with equality if D is reduced and alternating.
Proof. We prove this by induction on n. If n = 0 the claim is clear. Now suppose that the
claim holds for all diagrams with n − 1 crossings, and let D be a diagram with n crossings.
Pick a crossing of D. There are two ways to smooth this crossing, and one of them gives
a connected diagram D0 . Without loss this is found using the positive smoothing. Then
|s+ D0 | = |s+ D|, while |s− D0 | = |s− D| ± 1. The latter holds because s− D0 is obtained from
s− D by replacing some part with . This either fuses together two curves of s− D, or
takes one curve of s− D and splits it into two. Now
|s+ D| + |s− D| = |s+ D0 | + |s− D0 | ± 1
(i)

6 (n − 1) + 2 ± 1
(ii)

6 n+2
where (i) was by the induction hypothesis.
Now suppose that D is connected, alternating, reduced. We must show that (i) and (ii)
are in fact equalities. Now D0 will be connected, alternating, reduced, so the induction
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hypothesis tells us that (i) is an equality. And |s− D0 | = |s− D| − 1 since the passage from
s− D to s− D0 fuses two distinct black regions:

s− D

D

s− D0

Thus (ii) is also an equality. This completes the proof.
Lemma 7.11. Let D be a link diagram with n crossings. Then
1. MhDi 6 n + 2|s+ D| − 2
2. m(hDi) > −n − 2|s− D| + 2
with equality if D is alternating, reduced and connected.
Proof. We will only prove the first part, the second being similar. If s is any state of D,
write hD|si = (−A−2 − A2 )|sD|−1 A|s| . So the state-sum formula becomes
hDi = ∑hD|si.
s

Observe that MhD|si = 2|sD| + |s| − 2, and in particular MhD|s+ i = 2|s+ D| + n − 2. If we
can show that MhD|si 6 MhD|s+ i for all other states s, then our inequality will follow.
But we can find a sequence
s+ = s0 , s1 , . . . , sr = s
in which each si+1 is obtained from si by changing a single +1 to −1. Now |si+1 | = |si |−2,
while |si+1 D| = |si D| ± 1 since si+1 D is obtained from si D by either joining two closed
curves together or by splitting one closed curve into two. Thus
MhD|si+1 i = 2|si+1 D| + |si+1 | − 2
= (2|si D| + |si | − 2) + (±2 − 2)
6 MhD|si i.
So MhD|si = MhD|sr i 6 · · · 6 MhD|s0 i = MhD|s+ i and our inequality follows.
To complete the proof we must show that if D is reduced, alternating, connected, then
we have equality. This will follow if we can show that MhD|si < MhD|s+ i for s 6= s+ , and
by inspecting the argument above, this will follow if we can show that MhD|si < MhD|s+ i
whenever s is obtained from s+ by switching a single +1 to −1. But this is clear, since sD
is obtained from s+ D by fusing together two distinct white regions.
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7.3

The span of the Jones polynomial

Theorem 7.12. Let L be an oriented link with a connected diagram D of n crossings. Then
span(V (L)) 6 n
with equality if D is alternating and reduced.
Proof. It is equivalent for us to show that spanhDi 6 4n with equality if D is alternating
and reduced. Lemmas 7.10 and 7.11 tell us that
spanhDi =
6
=
6
=

MhDi − mhDi
(2|s+ D| + n − 2) + (2|s− D| + n − 2)
2(|s+ D| + |s− D|) + 2n − 4
2(n + 2) + 2n − 4
4n

with equality in both places if D is reduced, alternating.
Now we can prove the theorem stated at the start of the section.
Theorem 7.13. If L has a reduced, connected, alternating diagram with n crossings, then
it has no connected diagram with fewer crossings.
Proof. The assumption tells us that span(V (L)) = n. If it had a diagram with fewer crossings then we would have span(V (L)) < n. This is a contradiction.
Example 7.14. The standard diagram of the figure-eight knot 41 is reduced, alternating
with four crossings. So it has no diagram with 3 crossings or fewer.
To compute the Jones polynomial of an oriented link can be extremely arduous. However, the methods we developed in this section can be used to quickly compute the highest
and lowest terms in the Jones polynomial. This can still be useful for distinguishing different knots.
Corollary 7.15. Let L be an oriented link and let D be a connected diagram of L with n
crossings. Then
1
M(V (L)) 6 (3w(D) + 2|s− D| + n − 2)
4
and
1
m(V (L)) > (3w(D) − 2|s+ D| + 2 − n)
4
with equality if D is reduced and alternating.
The proof is left to the exercises, where you will also see how to apply the result.
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8

The genus of a knot

In this section we will study a very geometric knot invariant called the genus. It is defined
by thinking about surfaces. The genus of a knot can be difficult to compute, and so is
not necessarily useful for distinguishing between different knots. Instead its power is
theoretical: we will use it to prove that several theorems about prime numbers, familiar to
you from Sets and Algebraic Structures, in fact have versions in the world of knots.

8.1

Surfaces

In this subsection we will learn a little about surfaces. We will not work rigorously; instead
we will just record enough facts to be able to use surfaces to study knots later on. Those
of you who are studying the course Geometry will have a fuller account of surfaces there.
A surface is a bounded two-dimensional object. (It is really a set with some extra
structure — a topology — that satisfies certain axioms.) The natural notion of equivalence
between two surfaces is homeomorphism.
Example 8.1. Here are three very standard surfaces.

sphere

surface of genus 2

torus

In each case the surface bounds a solid (such as an orange or a doughnut in the first two
cases), but remember that we are only discussing the surfaces of those solid objects, not
their interiors.
Example 8.2. Here are two further examples. In both cases the surface is ‘flat’.

disc

annulus

Definition 8.3. A surface is called closed if it has no boundary. The sphere, torus and
surface of genus 2 are all closed, while the disc and the annulus both have boundary.
Definition 8.4. An orientation of a surface is a choice of twist at each point of the surface,
and this choice must be consistent as you move around the surface. Here the word ‘twist’
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could mean ‘a choice of clockwise direction’. Just as you could view a point on a surface
from two different sides, so there are two different choices of what to call ‘clockwise’ at
that point.

?
If a surface admits an orientation then it is called orientable. Examples 8.1 and 8.2 consist
of orientable surfaces. The twisted strip on the right here is not orientable.
Definition 8.5. If a surface can be written as the union of two other surfaces that do not
meet, then it is disconnected. Otherwise, it is connected. (A surface is connected if and
only if it is connected as a topological space.) All the surfaces we have seen so far have
been connected, but the disjoint union of any two of them would be disconnected.
Definition 8.6. To each surface Σ we can assign an integer χ(Σ) called the Euler characteristic. We will not define the Euler characteristic, but we can use the following rules to
compute it for any surface.
• Homeomorphic surfaces have equal Euler characteristic.
• The disc has Euler characteristic χ(Disc) = 1.
• χ(Σ1 t Σ2 ) = χ(Σ1 ) + χ(Σ2 ) for any surfaces Σ1 and Σ2 .
• If Σ0 is obtained by attaching the endpoints of a strip to an existing surface Σ, then
χ(Σ0 ) = χ(Σ) − 1.
• If Σ0 is obtained by attaching a disc to an entire boundary component of an existing
surface Σ, then χ(Σ0 ) = χ(Σ) + 1.
Example 8.7. The sphere can be obtained from a disc (the southern hemisphere) by attaching a disc (the northern hemisphere) along the boundary (the equator).

Thus χ(sphere) = 1 + 1 = 2. The torus can be obtained from a disc by first attaching two
strips and then attaching a disc. So its Euler characteristic is χ(Torus) = 1 − 1 − 1 + 1 = 0.
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Definition 8.8. The genus of a connected surface Σ is
g(Σ) =

2 − χ(Σ) − c
2

where c is the number of boundary components of Σ.
Example 8.9. The sphere has genus 0, the torus has genus 1, and the surface of genus 2
has genus 2. In general, the genus of a surface with no boundary is the number of ‘holes’
through that surface. Deleting discs from a closed surface to obtain one with boundary
does not change the genus.
Theorem 8.10 (The classification of surfaces). Two connected, oriented surfaces are
homeomorphic if and only if they have the same genus and the same number of boundary components.
So far we have viewed surfaces as abstract objects — sets equipped with some extra
structure. But it is possible for surfaces to be embedded in R3 . In Example 8.1 the three
surfaces can all be regarded as living in R3 in an evident way. When a surface is embedded
in R3 then its boundary, which abstractly is just a union of circles, is in fact a link. For the
twisted strip

the boundary is the trefoil. It is possible for two homeomorphic surfaces to be embedded
in R3 in quite different ways, as we see here.

8.2

Seifert surfaces

Definition 8.11. A Seifert surface for a knot K is a connected orientable surface embedded
in R3 with boundary K.
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Example 8.12. Here is a Seifert surface for the trefoil.

It is connected and orientable: we take the clockwise orientation on the left ‘lobe’ and the
anticlockwise orientation on the right.
This Seifert surface was obtained by simply taking a chessboarding of the knot and
regarding the shaded areas as defining a surface — at a crossing the surface ‘twists’ though
180 degrees. Surfaces obtained from chessboardings are not always orientable. (For an
example take the standard diagram of the trefoil.) Nevertheless we have the following
result.
Theorem 8.13. Every knot admits a Seifert surface.
The proof of the theorem consists of the following direct construction.
Seifert’s algorithm:
1 Choose a diagram D of the knot. Choose an orientation.
2 Smooth every crossing in the unique way compatible with the orientation.
−−−−−−−→

←−−−−−−−

The diagram now consists of a number of closed curves, which we call the Seifert
circles.
3 Form a surface by filling in each Seifert circle to form a disc. Where two of the
circles are nested, lift the inner discs above the outer ones according to the nesting.
4 For each crossing of the original diagram, add a strip with a twist to the relevant
discs, twisted according to the crossing of the knot.
The result is an oriented surface that we denote by ΣD . It can be difficult to visualise ΣD ,
but the key point is know its genus.
Proposition 8.14. Let K be a knot and let D be a diagram of K. Then
1. χ(ΣD ) = s − n
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2. g(ΣD ) =

1−s+n
2

where n is the number of crossings of D and s is the number of Seifert circles.
Proof. The surface ΣD is constructed from a union of discs (one for each Seifert circle) by
attaching strips to their boundary (one for each crossing of D) and so the rules for computing the Euler characteristic show that χ(ΣD ) = s − n. Since ΣD has just one boundary
component, the knot K, the formula for g(ΣD ) follows.
Example 8.15. Applying Seifert’s algorithm to the standard diagram of the trefoil gives
the following result.

Step 1

Step 2

Step 3

Step 4

We have n = 3 and s = 2, so the Seifert surface in Step 4 has genus (1 − 2 + 3)/2 = 1.

8.3

The genus of a knot

In this subsection we introduce the genus of a knot and describe its formal properties. The
proofs will only be sketched, but the statements are examinable.
Definition 8.16. The genus of a knot K is
g(K) = min{g(Σ) | Σ a Seifert surface for K}.
You will see in the exercises that one knot K can have many different Seifert surfaces,
and that these surfaces can have different genera, and so it is necessary to take the minimum in the definition of the genus. If Σ is any Seifert surface for K, then by definition
g(K) 6 g(Σ). However, in order to compute the genus fully it seems that we must consider all possible Seifert surfaces for K, and consequently the genus of a knot is difficult
to compute.
Example 8.17.
• The unknot has genus 0. This is immediate from Seifert’s algorithm.
• The trefoil has genus 1. For we saw that Seifert’s algorithm gives us a Seifert surface
with genus 1. It follows that the trefoil has genus 0 or 1. But it cannot have genus 0
for then the next result would tell us that it is unknotted.
Theorem 8.18. If g(K) = 0 then K is equivalent to the unknot.
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Sketch proof. The assumption means that K has a Seifert surface with one boundary component and genus 0. The disc also has these properties, so by the classification of surfaces
it follows that the Seifert surface is in fact a disc. We may now deform K across the disc
until it lies in just a small region of one point, and it follows that K is unknotted.
Theorem 8.19. Let J and K be knots. Then g(J#K) = g(J) + g(K).
The proof, which we will only sketch, consists of two steps:
Step 1: g(J#K) 6 g(J) + g(K)
Step 2: g(J#K) > g(J) + g(K)
Sketch proof of Step 1. Choose Seifert surfaces ΣJ and ΣK for J and K. Assume that both
have the minimum genus so that g(ΣJ ) = g(J) and g(ΣK ) = g(K). The sum J#K is formed
from J and K
−−−−−−−→

J

K

J#K

and we can form a Seifert surface ΣJ#K from ΣJ and ΣK in a similar way.
−−−−−−−→

ΣJ

ΣK

ΣJ#K

Since ΣJ#K is obtained from ΣJ t ΣK by attaching a strip to the boundary we have
χ(ΣJ#K ) = χ(ΣJ t ΣK ) − 1 = χ(ΣJ ) + χ(ΣK ) − 1
and consequently
g(ΣJ#K ) =

1 − χ(ΣJ#K ) 1 − χ(ΣJ ) 1 − χ(ΣK )
=
+
= g(ΣJ ) + g(ΣK ) = g(J) + g(K).
2
2
2

Thus g(J#K) 6 g(ΣJ#K ) = g(J) + g(K) as required.
Sketch proof of Step 2. Begin with a Seifert surface ΣJ#K for J#K with minimal genus
g(ΣJ#K ) = g(J#K). Then by doing ‘surgery’ on the surface, one can arrange that it has
the special form

ΣJ#K
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considered in the proof of Step 1. Deleting the strip, one obtains Seifert surfaces ΣJ and ΣK
with g(ΣJ ) + g(ΣK ) = g(ΣJ#K ) = g(J#K). Then g(J) + g(K) 6 g(ΣJ ) + g(ΣK ) = g(J#K).

8.4

Prime decompositions of knots

Remember that a knot is prime if it is not the unknot, and if it cannot be written in the
form K1 #K2 with K1 and K2 nontrivial. In this subsection we will see that the theory of
prime knots is formally very similar to the theory of prime numbers. Our key tool is the
knot genus, and if you study the proofs in this section you will see that the only facts we
use are its formal properties, given in Theorems 8.18 and 8.19.
Proposition 8.20. If g(K) = 1 then K is prime.
Proof. Suppose that K = K1 #K2 . Then g(K1 ) + g(K2 ) = g(K) = 1 by Theorem 8.19. The
only possibility is that one of K1 and K2 has genus 0 and that the other has genus 1. This
means that one of K1 and K2 is trivial, by Theorem 8.18. Thus K is prime.
Theorem 8.21. Every knot has a prime decomposition. This means that every knot is
equivalent to one of the form
K1 #K2 # · · · #Kr
is covered by taking r = 0.)

with K1 , . . . , Kr all prime knots. (The case K =

Proof. This is proved by induction on g(K). When g(K) = 0 then K is the unknot, and so is
equivalent the sum of 0 prime knots. Suppose the result holds for all knots J with g(J) 6 n,
and let K have genus n + 1. If K is prime then there is nothing to prove. Otherwise it is
equivalent to J1 #J2 with J1 and J2 nontrivial. We then have g(J1 ) + g(J2 ) = g(K) and
g(J1 ), g(J2 ) > 1. It follows that g(J1 ), g(J2 ) 6 n. Thus by the induction hypothesis, J1 and
J2 are equivalent to sums
K1 # · · · #Ks ,

Ks+1 # · · · #Kr

with Ki all prime. It follows that K is equivalent to K1 # · · · #Kr as required.
It is also true that prime decompositions of knots are unique in the same sense as prime
factorisations of integers are unique. However that result is significantly harder to prove.
We conclude the section with another similarity between prime knots and prime numbers.
Theorem 8.22. There are infinitely many prime knots.
Proof. Let n > 1 and consider the knot (2n + 2)1 .
···
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It has determinant 4n + 1. It follows that the knots 41 , 61 , 81 , . . . are all distinct, and that
none of them is the unknot. So it will be enough to prove that they are all prime. Even
simpler, by Proposition 8.20 it will be enough to show that they all have genus 1. Applying
Seifert’s algorithm to the given diagram D of (2n + 2)1 gives us the following smoothing,
···

which has 2n + 1 Seifert circles. Thus
g(ΣD ) =

1 − (2n + 1) + (2n + 2)
= 1.
2

Since (2n + 2)1 is nontrivial, it follows that g((2n + 2)1 ) = 1. This completes the proof.
Remark 8.23. There is a connection between the genus of a knot K and its Alexander
polynomial: 2g(K) > span(∆K (t)).
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A
A.1

A little linear algebra
Finding diagonal matrices

Let A be a square matrix of integers. Here is an algorithm for finding a diagonal integer
matrix D such that D = L · A · R, where L and R are integer matrices with determinant ±1.


0
·
·
·
0
d
1
!
!


d ···
d ···
Step (ii)
Step (iii)  0
Step (i)

−−−−→
−−−−−→  ..
(A) −−−−→

..
..
0
 .

. A1
. A2
A
0
(i) Permute rows and columns of A so that the entry with smallest nonzero absolute
value lies at the top-left. Call this entry d.
(ii) Add or subtract integer multiples of the top row to the remaining rows so that every
entry beneath d has absolute value less than |d|.
Then add or subtract integer multiples of the left-hand column to the remaining
columns so that every entry to the right of d has absolute value less than d.
(iii) Repeat (i) and (ii) until the matrix has the form on the right above, with zeros beneath
and to the right of the first entry.
(iv) Now apply the same steps to A0 . Continue in this way to obtain a diagonal matrix.

A.2

Computing the colouring group

Let L be a link. You can apply the above process to the colouring matrix of L, or to the
Goeritz matrix of L, to obtain a diagonal matrix


d1


d2


D=
.
.
.


.
dn
Then it holds that
det(L) = |d1 · · · dn | and

Col(L) = Z/|d1 |Z × · · · × Z/|dn |Z.
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B

Exam advice

B.1

Some revision tasks

• Make sure that you can complete every example in the notes yourself.
• Make sure that you can answer every question that was set for tutorials. (You should
really be able to do far more, of course. This is a starting point.)
• Make a list of the invariants studied in the course. Learn the story for each one:
– How is it defined?
– Why is it well-defined?
– How do I compute it?
– What are its basic properties?
• There are many places in the course where we place signs on the crossings of a
diagram. List them all and make sure you know the differences.
• There are many places in the course where we smooth the crossings of a diagram.
List them all and make sure you know the differences.
• Make a list of the ‘operations’ on knots and links, such as knot sum or reversing
orientations, that have appeared in the notes, exercises and CAs.
• Make a list of standard examples of knots and links. This should include standard
examples with few crossings, such as the trefoil, figure eight, Hopf link, Whitehead
link and Borromean rings. It should also include some families such as (2m + 1)1
and (2m + 2)1 .
• MX 5504 students should make sure that they have mastered the additional questions
from the CAs — solutions can be discussed with the lecturer.

B.2

Some typical problems

Here are some typical problems. You can find specific questions of each kind in the example booklet.
• Compute the linking number of the given link.
• Examine the colouring properties of a given knot or link. (This can be done directly
from the definition, or by using the determinant. Make sure you can do both.)
• Calculate the determinant of a given knot or link.
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• Is the given link splittable?
• Compute the colouring group of a given knot or link.
• Prove that links L1 and L2 are not equivalent.
• Calculate the Alexander polynomial of a given knot or link.
• Express a given knot as a sum.
• Construct a knot or link with the following properties.
• Use the skein relation to compute the Jones polynomial of a given knot or link.
• Compute (or estimate) the highest and lowest terms in V (L).
• Estimate the genus of the given knot.

B.3

What’s examinable?

• You should learn all definitions.
• You should learn the statements of all Lemmas, Propositions and Theorems.
• You should learn the following proofs:
– Theorem 1.19:
The linking number is an invariant.
– Theorem 2.5:
Colourability modulo n is an invariant.
– Lemma 2.6:
Colourings with prescribed label on a given arc.
– Proposition 2.11:
Colourings modulo 2.
– Proposition 2.13:
Colourings of splittable links.
– Proposition 5.7:
Properties of the Alexander polynomial.
– Theorem 5.8:
The Alexander polynomial of a sum of knots.
– Proposition 6.6:
The Jones polynomial of L t .
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– Lemma 6.12:
Reidemeister moves and the Kauffman bracket.
– Lemma 6.15:
Reidemeister moves and the writhe.
– Theorem 6.17:
The Jones polynomial is an invariant.
– Theorem 6.18:
The skein relation.
– Proposition 6.19:
The Jones polynomial of mirrors and reverses.
– Proposition 8.20:
A knot of genus 1 is prime.
– Theorem 8.21:
Prime decompositions of knots.
– Theorem 8.22:
There are infinitely many prime knots.
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