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Nomenclature

Roman

a

radius

a2; a3

bending load in the 2 and 3 directions

ci
discrete velocity set

cs

speed of sound

cS

Smagorinsky constant

D

half channel width

d

diameter

E

specific energy

EI

bending stiffness

e

specific kinetic energy in random motion

F

force

f

distribution function

fi

discrete distribution function

f eq

equilibrium distribution function

f
(n)
i

n-th order expansion of discrete distribution func-
tion

f ∗i
post-collision discrete distribution function

f

body force

fs

fluid solid interaction force

f

frequency

G

interpolation function

g

gravitational acceleration

h

bed height

I

moment of inertia tensor

k

(soft sphere) spring constant

kn

lubrication force parameter

k

wavenumber

L

size of lid-driven cavity

L×W ×H

domain size
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‘

cylinder length

‘

mixing length

Ma
Mach number

m

mass

M2;M3

bending moments in the 2 and 3 directions

N

Richardson & Zaki exponent

n

normal direction

nx · ny · nz
computational domain size

p

pressure

q

quaternion

q0; q

scalar and vector part of quaternion

R

gas constant

Re

Reynolds number

r

location vector

Si

forcing source term

S

rotation tensor

S
dimensionless period time

s

tangential spring elongation vector

s̄

resolved deformation rate tensor

s

spacing

T

temperature

T

torque

t

time

tp

time period

u

bulk fluid velocity

U

lid speed of cavity

u0

wall-parallel velocity

ufi

wall shear velocity

u∞
single particle settling speed

u′

rms value of fluctuating velocity

V

volume

v

random velocity

ev
rescaled velocity

wi

weighing factor

w2; w3

deflection in the 2 and 3 directions

w

solid surface velocity
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x

location

x; y ; z

Cartesian coordinates

Z

impedance

eZ
rescaled impedance

Z0; Z∞
impedance at zero and ∞ shear

Greek

¸

immersed boundary force relaxation parameter

˛

N − 2

‚

(solid over fluid) density ratio

‚̇0

shear rate

∆

lattice spacing

∆t

time step

∆u

relative velocity of marker points

∆xp

particle displacement

‹; ‹–

normal and lateral distance between marker points

‹¸˛

Kronecker delta

‹0

(soft sphere) collision parameter

‹

flow penetration distance

"

perturbation parameter

”i jk

mapping coefficients

”K

Kolmogorov length scale

„; „c

Shields parameter, critical Shields parameter

–; ‹d

lubrication force parameters

–

width of mapping function

—;—b

viscosity and bulk viscosity

—AB

friction coefficient between particles A and B

—

mapping function

‌

kinematic viscosity

‌e

eddy viscosity

‰

velocity

Π

momentum flux tensor

ı

fluid stress tensor

ff

stress tensor

ff′

viscous stress tensor

ȷ

density
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fi

relaxation time

fi

wall shear stress

’

dimensionless solids flux

ffi

solids volume fraction

ffi

area packing fraction

ffl

flexibility parameter

Ω

collision operator

!

angular velocity

Indices – subscript

c
contact

D
drag

ext
external

h
hydrodynamic

IB
immersed boundary

i

discrete velocity index

int
internal (fluid)

j

marker point index

k

lattice node index

LB

lattice Boltzmann

lub
lubrication

p
particle

s
solids

¸; ˛; ‚

Cartesian coordinate direction

Indices – superscript

+

wall units

c
continuous
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Glossary

Term Explanation

bounce-back rule rule for bouncing of distribution functions on a boundary
achieving no-slip

bulk viscosity dilation / expansion viscosity
Chapman-Enskog analysis multiscale expansion of transport equations
collision operator term in the Boltzmann equation related to (molecular) col-

lisions
deviatoric stress traceless part of the viscous stress tensor
direct numerical simulation (DNS) simulation that aims at directly solving the time-dependent

Navier-Stokes equation in three dimensions
equilibrium distribution velocity distribution at equilibrium (no-flow) conditions
immersed boundary (IB) method numerical method to impose off-grid boundary conditions
ghost cell lattice cell outside the flow domain for accommodating

boundary conditions
large eddy simulation (LES) simulation that solves the low-pass filtered Navier-Stokes

equation and uses a model for the sub-grid scales
lattice-Boltzmann (LB) equation discrete version of the Boltzmann equation
lattice units units system in terms of the lattice: unit of space is the lattice

spacing, unit of time is the time step
lubrication force viscous force between closely spaced particles due to their

relative velocity
mapping function relation between grid-based (Eulerian) and particle-based

(Lagrangian) properties
marker points collections of points representing a solid surface in the

immersed boundary method
mesoscopic scale in-between micro and macroscopic scales
monami submerged canopy waves
particle-resolved simulation (PRS) simulation that explicitly imposes no-slip at solid particle

surfaces
quaternion a scalar value and a three-dimensional vector used for keep-

ing track of particle orientation
Smagorinsky model subgrid-scale model in LES based on an eddy viscosity con-

cept
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Term Explanation

streaming motion of distribution function between neighbouring lat-
tice sites

subgrid scale scale finer than the computational grid
volume-averaged Navier-Stokes
equation

volume averaged flow equations allowing for the presence
of dispersed-phase particles
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C H A P T E R 1

Introduction

1.1 Aim & scope
The lattice-Boltzmann (LB) method is a way of performing simulations of fluid flow and related
transport processes, and in this monograph, we argue that it is a useful addition to more main-
stream computational fluid dynamics (CFD) methods based on finite volumes, finite differences or
finite elements. There are many reasons for using the LB method, and also many reasons for not
using it. The usefulness of the LB method largely depends on the specific application, including the
level of detail one is interested in resolving through simulation. It also depends on the availability
of computational resources.

An understanding of the LB method, its implementation in computer code, as well as demonstra-
tions of sample applications in the realm of hydraulics will help the reader in deciding if a specific
application could benefit from the method and – if so – will hopefully enable a quick start.

The above summarizes the aim of the monograph. It is a concise guide to the LB method, its theory,
its practical implementation, and its application in hydraulics and environmental fluid dynamics.
The text is – I think – easy to read, however not comprehensive. It provides guidance to the extensive
literature laid down in books and in archival journal papers. As for books, I would like to highlight
here the relatively early (2001) work by Succi [59], and the more recent – 2017 – text due to Kruger
et al [36].

1.2 A brief history
Cellular automata date back to John von Neumann and co-workers [70]. Cellular automata are dis-
crete computational models that evolve according to simple update rules. Despite the simplicity of
the underlying rules they often exhibit complex behaviour. An archetypical example is the Game of
Life as devised by Conway [26].

Lattice Gas Automata (LGA) for fluid dynamics gained significant traction through Frisch, Hasslacher
and Pomeau with their paper “Lattice Gas Automata for the Navier-Stokes Equation” [25]. They pro-
posed a discrete system and subsequently argued that – through Chapman-Enskog analysis [6] –
it represents the dynamics of an isotropic Newtonian fluid. The system is fully discrete; discrete in
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physical space, velocity space and in time and uses Boolean variables in the form of particle occu-
pation states.

Replacing Boolean variables by real-valued distribution functions, as proposed by McNamara and
Zanetti [43] showed significant computational advantages. The noise inherent to a Boolean repre-
sentation requires high resolution in space and time to collect meaningful macroscopic statistics.
This noise is largely eliminated by using real-valued distribution functions. This marks the start of
the lattice-Boltzmann method.

It is important to realize by researchers and engineers familiar with CFD that the lattice-Boltzmann
method can be – and has been extensively – used as a Navier-Stokes solver, although the starting
point of CFD and LB are markedly different. CFD starts with continuum partial differential equations
that are discretized through finite differences, volumes, or elements. Discretization then results in
a set of algebraic equations, the unknowns of which represent the flow field. Such simulations are
usually called “Navier-Stokes” simulations. The point of departure of the LB method is the discrete
system consisting of particles (more precisely: discrete distribution functions) on a regular lattice.
The interactions between the particles are designed such that expanding the system to a continu-
ous system results in a set of partial differential equations – closely resembling the Navier-Stokes
equations. Evolving the discrete system then “solves” the partial differential equations.

After its inception by McNamara and Zanetti in 1989, the lattice Boltzmann method has branched
out in a variety of directions. One with perhaps less appeal in hydraulics and more in chemical engi-
neering relates to multiphase and multicomponent flows, that is flows with deformable interfaces.
This branch is dominated by two approaches: (1) the free-energy method [62]; (2) the pseudopo-
tential method [56]. Developments in this area are in directions such as accurate descriptions of
interfacial phenomena (surface tension) [9] as well as dealing with combinations of fluids with large
density and/or viscosity contrasts [30].

Incorporating the immersed boundary method [49] in a lattice Boltzmann context has opened up
various applications. An important one is suspension flow, i.e. flow of mixtures of fluid and solid par-
ticles as in fluvial and aeolian sediment transport. The immersed boundary method is then used
to explicitly impose the no-slip condition at the surfaces of the solid particles. In these so-called
particle-resolved simulations [66], the lattice spacing is smaller than the particle size by at least one
order of magnitude so that the systems that can be studied this way can only contain a fairly lim-
ited number of particles [33]. An alternative that overcomes this limitation is the discrete element
method (DEM) or unresolved particle approach [42], at the cost of more empiricism. As we will see
later in this monograph, the lattice Boltzmann method is able to accommodate DEM as well.
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When suspensions get dense, i.e. attain an appreciable solids volume fraction, it is necessary to
tightly couple fluid and solids transport and solve the volume-averaged Navier-Stokes (VANS) equa-
tion rather than the NS equation to account for the volume that is displaced by the solids. Methods
have been developed to extend the lattice Boltzmann method for the VANS equation [61].

The immersed boundary method equipped with immersed boundary capability can also be used
for fluid-structure interaction simulations with rigid as well as with deformable solid boundaries.
One example is the paper by Huang et al [29] on fish passing a tubular turbine; another is vortex
shedding behind a bendable cylinder [17].

There are a number of other applications for which the lattice Boltzmann method offers a numerical
procedure for problem solving. To mention a few: sound propagation [69], convection-diffusion-
reaction systems [68] and – quite relevant for hydraulics – shallow water flows [75].

1.3 Organization of the monograph
After this introductory chapter, the reader will find the following in this monograph:

Chapter 2 explains the mathematical foundation of the LB method. Getting this information across
is important to appreciate the underlying assumptions. With a view to hydraulics, where the fluid
dynamics is usually incompressible; it will be shown what the consequences of the (weak) com-
pressibility of the LB method are for solving incompressible flow.

Chapter 3 deals with practical aspects of the LB method. Topics to be discussed are the use of
dimensional analysis for scaling a flow problem and the use of lattice units, boundary conditions,
and implementation in computer code. The latter with an emphasis on efficiency.

Chapter 4 discusses solid-liquid suspensions that in hydraulics are particularly relevant for sed-
iment transport. In this chapter we will distinguish between particle-resolved simulations where
the lattice spacing is finer than the size of the solid particles, and no-slip is imposed explicitly at the
solid surfaces by means of immersed boundaries, and point particle approaches, where the flow
around particles is not resolved and hydrodynamic forces and torques on particles require input
from (empirical) models. We will also discuss the effect of the shape and deformability of solid par-
ticles on the flowability of a solid-liquid suspension. Only particle-resolved simulations can realis-
tically deal with effect of particle shape on fluid-solid interaction.

In Chapter 5 we discuss turbulent flow. The focus is on single-phase (liquid-only) flow. It is
shown how subgrid-scale models can be included in the LB method so that a smooth transition

IAHR.org #WaterMonographs 3



Introduction IAHR Water Monographs

between direct numerical simulation (DNS) and large eddy simulation (LES) of turbulent flow can
be achieved. We show an example of LES of an oscillatory flow.

In Chapter 6 a brief summary is presented with the most important take-home messages.
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C H A P T E R 2

Fundamentals of the lattice-Boltzmann method

2.1 Kinetic theory

2.1.1 Introduction

Matter consists of molecules. In a gas they move around thereby colliding with one another. In a
classical molecular dynamics description of a gas we follow individual molecules by solving their
Newtonian equations of motion that include interaction forces between the molecules. Simulating
this on a computer is called Molecular Dynamics (MD) [24].

In a continuum approach, the discrete (molecular) nature of matter is abandoned to make place for
a description in terms of functions describing properties (pressure, density, velocity, temperature)
that continuously depend on (three-dimensional) location in space and on time. Kinetic theory is
a description in between molecular and continuous; hence the term mesoscopic description. We
still think of molecules but rather than considering them individually we deal with the probability
distribution of their properties.

2.1.2 Distribution function

Starting point of kinetic theory is the notion of a distribution function. Kinetic theory is a very rich
subject that we will touch upon only superficially. For further reading and for more context I recom-
mend the book by Kauzmann [32].

Since distribution functions are also fundamental to the lattice-Boltzmann method it is worthwhile
to go over some of the concepts and results from kinetic theory. For simplicity we will consider a
dilute, monoatomic gas with the molecules having no internal degrees of freedom (such as vibration
or rotation) and the molecules colliding elastically.

The distribution function is denoted as f (x; ‰; t)withx the location vector, ‰ the velocity vector, and
t time. It can be interpreted as a generalization of the density ȷ (x; t), now also taking into account
velocity. It is the density of molecules in physical space as well as in velocity space. The SI units
of the distribution function are [f ] = kg · 1

m3 · 1

(ms )
3 . Density, momentum and energy follow from

integrations over velocity space:
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ȷ (x; t) =

ZZZ
f (x; ‰; t) d3‰ 2.1

ȷ (x; t)u (x; t) =

ZZZ
‰f (x; ‰; t) d3‰ 2.2

ȷ (x; t)E (x; t) =
1

2

ZZZ
|‰|2 f (x; ‰; t) d3‰ 2.3

As we will see, it is useful to make a distinction between random thermal motion (with velocity
v (x; t)) and bulk motion of molecules (with velocity u (x; t) as identified in Eq. 2.2): v (x; t) ≡
‰ (x; t)− u (x; t). The energy associated to v (x; t) is

ȷ (x; t) e (x; t) =
1

2

ZZZ
|v|2 f (x; ‰; t) d3‰ 2.4

is called internal energy. We reiterate that only translational kinetic energy is considered in the
above expressions. This is due to us dealing with monoatomic gases that do not have rotational
or vibrational degrees of freedom.

A quick way of finding an expression for pressure goes via the ideal gas law and the equipartition
theorem. The latter relates internal energy per translational degree of freedom with temperature:
edof =

1
2RT for each degree of freedom (dof). With three degrees of freedom this gets ȷe = 3

2ȷRT .
The usual way of writing the ideal gas law in fluid dynamics is p = ȷRT so that

p = ȷRT =
2

3
ȷe =

1

3

ZZZ
|v|2 f (x; ‰; t) d3‰ 2.5

It is useful to check units at this stage. When we write p = ȷRT then R is not the (universal) molar
based gas constant Rmolar = 8:31 J

(mol·K) ; instead, R = Rmolar
m

with m the molar mass of the gas.
Molar mass has units kg/mol so that R has units J

(kg·K) =
m2

(s2·K) which should be given that e = 3
2RT

and e having units m2

s2
(the latter from the way e is defined in Eq. 2.4).
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2.1.3 Equilibrium distribution function

If a gas is left alone for a sufficiently long time and molecules have undergone many colli-
sions, thereby exchanging momentum, one can imagine that the distribution of velocities of the
molecules reaches an equilibrium. This equilibrium is expected to be isotropic in velocity space. We
assume – without lack of generality – the average velocity u equal to zero so that v (x; t) ≡ ‰ (x; t).
Isotropy in velocity space then means that only the velocity magnitude (not the direction) matters
for the equilibrium distribution function: f eq (x; |v| ; t). An important result of statistical mechanics
is that the equilibrium distribution has the following form:

f eq (x; |v| ; t) = ȷ

„
1

2ıRT

« 3
2

e−
|v|2

(2RT ) 2.6

Equation 2.6 goes by the name Maxwell-Boltzmann distribution [44]. It shows, as an example, that
increasing the temperature will result in a wider distribution function.

2.1.4 Evolution of the distribution function

If we take the total derivative of the distribution function with respect to time, we get

df

dt
=
@f

@t

dt

dt
+
@f

@x˛

dx˛
dt

+
@f

@‰˛

d‰˛
dt

2.7

Where we use index notation for the location (x˛) and velocity (‰˛) vector components and the sum-
mation convention: sum over repeated Greek indices (for example @f

@x˛

dx˛
dt

= @f
@x

dx
dt

+ @f
@y

dy
dt

+ @f
@z

dz
dt

).
In Eq. 2.7, dt

dt
= 1, dx˛

dt
= ‰˛ , d‰˛

dt
is an acceleration per unit volume and therefore d‰˛

dt
=

F˛
ȷ

with
F˛ a force component. Collisions are a reason for a change of the distribution function since they
re-distribute momentum. Combining these notions leads to the Boltzmann equation

@f

@t
+ ‰˛

@f

@x˛
+
F˛
ȷ

@f

@‰˛
= Ω(f ) 2.8

where Ω(f ) is the collision operator. It (only) depends on the distribution function, i.e. on the way
mass is distributed over physical and velocity space. The Boltzmann equation (Eq. 2.8) can be inter-
preted as an advection equation with forces and collisions as source terms. In a molecular collision,
mass is not lost, so that one property of the collision operator is
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ZZZ
Ω(f )d3‰ = 0 2.9

If we also assume that total momentum and total energy is conserved in collisions this implies.

ZZZ
‰Ω(f )d3‰ = 0 2.10

ZZZ
|‰|2 Ω(f )d3‰ = 0 2.11

A lot of physics goes into the collision operator as it involves a wide spectrum of collision scenar-
ios and intermolecular forces. To avoid (too much) complexity, simple heuristic approaches have
been proposed that prove remarkably useful. Respect for conservation laws and the notion that
collisions will eventually drive a system to equilibrium have led to the Bhatnagar, Gross and Krook
(BGK) collision operator [3]:

Ω(f ) = − 1

fi
(f − f eq) 2.12

The time constant fi determines how fast we relax to equilibrium. For a force-free, homogeneous
system f (‰; t) = f eq (‰) + [f (‰; t = 0)− f eq (‰)] e−

t
fi . As expected and as we will see when dis-

cussing the lattice-Boltzmann method, fi determines the transport coefficients, most importantly –
for fluid mechanics – the viscosity.

2.1.5 Transport equations

It is time to relate the somewhat esoteric concept of the distribution function with concepts more
familiar to fluid dynamics. This we do by deriving transport equations from the Boltzmann equation
(Eq. 2.8).

In the first place, we integrate Eq. 2.8 over velocity space: @
@t

RRR
f d3‰ + @

@x˛

RRR
‰˛f d

3‰ +
F˛
ȷ

RRR
@f
@‰˛
d3‰ =

RRR
Ω(f )d3‰. We realize that (see Eq. 2.1)

RRR
f d3‰ = ȷ; also (Eq. 2.2)RRR

‰˛f d
3‰ = ȷu˛ ; and (Eq. 2.9)

RRR
Ω(f )d3‰ = 0. The term with the force (F˛

ȷ

RRR
@f
@‰˛
d3‰)

is a little less straightforward. We argue that this term is equal to zero based on integration by
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parts. As a reminder, consider two functions h and g that have derivatives h′ and g ′. Then
R
hg ′ =

hg |∞−∞ −
R
h′g . Applying this

RRR
1 · @f

@‰˛
d3‰ = 1 · f |∞−∞ − 0 = 0. As a result, integration of the

Boltzmann equation over velocity space gets us the continuity equation:

@ȷ

@t
+
@ (ȷu˛)

@x˛
= 0 2.13

(once more: we are using the summation convention so that Eq. 2.13 actually reads @ȷ
@t

+ @(ȷux )
@x

+
@(ȷuy )
@y

+ @(ȷuz )
@z

= 0)

A momentum balance equation is obtained when we multiply the Boltzmann equation by ‰¸ and
then integrate over velocity space: @

@t

RRR
‰¸f d

3‰ + @
@x˛

RRR
‰¸‰˛f d

3‰ +
F˛
ȷ

RRR
‰¸

@f
@‰˛
d3‰ =RRR

‰¸Ω(f )d
3‰. First term on the left-hand side: @ȷu¸

@t
; the integral in the second term, we will

call – for reasons that will hopefully become clear later – the momentum flux tensor: Π¸˛ ≡RRR
‰¸‰˛f d

3‰ so that the second term gets @Π¸˛
@x˛

; the integral in the third term is
RRR

‰¸
@f
@‰˛
d3‰ =

‰¸f |∞−∞ −
RRR

@‰¸
@‰˛
f d3‰ = −ȷ‹¸˛ with ‹¸˛ the Kronecker delta (‹¸˛ = 1 if ¸ = ˛; ‹¸˛ = 0 if ¸ ̸=

˛). The right-hand side is zero given Eq. 2.10 (momentum conservation in collisions). Eventually the
momentum balance has the form

@ȷu¸
@t

+
@ (Π¸˛)

@x˛
= F¸ 2.14

(as before: Eq. 2.14 uses the summation convention; writing out – as an example – the x-component
of Eq. 2.14: @ȷux

@t
+ @(Πxx )

@x
+

@(Πxy )
@y

+ @(Πxz )
@z

= Fx )

In Section 2.2 we hinted at splitting the velocity of molecules in average and thermal veloc-
ities: ‰ (x; t) = u (x; t) + v (x; t). Component wise: ‰¸ = u¸ + v¸. Then Π¸˛ =RRR

(u¸ + v¸) (u˛ + v˛) f d
3‰ = u¸u˛

RRR
f d3‰+u¸

RRR
v˛f d

3‰+u˛
RRR

v¸f d
3‰+

RRR
v¸v˛f d

3‰;
u¸u˛

RRR
f d3‰ = ȷu¸u˛ ; u¸

RRR
v˛f d

3‰ = 0; u˛
RRR

v¸f d
3‰ = 0. The last term we define as

the stress tensor:
RRR

v¸v˛f d
3‰ = −ff¸˛ . Putting this all together results in what is known as the

Cauchy momentum equation:

@ȷu¸
@t

+
@ (ȷu¸u˛)

@x˛
=
@ff¸˛
@x˛

+ F¸ 2.15

The stress tensor is usually written as the sum of viscous stress and pressure [2]:ff¸˛ = ff′¸˛−p‹¸˛ .
As an aside, if we would assume the fluid to be an ideal gas in equilibrium (f = f eq the Maxwell-
Boltzmann distribution Eq. 2.6), evaluating the integral

RRR
v¸v˛f

eqd3‰ results in ȷRT‹¸˛ which is
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equal to the pressure. Therefore, for an ideal gas in equilibrium, ff¸˛ = −p‹¸˛ . This implies that
viscous stresses are the result of non-equilibrium effects.

Viscous stresses are modelled in terms of fluid deformation:ff′¸˛ = —
“
@u¸
@x˛

+
@u˛
@x¸

”
+“‹¸˛

@u‚
@x‚

where
— and “ are material properties. It is more common [2] to write this as

ff′¸˛ = —

„
@u¸
@x˛

+
@u˛
@x¸

− 2

3
‹¸˛

@u‚
@x‚

«
+ —b‹¸˛

@u‚
@x‚

2.16

The term with the coefficient — (which is viscosity) is a traceless stress tensor (deviatoric stress);
the term with —b (which is called bulk viscosity) contains normal viscous stresses due to volume
changes (expansion and contraction). It should be clear that the bulk viscosity —b is related to the
parameters — and “: —b = 2

3—+ “.

With the notions regarding the stress tensor (its division into pressure and viscous stress, the latter
divided into a deviatoric part and a normal part), the Cauchy momentum equation (Eq. 2.15) can
be written as the Navier-Stokes equation:

@ȷu¸
@t

+
@ (ȷu¸u˛)

@x˛
= − @p

@x¸
+

@

@x˛

»
—

„
@u¸
@x˛

+
@u˛
@x¸

«
+

„
—b −

2

3
—

«
‹¸˛

@u‚
@x‚

–
+ F¸ 2.17

In hydraulics applications fluid flow is mostly incompressible, i.e. the fluids involved have constant
density. This implies that the continuity (Eq. 2.13) reduces to @u˛

@x˛
= 0. As a consequence, the incom-

pressible Navier-Stokes equation is simpler than its general form:

ȷ
@u¸
@t

+ ȷu˛
@u¸
@x˛

= − @p

@x¸
+

@

@x˛

»
—

„
@u¸
@x˛

+
@u˛
@x¸

«–
+ F¸ 2.18

2.2 Lattice-Boltzmann method

2.2.1 Introduction

We will now build a discrete system by using the concepts from kinetic theory as discussed above.
The core concept of kinetic theory is the distribution function f (x; ‰; t) with x location (in general
in three-dimensional space), ‰ velocity (in general also in three dimensions) and t time. Discretiza-
tion involves discretization in time, space and velocity. The discretization is – to some extent and at
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some level of abstraction – straightforward. Relating the discrete version of the Boltzmann equa-
tion to the Navier-Stokes equation and deriving the discrete version of the equilibrium distribution
function are, however, quite elaborate. What we will do in this Section 2.2 is first present the discrete
Boltzmann equation and the discrete version of the equilibrium distribution function, and explain
the lattice-Boltzmann algorithm. After having explained the algorithm we then relate the lattice-
Boltzmann equation to the Navier-Stokes equation (Section 2.2.4 Chapman-Enskog analysis) and
discuss the relation between the continuous and discrete distribution function (Section 2.2.5 Dis-
crete equilibrium distribution function). This is mostly based on [7].

2.2.2 Discretization

We define a discrete and finite set of velocities ci = (cix ; ciy ; ciz) and indicate the distribution func-
tion as fi (x; t) which is now understood as that the density of molecules at x and t traveling with
velocity ci. Integrations over velocity space (as in Eqs. 2.1 and 2.2) turn into summations over the
finite set of velocities

ȷ (x; t) =
X
i

fi (x; t) 2.19

ȷ (x; t)u (x; t) =
X
i

cifi (x; t) 2.20

In the situations we will be considering, discretization in space implies that locations where fi (x; t)
is defined are positioned on a simple cubic lattice with the cubes having a side length∆. Discretiza-
tion in time implies that fi (x; t)is defined at moments separated by a time interval ∆t.

In this monograph we use the practice of lattice units. This means that we choose the units of space
and time such that ∆ = 1 and ∆t = 1 respectively. In the Chapter 3 we will see how to perform
(unit) conversion between physical systems and numerical lattice-Boltzmann (LB) systems.

There are many options when it comes to velocity sets. Velocity sets for solving the Navier-Stokes
equation are categorized as DdQq with d the dimensionality of space (1, 2 or 3), and q the number of
velocities. The more common velocity sets are D2Q9 and D3Q19; there also are D1Q3, D3Q15, D3Q27
(and many more). Velocity sets are defined by the velocity vectors ci and by a weighing factor per
velocitywi . Finally, as will emerge from analysis described in Section 2.2.4, each velocity set comes
with a constant cs that relates pressure with density: p = c2s ȷ. This is an (isothermal) ideal gas law
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with @p
@ȷ

= c2s and cs is therefore interpreted as the speed of sound. In the most common velocity

sets, cs =
q

1
3

∆
∆t (i.e. cs =

q
1
3 in lattice units).

The discretizations in time, space and velocity lead to the lattice-Boltzmann equation [59]:

fi (x+ ci∆t; t +∆t) = fi (x; t) + Ωi (x; t) 2.21

Applying lattice units (∆ = 1 and ∆t = 1):

fi (x+ ci; t + 1) = fi (x; t) + Ωi (x; t) 2.22

In the remainder of this chapter, we will – for convenience but without much lack of generality –
work in two dimensions and adopt the D2Q9 velocity set with velocity vectors

c0 =

 
0

0

!
c1 =

 
1

0

!
c2 =

 
−1

0

!
c3 =

 
0

1

!
c4 =

 
0

−1

!

c5 =

 
1

1

!
c6 =

 
−1

1

!
c7 =

 
−1

−1

!
c8 =

 
1

−1

! 2.23

and

w0 =
4

9
w1−4 =

1

9
w5−8 =

1

36
2.24

and cs =
q

1
3 [7].

With the definition of the velocity set, Figure 2.1 shows that at the end of a time step (which is apply-
ing Eq. 2.22 to all nodes on the lattice) a distribution function that started from a lattice node x ends
up at x+ ci which is a neighbouring lattice node (except for the distribution with i = 0 which stays
where it was).

The simplest, yet effective, collision operator is the Bhatnagar, Gross and Krook (BGK) collision oper-
ator [3]; see Eq. 2.12. In discrete form it reads
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Figure 2.1 The D2Q9 velocity set with xy coordinate system and velocity numbering according to Eq. 2.23.

Ωi (x; t) = Ωi (f ) = − 1

fi
(fi − f eqi ) 2.25

The f (without index) in Ωi (f ) means that the collision operator depends on all distribution func-
tions f0···8 at the location-time combination (x; t). As we will argue later in these notes, the discrete
version of the equilibrium distribution function reads

f eqi = wiȷ

"
1 +

u¸ci¸
c2s

+
(u¸ci¸)

2

2c4s
− u¸u¸

2c2s

#
2.26

(Note the summation convention: summation over repeated Greek indices). It contains the macro-
scopic flow variables density ȷ and velocity components u¸.

It is worthwhile performing a few reality checks. We will perform these for the D2Q9 velocity set as
defined in Eqs. 2.23 and 2.24 with c2s = 1

3 .

(1) Mass conservation requires
P

i Ωi = 0. Since
P

i fi = ȷ, it then should be that alsoP
i f
eq
i = ȷ. Writing out

P
i f
eq
i for D2Q9 and applying the summation convention getsP

i wiȷ
h
1 + 3 (uxcix + uyciy ) +

9
2 (uxcix + uyciy )

2 − 3
2

`
u2x + u2y

´i
=ȷ
`
1− 3

2u
2
x − 3

2u
2
y

´P
i wi+

3ȷux
P

i wicix +3ȷuy
P

i wiciy +
9
2ȷu

2
x

P
i wic

2
ix +

9
2ȷu

2
y

P
i wic

2
iy +9ȷuxuy

P
i wicixciyRealize

that (see Eqs. 2.23 and 2.24)
P

i wi = 1;
P

i wici¸ = 0;
P

i wici¸ci˛ = 1
3‹¸˛ then indeedP

i f
eq
i = ȷ.

(2) Momentum conservation over the collision operation requires
P

i Ωici¸ = 0. Since
P

i fici¸ =

ȷu¸, it should be that also
P

i f
eq
i ci¸ = ȷu¸. Again, writing out

P
i f
eq
i ci¸ and using the sym-

metry properties of the lattice results in
P

i f
eq
i ci¸ = ȷu¸.
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The collision operator Ωi (f ) only depends on local properties, i.e. the set of distribution functions
fi at the current location at the current instant in time. This is because the expression for Ωi (f )
contains fi and f eqi (Eq. 2.26), f eqi depends on ȷ and on u¸, and in turn ȷ and u¸ can be written
in terms of fi (Eqs. 2.19 and 2.20). This is relevant from a computational perspective: updating the
lattice-Boltzmann equation only requires local data.

The Chapman-Enskog analysis [36] relates the lattice-Boltzmann equation with the Navier-Stokes
equation. We will go through this analysis in Section 2.2.4. Important results of the analysis are in
the first place that the kinematic viscosity of the lattice-Boltzmann fluid relates to the relaxation
time according to

‌ = c2s

„
fi − ∆t

2

«
2.27

In lattice units and with c2s = 1
3 this becomes ‌ = 2fi−1

6 . In the second place the Chapman-Enskog
expansion establishes the relation between density and pressure alluded to before: p = c2s ȷ.

2.2.3 The lattice-Boltzmann algorithm – time stepping

A lattice-Boltzmann algorithm applies fi (x+ ci; t + 1) = fi (x; t) + Ωi (x; t). In practice, each time
step in a lattice-Boltzmann algorithm is broken up in two parts: collision and streaming.

The collision part executes

f ∗i (x; t) = fi (x; t) + Ωi (x; t) 2.28

with fi (x; t) the pre-collision distribution function and f ∗i (x; t) the post-collision distribution func-
tion. As discussed above: executing Eq. 2.28 is a local operation. For each lattice node x it only
involves information at x: since Ωi (x; t) = − 1

fi
(fi − f eqi ) the information required for a collision

is fi (x; t) and f eqi (x; t); the latter depends on ȷ (x; t) and u (x; t) (see Eq. 2.26) which in turn can
be determined using fi (x; t) (see Eq. 2.19 and 2.12). Local operations are easily run on a parallel
compute platforms through domain decomposition: divide the overall simulation domain in sub-
domains and assign each subdomain to a compute core. The collision operation (Eq. 2.28) then does
not require any communication between compute cores.

In the streaming part of the LB algorithm we execute
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fi (x+ ci; t + 1) = f ∗i (x; t) 2.29

i.e. we shift (“stream”) the post-collision distribution f ∗i from its current location x to its neighbour-
ing location x + ci thereby advancing time by one time unit. This is a simple, however non-local
operation. In parallel computing the streaming step requires communication over the edges of the
subdomains each of which is assigned to a compute core.

2.2.4 Chapman-Enskog analysis

The aim of the analysis explained in this section is to “derive” the Navier-Stokes equation (Eq. 2.17)
from the lattice-Boltzmann equation (Eq. 2.21). We will be using the LB equation in lattice units and
the BGK collision operator. At some point in the derivation we will be needing the specific velocity
set for which we will use the D2Q9 set (Eqs. 2.23 and 2.24), as well as the specific expression for the
equilibrium distribution for which we take Eq. 2.26.

LB equation:

fi (x+ ci; t + 1)− fi (x; t) = − 1

fi
[fi (x; t)− f eqi (x; t)] 2.30

We expand the distribution function around its equilibrium and introduce the small parameter ":

fi = f eqi + "f
(1)
i + "2f

(2)
i + : : : 2.31

Given that (see above)
P

i (fi − f eqi ) = 0 and
P

i ci¸ (fi − f eqi ) = 0, it has to be that
P

i f
(n)
i = 0

and
P

i ci¸f
(n)
i = 0 for n ≥ 1.

We expand the derivatives in the small parameter ":

@fi
@t

= "
@(1)

@t
fi + "2

@(2)

@t
fi + : : : ; ci¸

@fi
@x¸

= "ci¸
@(1)

@x¸
fi 2.32

The @(1) and @(2) are not derivatives by themselves, they represent contributions to derivatives with
certain orders of magnitude in ".
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Now perform a 2nd order Taylor expansion of the LB equation (Eq. 2.30).

„
@

@t
+ ci¸

@

@x¸

«
fi +

1

2

„
@

@t
+ ci¸

@

@x¸

«2

fi = − 1

fi
(fi − f eqi ) 2.33

Then apply the operator 1
2

“
@
@t

+ ci¸
@
@x¸

”
to Eq. 2.33. This gets us

1

2

„
@

@t
+ ci¸

@

@x¸

«2

fi + hot = − 1

2fi

„
@

@t
+ ci¸

@

@x¸

«
(fi − f eqi ) 2.34

where hot stands for higher-order terms (of order 3 in this case) that we subsequently neglect. Sub-
tracting Eq. 2.34 from 2.33 (and discarding the hot) results in

„
@

@t
+ ci¸

@

@x¸

«
fi = − 1

fi
(fi − f eqi ) +

1

2fi

„
@

@t
+ ci¸

@

@x¸

«
(fi − f eqi ) 2.35

We substitute the expansions Eqs. 2.31 and 2.32 and group the terms by orders of ". Each group
establishes one equation since " can take any (small) value.

Terms of order "

„
@(1)

@t
+ ci¸

@(1)

@x¸

«
f eqi = − 1

fi
f
(1)
i 2.36

Terms of order "2

„
@(1)

@t
+ ci¸

@(1)

@x¸

«
f
(1)
i +

@(2)

@t
f eqi = − 1

fi
f
(2)
i +

1

2fi

„
@(1)

@t
+ ci¸

@(1)

@x¸

«
f
(1)
i 2.37

Rewrite Eq. 2.37:

@(2)

@t
f eqi +

„
1− 1

2fi

«„
@(1)

@t
+ ci¸

@(1)

@x¸

«
f
(1)
i = − 1

fi
f
(2)
i 2.38

Add up Eqs. 2.36×" and 2.38×"2:
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"
@(1)

@t
f eqi + "2

@(2)

@t
f eqi + "ci¸

@(1)

@x¸
f eqi + "2

„
1− 1

2fi

«„
@(1)

@t
+ ci¸

@(1)

@x¸

«
f
(1)
i = −" 1

fi
f
(1)
i − "2

1

fi
f
(2)
i

2.39

Revert some expanded derivatives to their original form:

@

@t
f eqi + ci¸

@

@x¸
f eqi + "2

„
1− 1

2fi

«„
@(1)

@t
+ ci¸

@(1)

@x¸

«
f
(1)
i = −" 1

fi
f
(1)
i − "2

1

fi
f
(2)
i 2.40

If we sum Eq. 2.40 over i, only the first two terms survive (since
P

i f
(n)
i = 0 and

P
i ci¸f

(n)
i = 0 for

n ≥ 1) and we end up with the continuity equation

@

@t
ȷ+

@

@x¸
ȷu¸ = 0 2.41

Now multiply Eq. 2.40 by ci˛ and sum over i:

@

@t
(ȷu˛) +

@

@x¸

X
i

ci¸ci˛f
eq
i +

„
1− 1

2fi

«
@

@x¸

X
i

"ci¸ci˛f
(1)
i = 0 2.42

Given the first term, this is a momentum balance. For interpretation of the other two terms we need
to involve the velocity set and the equilibrium distribution (Eqs. 2.23, 2.24 & 2.26). This allows us to
derive (with a view to the 2nd term in Eq. 2.42)

X
i

ci¸ci˛f
eq
i = ȷu¸u˛ + ȷc2s ‹¸˛ 2.43

At this stage consider the term in Eq. 2.42 that contains
P

i ci¸ci˛f
(1)
i .

For this we go back to Eq. 2.36, repeated here:
“
@(1)

@t
+ ci¸

@(1)

@x¸

”
f eqi = − 1

fi
f
(1)
i , since it contains f (1)i .

Multiply Eq. 2.36 by ci˛ci‚ and sum over i:

@(1)

@t

X
i

ci¸ci˛f
eq
i +

@(1)

@x¸

X
i

ci¸ci˛ci‚ f
eq
i = − 1

fi

X
i

ci¸ci˛f
(1)
i 2.44

This allows expressing
P

i ci¸ci˛f
(1)
i in terms of the equilibrium distribution and the set of veloci-

ties. The result is
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X
i

ci¸ci˛f
(1)
i = −ȷc2s fi

»
@(1)u¸
@x˛

+
@(1)u˛
@x¸

–
+ fi

@(1)

@x‚
(ȷu¸u˛u‚) 2.45

Substitute these findings (Eqs. 2.43 and 2.45) in the momentum balance Eq. 2.42:

@
@t

(ȷu˛)+
@
@x¸

`
ȷu¸u˛ + ȷc2s ‹¸˛

´
+
`
1− 1

2fi

´
@
@x¸

“
−ȷc2s fi"

h
@(1)u¸
@x˛

+
@(1)u˛
@x¸

i
+ fi" @

(1)

@x‚
(ȷu¸u˛u‚)

”
=

0

This can be simplified: turn " @(1)
@x˛

to @
@x˛

; @
@x¸

`
ȷc2s ‹¸˛

´
= c2s

@ȷ
@x˛

. As a result

@

@t
(ȷu˛) +

@

@x¸
(ȷu¸u˛) = −c2s

@ȷ

@x˛
+

„
fi − 1

2

«
@

@x¸

„
ȷc2s

»
@u¸
@x˛

+
@u˛
@x¸

–
− @

@x‚
(ȷu¸u˛u‚)

«
2.46

We finally argue that the term containing the product of three velocities @
@x‚

(ȷu¸u˛u‚) is negligibly
small, at least in the low Mach number limit with Ma2 ≡ u¸u¸

c2s
(the Mach number and a discussion

on compressibility will follow in Chapter 3).

We write Eq. 2.46 in a (compressible) Navier-Stokes-like form

@

@t
(ȷu˛) +

@

@x¸
(ȷu¸u˛) = − @p

@x˛
+ ‌

@

@x¸

„
ȷ

»
@u¸
@x˛

+
@u˛
@x¸

− 2

3
‹¸˛

@u‚
@x‚

–
+

2

3
ȷ‹¸˛

@u‚
@x‚

«
2.47

with p = c2s ȷ the anticipated ideal-gas relation between density and pressure, and ‌ = c2s
`
fi − 1

2

´
the again anticipated relation between relaxation time and kinematic viscosity. Another observa-
tion is that this LB fluid has a bulk viscosity of two-thirds of the (shear) viscosity.

2.2.5 Discrete equilibrium distribution function

A cornerstone of kinetic theory is the Maxwell-Boltzmann equilibrium distribution function, Eq. 2.6,
repeated here as Eq. 2.48.

f eq (x; |v| ; t) = ȷ

„
1

2ıRT

« 3
2

e−
|v|2

(2RT ) 2.48

In the Chapman-Enskog exercise of the previous sub-section, we made use of a discrete version of
the equilibrium distribution function, Eq. 2.26 (repeated here as Eq. 2.49)
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f eqi = wiȷ

"
1 +

u¸ci¸
c2s

+
(u¸ci¸)

2

2c4s
− u¸u¸

2c2s

#
2.49

In this section, it will be shown how – globally, not very rigorously – the two expressions (Eqs. 2.48
and 2.49) are related.

As a first step we realize that the velocity v in Eq. 2.48 is the random (thermal) velocity of the
molecules. In Section 2.1.2 the velocity ‰was decomposed in a bulk velocity u and thermal velocity
v: ‰ = v + u. We make Eq. 2.48 dimensionless and consider isothermal conditions. As a result of
these two steps the Maxwell-Boltzmann distribution becomes f eq = ȷ

`
1
2ı

´ 3
2 e−

|(‰−u)|2
2 . If we assume

that the bulk speed is much lower than the thermal speed we can perform a Taylor expansion of f eq

around u = 0 and break it off at second order:

f eq ≈ ȷ! (‰)

»
1 + ‰¸u¸ +

1

2
u¸u˛ (‰¸‰˛ − ‹¸˛)

–
2.50

where we – for brevity – introduce the function ! (‰) ≡
`

1
2ı

´ 3
2 e−

|‰|2
2 . In Eq. 2.50 we still have a

continuous velocity ‰, so that the next step is to discretize velocity space. We can do this in the
following way

f eqi = ȷwi

»
1 + ‰i¸u¸ +

1

2
u¸u˛ (‰i¸‰i˛ − ‹¸˛)

–
2.51

where we have replaced continuous ! (‰) by discrete wi and have replaced continuous ‰¸ by dis-
crete ‰i¸. We now can determinewi and relate ‰i¸ to ci¸ (the latter is the discrete set of lattice veloci-
ties) by demanding that the BGK collision operatorΩi (f ) = − 1

fi
(fi − f eqi ) conserves mass, momen-

tum and energy. The result then is f eqi = wiȷ
h
1 + u¸ci¸

c2s
+ (u¸ci¸)

2

2c4s
− u¸u¸

2c2s

i
(with c2s = 1

3 and wi as
given in Eq. 2.24) which is what we anticipated in Eq. 2.49.

2.2.6 Closing remarks

While the LB algorithm is quite simple, its mathematical principles are quite complex.

Significant portions of this chapter were based on a D2Q9 lattice and a single relaxation time (BGK)
collision operator. We note that collision operators and lattice models are active research areas.
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For a detailed overview, [36] is a valuable resource. Multiple Relaxation Time (MRT) collision oper-
ators have proven to be superior when it comes to simulation turbulence [73,74] where they show
more stable behaviour as compared to BGK operators. Also in the field of interfacial flows MRT has
advantages over BGK [50]. Increasing the number of discrete velocities has advantages in terms of
improved isotropy [60]. D3Q27 lattices combined with MRT collision operators are currently are the
forefront (e.g. [28]).

In Chapter 3 we will be discussing a number of more practical aspects. First and foremost, what to
do near the boundaries of a flow domain: how to impose no-slip, free slip, periodic, etc. boundary
conditions. In the second place we need to discuss compressibility. Clearly the method is compress-
ible: information travels with finite speed since a distribution function only travels one lattice dis-
tance per time step. A reflection of this is the finite speed of sound cs =

q
1
3 . Still, we want to apply

the method to incompressible flow. In the third place it needs to be established how to translate a
physical flow system (with e.g. SI units) into an LB simulation in lattice units.
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C H A P T E R 3

Practical aspects of lattice-Boltzmann simulations

3.1 Introduction
After having gone through a theoretical analysis of the lattice-Boltzmann method in Chapter 2, we
now will discuss a number of practical aspects, so as to show what choices need to be made when
setting up an actual LB simulation.

Topics to be discussed are the (computational) consequences of compressibility of the numerical
method for performing incompressible flow simulations; working with lattice units rather than with
physical (such as SI) units; on-lattice boundary conditions; and aspects of computer coding. With
“on-lattice” boundary conditions is meant conditions directly in terms of the distribution functions.
In Chapter 4 we will be discussing velocity-based immersed boundary conditions in an LB con-
text that has relevance for – among more – simulations of solid-liquid suspensions as for instance
encountered in sediment transport.

3.2 Compressibility and the Mach number
From the analyses presented in Ch 2 it is clear that the speed of sound of a lattice-Boltzmann fluid is
finite, which implies that we are dealing with a compressible fluid. The Chapman-Enskog analysis
showed that with the LB method, we are solving the Navier-Stokes equation for a compressible fluid
with a bulk viscosity that is two-thirds of the (shear) viscosity (Eq. 2.47). This – in general – is not the
case for a real fluid. This issue, however, is of not much concern if we are planning to work on (near)
incompressible flow problems since the bulk viscosity is of no relevance if @u¸

@x¸
≈ 0.

Incompressible flow implies that the Mach number is zero: Ma = 0; near-incompressible flow means
Ma ≪ 1. The Mach number is defined as the ratio of bulk velocity magnitude and speed of sound:

Ma ≡ |u|
cs

3.1

Since in a typical LB simulation cs =
q

1
3 (in lattice units) it means that we need to make sure that

|u| ≪ 1 in lattice units. As we will see in the next section – which is about how to deal with lattice
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units when solving real flow systems stated in physical units – the constraint on the bulk speed
|u| ≪ 1 effectively is a constraint on the physical time step ∆t.

3.3 From physical (SI) units to lattice units
For translating a real, physical flow problem into a LB simulation we take the example of incom-
pressible lid-driven cavity flow. The two-dimensional geometry is shown in Figure 3.1: we have a
square space filled with liquid water (density ȷ = 103 kg/m3, dynamic viscosity — = 10−3 Pa·s). Of
the four solid walls, the top wall is moving in the positive x-direction with speed U. On all walls we
impose a no-slip boundary condition. As a result of the motion of the top wall, the water close to the
top wall will be dragged along with the top wall in the positive x-direction until it hits the right wall
where it will be deflected in the downward direction. This creates a clockwise circulating flow in the
cavity. The cavity has a side length L=0.02 m (2 cm), and U=0.01 m/s (1 cm/s). We want to simulate
the flow in the cavity starting up from zero velocity and evolving to a steady state, i.e. we want to
solve the bulk velocity in the cavity as a function of x, y, and t: u(x; y ; t) with the lattice-Boltzmann
method.

Figure 3.1 Lid-driven cavity, geometry and coordinate system.

This flow problem is stated in (physical) SI units. We need to translate it into lattice units and need
to make decisions regarding time step and lattice cell size. For this, we translate the flow system in
dimensionless form by scaling with the input variables U and L where we indicate dimensionless
variables with ~:

ex =
x

L;
ey =

y

L;
et = tU

L
; eu =

u

U
3.2
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Dimensional analysis of the flow problem itself shows that the Reynolds number is the all-
determining parameter:

Re =
ȷUL

—
=
UL

‌
3.3

Based on the paraters given, Re = 200. Reynolds similarity now implies that if we are able to per-
form an LB simulation at Re=200 with lid velocity in lattice units ULB and cavity size in lattice units
LLB , and with the outcome of that simulation denoted as uLB(x; y ; t) (in lattice units) then the
dimensionless LB result euLB ≡ uLB

ULB
is the LB prediction for the actual dimensionless velocity fieldeu = u

U
(as defined in Eq. 3.2) so that the LB prediction for the SI velocity field iseuLB×U = uLB× U

ULB

with U the lid velocity in SI units.

From the above we thus are tasked with performing a lid-driven cavity LB simulation at Re=200, and
we need to choose our simulation parameters. A first choice is for ULB . Since we want to simulate
an incompressible flow, the Mach number Ma needs to be sufficiently small. Since we expect that
the maximum fluid speed in the cavity is very close (if not equal) to the speed of the lid, the Mach
number will not exceed ULB

cs
. We choose ULB=0.1. Then ULB

cs
≈ 0:17 which is sufficiently small for

near-incompressible conditions. The second choice is for LLB . The spatial resolution of the simula-
tion is governed byLLB sinceLLB is the number of lattice nodes in x and y direction. We need some
fluid mechanics intuition about the flow in a cavity at Re=200. This is expected to be a laminar flow
with not much fine-scale flow patterns; we expect a single recirculation loop that fills the largest
part of the cavity. We anticipate that this recirculation is going to be well-resolved on a 20×20 mesh,
so we chooseLLB=20. In order to achieve Re=200, the kinematic viscosity in lattice units thus needs
to be ‌LB = ULBLLB

Re
0.01. This can be realized by a collision operator with a relaxation time of (see

Eq. 2.27) fi = 3‌ + 1
2 =0.53.

In summary:ULB=0.1 is motivated by limiting compressibility, LLB=20 is motivated by spatial reso-
lution, ‌LB =0.01 for achieving the aimed for Reynolds number.

If we run the simulation in lattice units, the time step is – by definition – ∆t = 1. The velocity of
the lid and the size of the cavity, however, determine a more physically meaningful interpretation
of the time step. With ULB=0.1, the lid moves over 0.1 lattice unit per time step, and it thus takes
LLB
ULB

=200 time steps for the lid to move once over the cavity. In the physical system it takes 2 s for
the lid to move over the cavity so that the time step in the LB simulation is equivalent to 0.01 s in
the physical system.
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If we would have concerns about compressibility in the simulation, we could reduce the speed of
the lid ULB so as to reduce the Mach number. This would require reducing the viscosity to keep Re
the same and it would make the physical time step smaller.

The Courant number of this simulation isC = ULB
∆t
∆x =0.1. This is much smaller than the typically

used values of C ≈ 0:8in explicit time stepping finite difference or finite volume solvers [23]. The
small Courant number and thus effectively the small time step are the result of the low Mach number
requirement associated to the LB method as applied to incompressible flow.

The scaling analysis for lid-driven cavity flow is relatively simple since we were given a velocity scale
in the form of the lid speed U. If we were to be asked to simulate the steady flow between two flat,
vertical parallel plates as a result of gravity (see Figure 3.2) our input parameters are the distance
between the plates 2D, the properties of the fluid (kinematic viscosity ‌ and the density ȷ), and
gravitational acceleration g. Dimensional analysis shows that this flow is governed by the dimen-
sionless group D3g

‌2
(density does not show up since the two balancing effects of gravity and viscous

forces are both proportional to the density: ȷg and ȷ‌) so that in an LB simulation, we must match
this dimensionless number (which is sometimes called the Galileo number Ga). Some notion of the
hydrodynamics of this system will make us decide on what to choose for D in lattice units (if we
expect laminar flow D=10 should provide adequate spatial resolution). We then still have two free
parameters ‌ and g in lattice units to decide upon. We need to do some a priori analysis to esti-
mate the expected flow velocities (which in this basic flow example is very simple) to come up with
a ‌ and g combination (in lattice units) such that we match the dimensionless group and have flow
speeds that are sufficiently low in order to meet the compressibility constraints.

Figure 3.2 Planar Poiseuille flow driven by gravity.
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3.4 On-lattice boundary conditions
The lid-driven cavity example clearly shows the role of – and the need for – defining boundary con-
ditions. Boundary conditions in LB simulations are a topic of active research and come in a large
variety of forms and implementations. Here we discuss a few of the more basic and most used ones,
where we limit ourselves to “on-lattice” boundary conditions that deal with boundaries aligned with
the lattice. Immersed boundary (IB) methods are a way of dealing with “off-lattice” boundary con-
ditions. IB methods will be discussed in Chapter 4.

First we look at a convenient framework to implement on-lattice boundary conditions. In the
streaming step (Eq. 2.29) fi (x+ ci; t + 1) = f ∗i (x; t), post-collision distribution functions f ∗i are
transferred to neighbouring lattice sites. Lattice sites next to boundaries need to receive f ∗i ’s from
all directions, also from directions that (seemingly) come from outside the flow domain. This is illus-
trated in Figure 3.3 (left panel) that focuses on the lower-left corner of the flow domain, e.g. the
lower-left corner of the lid-driven cavity. One way to implement boundary conditions is to build a
layer of “ghost” cells at the other side of the boundary (the dashed cells in the right panel of Fig-
ure 3.3) and populate these ghost cells with f ∗i ’s that represent the boundary condition. An LB time
step would then consist of (1) collide; (2) populate ghost cells; (3) stream towards all cells inside the
flow domain.

Figure 3.3 Implementing boundary conditions by populating ghost cells. Bold lines are no-slip walls.

3.4.1 No-slip boundary condition at fixed wall

Fluid sticks at solid walls. Therefore, if the wall is not moving, the velocity at the wall is zero. A static
no-slip wall can be achieved by applying a bounce-back boundary condition: the f ∗i ’s that want to
leave the flow domain are bounced back when they hit the solid wall. We show this in Figure 3.4 (left
panel): the black arrows bounce on the wall and are reverted and become the red arrows. The right
panel of Figure 3.4 shows how this is implemented by means of ghost cells. Figure 3.4 illustrates a
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so-called half-way bounce-back scenario, where the actual boundary location is half a cell size away
from the lattice nodes (i.e. the cell centres) that are populated with f ∗i ’s. There are also bounce-back
implementations – not discussed here – where nodes are located on the no-slip boundary.

Figure 3.4 Bounce-back on a no-slip wall (left) and implementation in terms of ghost cells (right).

3.4.2 No-slip boundary condition at moving wall

A wall moving parallel to itself (as the top wall in the lid-driven cavity) requires an extension of the
bounce-back condition. Consider the situation in Figure 3.5. The motion of the wall in the posi-
tive x-direction will add momentum to the “particle” (f ∗i ) that is bounced off the wall in the pos-
itive x-direction, and it will reduce the momentum of the particle that is reflected in the negative
x-direction. This is illustrated by the longer red vector that points to up-right, and the shorter red
vector that points up-left. This process can be described as

f5 (x; t + 1) = f ∗7 (x; t) + 2
ȷ (x; t) u0w7

c2s
f6 (x; t + 1) = f ∗8 (x; t)− 2ȷ (x; t) u0w8

c2s
3.4

where we used the numbering of velocities as earlier given in Figure 2.1, repeated for convenience
in Figure 3.6.

Figure 3.5 Bounce-back on parallel moving wall.

We note that a change in momentum is achieved by a change in mass. As we can see in Eq. 3.4, the
net change in mass is equal to zero sincew7 = w8

`
= 1

36

´
.
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Figure 3.6 Numbering of velocities in the D2Q9 velocity set.

3.4.3 Periodic boundary conditions

Periodic conditions imply that what leaves the domain on one side, re-enters on the other side. This
is illustrated in Figure 3.7. The masses represented by the red arrows on the left of the domain (in
the left panel of Figure 3.7) come from the right side of the domain. The right panel of Figure 3.7
shows how this can be implemented using ghost cells: we copy the far right layer of cells inside the
flow domain to the ghost cells on the left outside the flow domain.

Figure 3.7 Left-right periodic boundary condition (left panel) and implementation by ghost cells (right panel).

3.4.4 Free-slip non-penetrating boundary

A free-slip (i.e. zero shear stress) wall can be achieved by specular reflection (i.e. a mirror-like reflec-
tion) of f ∗i ’s on the boundary, see Figure 3.8. The right panel of this figure is the same as the right
panel of Figure 3.4 (no-slip). Note, however, that the red arrows come from a different location: they
are the reflected black arrows of the left panel.
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Figure 3.8 Free slip wall.

3.5 Elements of computer coding
The ingredients of an LB computer code are:

(1) Definitions: set grid size nx × ny , number of time steps, kinematic viscosity ‌, weighing factors
wi .

(2) Initialize f ∗i (x; t = 0), e.g. by setting it equal to the equilibrium distribution function with uni-
form ȷ and u = 0.
Start the time stepping loop; what comes now is done each time step:

(3) On-lattice boundary conditions: Fill the “ghost cells” with boundary values of f ∗i (see Sec-
tion 3.4)

(4) Stream, i.e. execute fi (x+ ci; t + 1) = f ∗i (x; t) (Eq. 2.29)
(5) Collide (f ∗i (x; t) = fi (x; t) + Ωi (x; t)) and return to (3) until the pre-set number of time steps

has been completed, or until the convergence/steady state condition has been achieved
(6) Leave the time stepping loop and write to file, plot,. . . etc.

Below are coding suggestions (in pseudo fortran) regarding some of the main ingredients of the LB
algorithm.

3.5.1 Streaming

In streaming we execute Eq. 2.29 (repeated here as Eq. 3.5):

fi (x+ ci; t + 1) = f ∗i (x; t) 3.5

After we have dealt with our boundary conditions by populating the ghost cells, this can be imple-
mented in computer code as a loop over all the active (i.e. non-ghost) lattice nodes. One could
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be tempted to work with two arrays f(0. . .8,1. . .nx,1. . .ny)for the left-hand side of Eq. 3.5 and
fstar(0. . .8,0. . .nx+1,0. . .ny+1)for the right-hand side and with nx the number of active lattice nodes
in x-direction and ny the number of active nodes in y-direction. Note that fstar needs to include
ghost cells, hence the extension to 0. . .nx+1,0. . .ny+1 where f has 1. . .nx,1. . .ny. Then do something
like this piece of pseudo code (where I refer to the velocity numbering in Figure 3.6).

for j=1:ny

for i=1:nx

f(0,i,j)=fstar(0,i,j)

f(1,i,j)=fstar(1,i-1,j)

f(2,i,j)=fstar(2,i+1,j)

f(3,i,j)=fstar(3,i,j-1)

f(4,i,j)=fstar(4,i,j+1)

f(5,i,j)=fstar(5,i-1,j-1)

f(6,i,j)=fstar(6,i+1,j-1)

f(7,i,j)=fstar(7,i+1,j+1)

f(8,i,j)=fstar(8,i-1,j+1)

end

end

This is not a (memory) efficient way to do streaming as it requires two arrays f and fstar (specifi-
cally in three dimensions and for large domains, these arrays can get very large) that eat up a lot
of computer memory. We can do, however, with one array f(0. . .8,0. . .nx+1,0. . .ny+1). At the start of
the streaming operation this array contains f ∗i , including its values in the ghost nodes. Then we run
the following

for j=1:ny

for i=1:nx

f(2,i,j)=f(2,i+1,j)

f(4,i,j)=f(4,i,j+1)

f(7,i,j)=f(7,i+1,j+1)

f(8,i,j)=f(8,i-1,j+1)

end

end

for j=ny:-1:1
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for i=nx:-1:1

f(1,i,j)=f(1,i-1,j)

f(3,i,j)=f(3,i,j-1)

f(5,i,j)=f(5,i-1,j-1)

f(6,i,j)=f(6,i+1,j-1)

end

end

Note that in the second double loop, we go in reverse order (the -1 in the for statements). The trick
here is to update from f ∗i to fi in the same direction as you go through the loops so that on the right
side of the equal sign, there actually is an f ∗i and not an already updated fi . In one dimension this is
relatively simple. In two dimensions (as is the case here), one should realize that the data is ordered
as

(i ; j) : [(1; 1)(2; 1) · · · (nx; 1)] [(1; 2)(2; 2) · · · (nx; 2)] · · · · · · [(1; ny)(2; ny) · · · (nx; ny)]

3.5.2 Filling in the ghost nodes

As an example of filling the ghost nodes with the relevant f ∗i values, here is how it can be done
for the bottom wall of the cavity, which is a no-slip wall. The first row of active nodes above the
bottom has j=1. Therefore, the row of ghost nodes underneath the bottom wall has j=0. The velocity
directions entering through the bottom are 3, 5, 6 (see Figure 3.6). The opposite velocity directions
are 4, 7, 8 respectively. The associated f ∗i ’s come from one layer above, hence the j+1 on the right-
hand side. As can be seen in Fig. 3.4, the f ∗i ’s of the diagonal velocity directions need to be shifted
in the x-direction, hence the i+1 and i-1 on the right-hand side for directions 5 and 6.

% bounce back at bottom

j=0;

for i=1:nx

f(3,i,j)=f(4,i,j+1);

f(5,i,j)=f(7,i+1,j+1);

f(6,i,j)=f(8,i-1,j+1);

end
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3.5.3 Calculating the equilibrium distribution & performing collisions

Here is a piece of code dealing with how to do the collision step (Eq. 2.28, Chapter 2). We loop over
all active nodes.

We do a few things to try and speed up the computations (where it should be noted that everything
that is calculated inside the loop is calculated for each node and each time step so that computa-
tional efficiency inside the loop pays off):

• Write out (“unroll”) the expression for rho.
• Multiplication is cheaper than division; we do one division to determine1.0/rho and then use
rrho twice.

• Determine usq=ux*ux+uy*uy and use it multiple times.
• Similar for cdotu.

for j=1:ny

for i=1:nx

rho=f(0,i,j)+f(1,i,j)+f(2,i,j)+f(3,i,j)+f(4,i,j)+f(5,i,j)+

f(6,i,j)+f(7,i,j)+f(8,i,j);

rrho=1.0/rho;

ux=f(1,i,j)-f(3,i,j)+f(5,i,j)-f(6,i,j)-f(7,i,j)+f(8,i,j);

ux=ux*rrho;

uy=f(2,i,j)-f(4,i,j)+f(5,i,j)+f(6,i,j)-f(7,i,j)-f(8,i,j);

uy=uy*rrho;

usq=ux*ux+uy*uy;

feq(0)=m0*rho*(1.0-1.5*usq);

cdotu=ux;

feq(1)=m1*rho*(1.0+3.0*cdotu+4.5*cdotu*cdotu-1.5*usq);

cdotu=uy;

feq(2)=m1*rho*(1.0+3.0*cdotu+4.5*cdotu*cdotu-1.5*usq);

cdotu=-ux;

feq(3)=m1*rho*(1.0+3.0*cdotu+4.5*cdotu*cdotu-1.5*usq);

cdotu=-uy;

feq(4)=m1*rho*(1.0+3.0*cdotu+4.5*cdotu*cdotu-1.5*usq);

cdotu=ux+uy;

feq(5)=m2*rho*(1.0+3.0*cdotu+4.5*cdotu*cdotu-1.5*usq);

cdotu=-ux+uy;
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feq(6)=m2*rho*(1.0+3.0*cdotu+4.5*cdotu*cdotu-1.5*usq);

cdotu=-ux-uy;

feq(7)=m2*rho*(1.0+3.0*cdotu+4.5*cdotu*cdotu-1.5*usq);

cdotu=ux-uy;

feq(8)=m2*rho*(1.0+3.0*cdotu+4.5*cdotu*cdotu-1.5*usq);

for l=0:8

f(l,i,j)=(1.0-rtau)*f(l,i,j)+rtau*feq(l);

end

end

end

32 #WaterMonographs IAHR.org



IAHR Water Monographs Applications of the Lattice-Boltzmann Method

C H A P T E R 4

Solid-liquid systems – sediment transport

4.1 Introduction
Liquid streams laden with solid particles (sediment) is a key phenomenon in hydraulics. Simula-
tions of such systems, including those based on the lattice-Boltzmann method, are relevant for a
better understanding of the way solids and liquid interact. The complexity and (often large) scale
of sediment transporting systems primarily asks for experimental research with simulations in a
supporting role, e.g. in identifying rate-limiting physical phenomena.

Simulations of solid-liquid systems can be categorized as Eulerian-Lagrangian and Eulerian-
Eulerian. In the latter category the solids phase is treated as a continuum, as is the liquid phase. In
the former category the solids are treated as individual particles or as clusters of particles (“parcels”)
that are tracked through the continuous liquid phase. In this chapter we will only consider Eulerian-
Lagrangian simulations. For more details of Eulerian-Eulerian simulations applied to fluid-solid sys-
tems we refer to [10].

Eulerian-Lagrangian approaches can be further divided into two sub-categories: particle-resolved
simulations and particle-unresolved simulations (the latter also termed point particle simula-
tions or discrete particle model (DPM) simulations). In particle-resolved simulation (PRS), the flow
around individual particles is resolved, i.e. the simulation explicitly imposes no-slip at the solid-
liquid interfaces. This requires a high level of spatial resolution; the computational grid on which
the fluid flow is solved needs to be finer by one order of magnitude than the size of a particle in
each coordinate direction. A common way of imposing no-slip at particle surfaces is by an immersed
boundary method.

In particle-unresolved simulations we do not resolve the flow around individual particles; the grid
on which the fluid flow is solved is coarser than the particle size. This then requires strong assump-
tions to recover the dynamics of the particles. In particle-resolved simulations, the hydrodynamic
forces and torques on the particles are part of the flow solution, so these are used for updating
the equations of motion of the particles. In particle-unresolved simulations we need models for
hydrodynamic forces (and torques) and the way they depend on (local) conditions. On the positive
side, the much less stringent resolution requirements of particle-unresolved simulations make it
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possible to consider many more particles (by three to four orders of magnitude) in a simulation as
compared to a particle-resolved simulation.

In this chapter both resolved and unresolved particle approaches will be treated. We start with the
former by first discussing the immersed boundary method for imposing no-slip at the solid particle
surfaces. Particle-resolved simulations directly account for particle shape and results will be pre-
sented for spherical as well as for non-spherical particles.

One application of particle-resolved simulations is to formulate and refine hydrodynamic force
models and – more general – models for the ways solids and liquid interact to be used in particle-
unresolved simulations. Procedures for performing particle-unresolved simulations will be dis-
cussed, and results will be presented only for particles having a spherical shape.

4.2 Particle-resolved lattice-Boltzmann simulations
The theoretical and practical groundwork for particle-resolved suspension simulations through a
lattice-Boltzmann (LB) approach were laid in two papers by A.J.C. Ladd [38,39]. The papers are not
only among the first in terms of highly resolved suspension simulations, they also give a compre-
hensive account of the LB method and the way it relates to Newtonian fluid dynamics and how
moving no-slip boundaries can be accounted for.

Figure 4.1 shows the way a circular object is represented [39]. The numerical location of the no-slip
surface is halfway the link between two lattice nodes that is cut by the surface. As can be seen in
the figure, a curved surface results in a stair-step boundary condition that approaches the actual
surface upon refining the lattice. There is fluid inside the particle surfaces which is kept there for
convenience. This internal fluid is decoupled from the external fluid. The convenience lies in the
fact that this approach avoids the need for creating fluid when a moving particle uncovers a node
and destroying fluid when it covers a node. Reference [39] deals with a number of practicalities
when applying the approach to multiple spherical particles suspended in fluid.

4.2.1 Immersed boundary method

The stair-step boundaries and associated particle shape fluctuations when a particle moves over the
lattice have motivated the use of immersed boundaries in LB simulations. Initial attempts to apply
immersed boundaries in the context of lattice-Boltzmann simulations were based on the feedback
approach due to Goldstein et al [27]. The idea is to locally apply forces on the fluid that oppose
a difference between the fluid velocity at the immersed boundary and the desired velocity of the
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Figure 4.1 Representation of a circular no-slip boundary on a square lattice. Circular dots are lattice nodes sitting in the
centre of square cells. The bounce-back conditions representing no-slip are imposed halfway the links between those two
nodes that intersect with the circle (square dots).

immersed boundary. Iteration or time stepping then establishes and maintains the velocity condi-
tion. An early – 1999 – application of this method is the representation of the impeller in a mixing
tank in single-phase large-eddy simulations [19]. The surface of the impeller is represented by a
closely spaced set of off-lattice marker points with a typical nearest neighbour spacing of0:5−0:7∆.
The fluid velocity at the marker points is determined through interpolation (linear or quadratic)
from the lattice and is symbolically expressed as

u
(n)
j =

X
k

Gk

“
r
(n)
j

”
u
(n)
k 4.1

with j indicating marker points, k lattice points, (n) a time instant, and Gk (rj) interpolation coeffi-
cients that depend on the relative position rj of lattice and marker points. The sum is over the lattice
points surrounding marker point j. We then update the force on the fluid responsible for imposing
the velocity boundary condition at marker point j as

F
(n)
j = F

(n−1)
j + ¸

“
w

(n)
j − u

(n)
j

”
4.2
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with w
(n)
j the velocity boundary condition and ¸ a relaxation parameter. The final step is to dis-

tribute the forces at the marker points to their surrounding lattice nodes for which we use the inter-
polation coefficients as introduced in Eq. 4.1:

F
(n)
k =

X
j

Gk

“
r
(n)
j

”
F
(n)
j 4.3

with the sum over all marker points j that are within the interpolation range of lattice point k.

In the section Algorithms – A.2 we have listed sample computer code (fortran77) to execute the
velocity interpolation (Eq. 4.1) and immersed boundary force calculations (Eqs. 4.2 and 4.3).

The stability and accuracy of the method hinges on the free parameter¸ [19]. Having a free param-
eter is a disadvantage. On the positive side, the method largely retains the locality of the arithmetic
operations inherent to the LB method. This feature of the LB method enables simple computational
parallelization strategies.

As noted, the initial application of the above method was used for imposing the moving no-slip
condition at the surface of a revolving impeller. Extending it to solid particles moving through fluid
is straightforward [63]. Different from an impeller, however, the linear and angular motion of par-
ticles and therefore their solid surface velocity is not known a priori and needs to be solved. This
involves solving the equations of linear and rotational motion of each particle. This is the subject of
Section 4.2.3. The equations of motion include the hydrodynamic force and torque on each parti-
cle. These are directly available through integration of the force distribution that is responsible for
imposing the immersed boundary (Eq. 4.3) over the surface of the particle.

Alternative force-based immersed boundary methods in an LB context have been proposed by e.g.
[21]. They stay close to the original ideas of Peskin [49] of an “elastic restoration force” that counter-
acts deformations of the immersed solid object as a result of fluid flow. The restoring forces act on
off-grid marker points. They are distributed over neighbouring lattice nodes through a regularized
delta function [21].

The force-based immersed boundary methods discussed here have fluid inside a particle. As a con-
sequence, the immersed boundary forces accelerate external as well as internal fluid. It is the exter-
nal force that has direct physical significance as the hydrodynamic force acting on the particle. As a
result, one needs to distinguish between the external and internal force contributions. One way to
do this is to assume that the fluid inside the particle moves as a solid body. This specifically is a good
approximation when, in addition to immersed boundary marker points at the fluid-solid interface,
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a layer of marker points is added inside the particle [18]. Based on this approximation, the external
force Fextequals the overall immersed boundary force FIB minus the inertial force of the internal
fluid [18]:

Fext = FIB − ȷVp
dup
dt

4.4

with ȷ the fluid density and Vp the volume of the particle. For the external torque an equivalent
expression can be derived in terms of the overall immersed boundary torque and the rotational
acceleration of the internal fluid.

Given that FIB is a directly available output of the immersed boundary method, its inclusion in
the equation of linear motion of the particles leads to inertia terms of the form (ȷp − ȷ) Vp

dup
dt

. For
cases with particles and fluid having similar density, the density difference and therefore the iner-
tia term gets small which has problematic consequences for the stability of numerical integration
of the equation of motion. Specific time stepping algorithms have been devised to mitigate these
issues [22].

Given that the immersed boundary methods discussed above require including forces acting on the
fluid we need to extend the description of the LB method as compared to Section 2.2 that did not
deal with external forces.

There are two main approaches for incorporating body forces in LB methods. One is via adapting the
collision operator, another is via including force as a source term in the lattice-Boltzmann equation
(Eq 2.23). We will follow the latter approach. We define f ∗i = fi+Ωi with fi the pre-collision distribu-
tion function, and f ∗i the post-collision distribution function. This expression we now supplement
with a source term Si

f ∗i = fi +Ωi + Si 4.5

The source term Si relates to the body force component F¸ in the following manner [36]

Si =

„
1− 1

2fi

«
wi

 
ci¸
c2s

+

`
ci¸ci˛ − c2s ‹¸˛

´
u˛

c4s

!
F¸ 4.6
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Equation 4.6 is the result of yet another Chapman-Enskog analysis involving the Navier-Stokes
equation that includes a force term. Also as a result of the Chapman-Enskog analysis the relation
between momentum and distribution functions (Eq. 2.20) requires a force correction:

ȷu =
X
i

fici +
1

2
F 4.7

4.2.2 Close-range interactions in dense suspensions

From an engineering perspective, applications with high solids loading and/or very inhomogeneous
solids distribution are particularly interesting. An example of the latter is encountered in sediment
transport. An archetypical sediment transport situation shows a dense granular bed of solid parti-
cles over which there is a liquid flow that partly mobilizes the particles giving rise to an inhomoge-
neous distribution of solids. High solids loading inside the bed, directly above the bed a region with
appreciable amounts of particles and higher above the bed a virtually clear liquid. In principle, the
tools explained above, more specifically the immersed boundary method, are a means to simulate
systems like this. They need two extensions that will be discussed in this and in the next sub-section.
In the first place we need to consider how to represent close-range interactions between particles.
In the second place we need methods to numerically deal with the dynamics of the solid particles.
The latter is a relatively trivial exercise for the special case of spherical particles, a little less so for
non-spherical particles.

As noted above, the immersed boundary method represents solid particle surfaces by closely
spaced marker points where we match the fluid velocity to the local solid surface velocity. The solid
surfaces move over a fixed cubic lattice of points on which the fluid flow is solved. In regions with
high solids loading, the distance between surfaces of different particles are often small or – for two
touching particles – even zero. In such cases the flow dynamics in the space between the particles
gets under-resolved. At the same time there are strong lubrication and – upon touching – “dry” inter-
action forces between particles. Such close-range interaction forces need to be taken explicitly into
account in a simulation.

The marker points for executing the immersed boundary method are also used to detect close prox-
imity between particle surfaces. Figure 4.2 shows two marker points (1 and 2) on the surface of two
different particles (A and B). When the distance ‹ as defined in Figure 4.2 falls below the preset value
‹d and at the same time ‹– < – (‹– defined in Figure 4.2, – a preset distance) the radial lubrication
force becomes active according to
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Figure 4.2 Two marker points 1 and 2 on two different particles (A and B respectively) in close proximity. Definition of
normal vectors and radial distance ‹ and lateral distance ‹–.

Fn;lub12 = kn
„
1

‹
− 1

‹d

«
|‹– − –|

–
∆un if ‹ < ‹d and |‹–| < –; Fn;lub12 = 0 otherwise 4.8

with ∆un the relative velocity of marker points 1 and 2 along the average normal n = n2−n1
|n2−n1| . Since

this force is to account for hydrodynamic interactions unresolved by the lattice, the distances ‹d
and – have been set to values of the same order as the lattice spacing: ‹d = – = ∆. For the radial
lubrication interaction between two spheres with diameter d the expression for the coefficient kn

reads kn = 3
8ıȷ‌d

2 [35]. For interactions involving non-spherical particles we need to make ad-hoc
choices for kn. As an example, for cylinders we have been substituting the cylinder diameter in the
latter expression [16].

When ‹ < ‹0 with ‹0 = 0:1∆ (and if still ‹– < –) we assume that a dry contact is present that we
represent by a radial repulsive linear spring force

Fn;c12 = k (‹0 − ‹)
|‹– − –|

–
n if ‹ < ‹0 and |‹–| < –; Fn;c12 = 0 otherwise 4.9

with k the spring constant.

The onset of the radial contact force also triggers the dry friction force by activating a spring in tan-
gential direction. Each time step after its activation, until the contact gets deactivated, the tangen-
tial spring is stretched according to s =

R
(u2 − u1 −∆un) dt with, in the simulations, the integral

being a sum over the finite size time steps ∆t. The associated friction force is

Ft;c12 = ks if k |s| ≤ —AB |Fn;c12 | ; Ft;c12 = —AB |Fn;c12 |
s

|s| if k |s| > —AB |Fn;c12 | 4.10
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where we use the same spring constant k as for the radial contact force and introduce a friction
coefficient —AB between particle A and B. In most practical cases we will only consider one overall
friction coefficient—. The contact and lubrication forces are summed up per particle to get the total
force and torque due to close-range interaction acting on each particle.

Identifying close-distance marker points makes use of a link-list algorithm that is listed in Algorithm
section A.1.

4.2.3 Rigid particle dynamics

The dynamical equations for particle linear and angular velocity then are written as

Vp (ȷp − ȷ)
d

dt
up = −FIB + Fc − (ȷp − ȷ) Vpgez 4.11

(I− Iint)
d

dt
!p + !p × ((I− Iint)!p) = −TIB + Tc 4.12

In Eq. 4.12, Iint is the moment of inertia of the internal fluid. For modest to low density ratios the
coefficients in front of the d

dt
terms of Eqs. 4.11 and 4.12 can get small (as also discussed in the

context of Eq. 4.4). This then leads to severe time step limitations if an Euler forward method would
be applied to integrate the equations numerically. For this reason, a split-derivative time-stepping
procedure [22] has been used for updating Eqs. 4.11 and 12. This allows a time step that is the same
as the time step of the LB scheme.

More specifically, the term Vp (ȷp − ȷ) d
dt
up = Vpȷp

“
1− 1

‚

”
d
dt
up in Eq. 4.11 has been discretized

as Vpȷp
»
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‚
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p
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–
with (n) denoting the time level and ‚ =

ȷp
ȷ

. This then leads to

the following update rule for linear velocity

u(n+1)
p =

„
1 +

1

‚

«
u(n)p − 1

‚
u(n−1)
p − ∆tF

(n)
IB

Vpȷp
+

∆tF
(n)
c

Vpȷp
−∆t

„
1− 1

‚

«
gez 4.13

Once the linear velocity is updated, we displace the center location of each particle through an Euler
explicit step: ∆xp = up∆t.
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Rotational motion of each particle is solved in a reference frame attached to the particle and along
its principal axes so that the moment of inertia tensor is diagonal and constant. An approach anal-
ogous to that of linear motion has been followed for numerically integrating rotational motion
(Eq. 4.12):

!(n+1)
p =

„
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1

‚

«
!(n)
p − 1

‚
!(n−1)
p −∆tI−1T

(n)
IB +∆tI−1T(n)

c −∆t

„
1− 1

‚

«
I
−1
h
!(n)
p ×

“
I!(n)

p

”i
4.14

Keeping track of the orientation of the particles makes use of quaternions [37]. Each particle’s ori-
entation is characterized by a unit quaternion q = (q0;q) with q0 a scalar value and q a three-
dimensional vector (q1; q2; q3) and

p
q20 + q21 + q22 + q23 = 1. An exact solution for the evolution of

a quaternion rotating with an angular velocity !p over a time interval ∆t starting from q(n) at time
level (n) is available [37]:

q(n+1) = q(n) ◦
„
cos

„
1

2
∆t

«
; !p sin

„
1

2
∆t

««
4.15

with the symbol◦denoting a quaternion multiplication. We use Eq. 4.15 for updating the quaternion
of each particle from one time step to the next. In the Algorithm section A.3 we have listed computer
code that executes Eq. 4.15.

Quaternions effectively facilitate transferring information between the (x1; x2; x3) coordinate sys-
tem attached to a (non-spherical) particle and the inertial (x; y ; z) system. The rotation of a vector
x in the (x1; x2; x3) system to a vector y in the (x; y ; z) can be expressed as

y = Sx 4.16

with [37]

S =

2664
1− 2

`
q22 + q23

´
2 (q1q2 − q0q3) 2 (q1q3 + q0q2)

2 (q2q1 + q0q3) 1− 2
`
q21 + q23

´
2 (q2q3 − q0q1)

2 (q3q1 − q0q2) 2 (q3q2 + q0q1) 1− 2
`
q21 + q22

´
3775 4.17

The coordinates of the marker points for the IBM are stored for one reference particle in the
(x1; x2; x3) coordinate system. Equation 4.17 is used for each particle at each time step to trans-
fer its marker points to the (x; y ; z) system in order to apply the IBM. One result of the IBM is the
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torque TIB associated to each particle in the (x; y ; z) system. Since we solve the equation of rota-
tional motion (Eq. 4.12) in the (x1; x2; x3) system, TIB needs to be rotated to the latter system. This
requires the inverse of S which is its transpose: S−1 = ST .

4.2.4 Examples of particle-resolved sediment transport simulations

Incipient particle motion and critical Shields number under laminar flow

Spherical solid particles all having the same radius a are placed along with a Newtonian liquid with
kinematic viscosity ‌ and density ȷ in a rectangular three-dimensional domain, see Figure 4.3. The
solids have a density ȷp > ȷ. Gravity points in the negative z-direction (see Figure 4.3 for the coordi-
nate system used). Periodic conditions apply in the x and y-direction. There are two no-slip walls at
the top and bottom of the domain. A shear flow is created by moving the top wall in the x-direction
with a speed u0 creating an average shear rate in the liquid phase ‚̇0 = d⟨ux ⟩

dz
.

The flow system as described above can be characterized by a set of dimensionless numbers. Most
prominently there is the Shields parameter „ = ȷ‌‚̇0

g(ȷp−ȷ)d with g gravitational acceleration (d = 2a).
In addition we define a Reynolds number as Re = ‚̇0d

2

(4‌) , and the density ratio as ȷp
ȷ

. In this text
we focus on the effect of „ on solids and liquid velocity profiles and on granular bed mobility. For
this we have fixed the density ratio to ȷp

ȷ
= 4:0 and the friction coefficient (see Eq. 4.10) to — =0.1

and consider Re in the range 0.04 to 0.37. Regarding friction, it has been noted [12] that friction and
friction induced rolling of particles is important for mobilizing granular beds.

Figure 4.4 show solids and liquid average stream wise velocity profiles for a range of Shields parame-
ters. Solids velocities are systematically lagging fluid velocities and their mobility strongly depends
on „, with practically no solids motion for „ ≤ 0:15.

With the data generated over a range of Shields numbers we were able to narrow down an interval
for the critical Shields number „c that demarcates immobile and mobile beds. This critical Shields
number interval is 0:10 < „c < 0:15 [12] for the laminar flow conditions we are considering here.
This interval is independent of the Reynolds number (at least up the highest Re considered here
which wasRe = 0:37). Figure 4.5 illustrates this. We plot there the dimensionless solids flux (’) as
a function of „, for three different Reynolds numbers as indicated. In between „ =0.10 and 0.15 the
solids flux switches from zero to non-zero.

In closing this sub-section on granular bed erosion under laminar flow it is useful to (qualitatively)
show the capabilities of particle-resolved simulations (based on the LB method and immersed
boundaries) for non-spherical particles. In Figure 4.6 we show a recent (and as of yet unpublished)
comparison between erosion of granular beds consisting of spheres, short cylinders, and a mixture
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Figure 4.3 Laminar shear flow geometry including coordinate system. Spherical particles colored according to their speed.
Red: |up| ≥ 0:05‚̇0d ; yellow: 0:05‚̇0d > |up| ≥ 0:005‚̇0d ; green: 0:005‚̇0d > |up| ≥ 0:0005‚̇0d ; blue: 0:0005‚̇0d >
|up|.

Figure 4.4 Average solids and liquid stream wise velocity (uxp and ux respectively) for four variants for different „ and
further Re=0.12, ȷp

ȷ
= 4 and— = 0:1. The solids velocity is indicated only if locally the solids volume fraction exceeds 2.5%.

of the two. The spheres and cylinders have the same volume and the same density and the Shields
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Figure 4.5 Averaged dimensionless volumetric solids flux ’ [12] as a function of the Shields number „ for three values of
Re (as indicated) and ȷp

ȷ
= 4:0.

parameter is the same in all three cases. First inspection of the results only shows a minor impact
(less than 10%) of the composition of the granular bed on the solids transport rate.

Figure 4.6 Erosion of three types of granular beds by a laminar shear flow at „ =0.20. From left to right, spheres, a 50/50
mixture of cylinders (red) and spheres (green), cylinders with length over diameter ‘

d
=1.

Incipient sediment transport under mildly turbulent flow

The same numerical procedure as in Section 4.2.4 was subsequently applied to a granular bed that
is large enough to allow for turbulence to develop above it. Also different from the laminar case is
that now the flow is generated by a body force f on the liquid in the flow (is x) direction. This body
force can be interpreted as an overall pressure gradient in x-direction. The dimensions of the flow
domain are L ×W × H in the stream wise (x), span wise (y) and vertical (z) direction respectively.
With a granular bed height of h and a flat, free slip, top surface at z = H the average shear stress at
the bed surface is fi = f (H − h). This shear stress we use in the definition of the Shields parameter
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for this flow system: „ = (H−h)f
2ag(ȷp−ȷ) , for defining a wall shear velocity ufi =

q
f (H−h)

ȷ
, and translating

length scale into wall units, e.g. for the particle radius: a+ ≡ ufia
‌

. With W+ ≈ 250 and L+ ≈ 500

the domain is sufficiently large to develop and sustain turbulence [31].

Throughout the simulations described in this sub-section, the density ratio is ȷp
ȷ
= 4:0, the particles

have size such that a+ ≡ ufia
‌

, the bed height is h ≈ 10a, and Refi = ufi (H−h)
‌

=168. The Shields
parameter „has been varied in the range 0.02 to 0.15.

It was first established that with the lattice-Boltzmann method the well-known planar channel tur-
bulence develops in a channel with the parameters given above (see Chapter 5 and [13]).

Impressions of systems with the granular bed in place for two values of „ are given in Figure 4.7
where we have colored the particles by their speed and show an instantaneous liquid velocity dis-
tribution in the end plane that demonstrate turbulent liquid flow. Clearly particle mobility gets
reduced at low Shields parameters. The end planes (x = L) in Figure 4.7 show velocity contours
and make clear the turbulent nature of the flow above the granular bed.

Figure 4.8 demonstrates the effect of „ on particle mobility. Different from granular beds under a
laminar flow we – as of yet – were not able to create conditions with absolute zero solids motion.
Down to „ = 0:02 there consistently was some (albeit minute) average motion of particles in the
streamwise direction.

4.2.5 Liquid fluidization of rigid cylindrical particles

As already shown in Figure 4.6 in Section 4.2.4 on incipient motion of particles under laminar shear
flow, our approach based on the lattice-Boltzmann method combined with an immersed boundary
method is suited for particle-resolved simulations of solids of non-spherical shape. In this section
we look at dense suspensions of rigid cylindrical particles fluidized by an upward vertical liquid flow.
A significant set of results has been presented in [16] where the main parameter variations were the
overall solids volume fraction ffi and the length over diameter ( ‘

d
) aspect ratio of the cylinders. One

feature that distinguishes cylinders from spheres are the orientational degrees of freedom of the
former. In the case of fluidization with purely vertical flow, the orientation that mostly matters is
the angle between the vertical and the centerlines of the cylinders.

Monosized rigid cylinders with aspect ratio ‘
d

and density ȷp are placed in a fully periodic three-
dimensional domain to a solids volume fraction ffi along with a Newtonian liquid with density ȷ <
ȷp and kinematic viscosity ‌ in the remainder of the volume. The collection of cylinders feel a net
gravity force −ffiV g (ȷp − ȷ) with g gravitational acceleration, V the total domain volume and the
minus sign to indicate the downward direction. In order to achieve an overall force balanced flow
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Figure 4.7 Single realizations of erosion simulations at two different Shields numbers. Particles have been colored by their
speed |up| as indicated. The contours in the back plane (x=L) denote the liquid velocity magnitude.

Figure 4.8 Time and volume average particle velocity in the stream wise direction as a function of the Shields number.
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system and reach a dynamic steady state, net gravity on the cylinders is balanced by an upward
body force (force per unit volume) on the fluid of ffig (ȷp − ȷ).

Instantaneous realizations of relatively dense systems (ffi =0.48) after reaching steady state are
shown in Figure 4.9. The longer cylinders (with ‘

d
=4) show a preference for a more vertical orien-

tation, different from shorter ones ( ‘
d

=2). This qualitative observation has been quantified by cal-
culating the distribution function of the angles the centerlines of cylinders make with the vertical,
shown in Figure 4.10.

Figure 4.9 Fluidized cylinders in a periodic domain at ffi =0.48 after a dynamic steady state has been reached at an
Archimedes number of Ar = (‚ − 1) gd

3

‌2=
1296 with ‚ =

ȷp
ȷ

. Left: ‘
d

=2; right ‘
d

=4.

Figure 4.10 Distributions of the angles’ between cylinder centerlines and the vertical for ffi =0.48 and 0.40 and Ar =1296.
Left: ‘

d
=2; right ‘

d
=4. The drawn black curve in each panel is sin’which is representative for a random orientation distribu-

tion.

4.2.6 Flexible cylindrical particle mechanics
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Methodology

In a range of applications solid particles deform under the action of laminar or turbulent fluid flow.
In chemical engineering processes one can think of biomass processing given that biomass often
contains flexible fibrous components. Under fluidized conditions these fibers bend and entangle
which has consequences for fluidizability. In environmental fluid dynamics flow over and through
flexible vegetation canopies gives rise to wave-type phenomena (monami and honami) [45]. In this
section we give examples of how to incorporate solids deformation in a particle-resolved lattice-
Boltzmann simulation. The examples involves cylindrical particles that deform by bending.

The cylinders have diameter d, length ‘, and density ȷp > ȷ. The particle volume is denoted as
Vp = 1

4ıd
2‘ and mass asm = ȷpVp . The cylinders are bendable, i.e. they have a bending stiffness

EI with E Young’s modulus and I the moment of inertia of the cross sectional area of the cylinder
(I = ıd4

64 ). Bending is the only allowed deformation; the cylinders cannot be stretched, compressed
or twisted. The immersed boundary method (IBM) as well as the collision algorithm provide us with
the distribution of forces over the surfaces of the particles at any moment in time. As we will show
below, with this information the bending deformation of the cylinders can be determined.

In the terminology of structural mechanics [65], the cylinder is a beam with bending stiffness (EI)
that is deflected by a distributed load (force per unit length along the beam) a2 (x1) and a3 (x1) in
the two lateral directions x2 and x3 respectively (see Figure 4.11), with x1 the coordinate along the
centerline of the beam. The load in the x1 direction is irrelevant for bending; it would be relevant for
stretching or compression which are, however, deformations not considered in this study. The force
distribution over the cylinder surface that is the result of the IBM and the particle contact algorithm
has three consequences: (1) it accelerates the particle (in a linear and angular sense); (2) it opposes
net gravity (if relevant); (3) it bends the particle. In the x2 and x3 direction this implies

b2 (x1) = a2 (x1) +
m

‘

„
dup2
dt

+ x1
d!p3
dt

− g2(‚ − 1)

«
4.18

b3 (x1) = a3 (x1) +
m

‘

„
dup3
dt

− x1
d!p2
dt

− g3(‚ − 1)

«
4.19

with b2 (x1) and b3 (x1) the total force per unit length at axial location x1 in the x2 and x3 direc-
tion respectively, up2 and up3 components of the linear velocity of the particle,!p2 and!p3 angular
velocity components, g2 and g3 gravitational acceleration in the x2 and x3 direction respectively,
and ‚ =

ȷp
ȷ

. Given that the particle acceleration (linear and angular) is solved separately in the
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simulation procedure, Eqs. 4.18 and 4.19 allow – at every moment in time for each particle – the
determination of the load distributions a2 and a3 that bend the particle.

Figure 4.11 The (x1; x2; x3) coordinate system attached to each cylinder. The load (force per unit length) distributions
responsible for bending are indicated by a2 and a3.

In a quasi-static approximation, the load distributions relate to bending moments M2 andM3

according to [65]

a2 =
d2M2

dx21
a3 =

d2M3

dx21
4.20

For a freely moving cylinder both ends are unconstrained. Then the boundary conditions for these
two second-order ordinary differential equations (ODE’s) are that at x1 = − 1

2 ‘ and x1 = 1
2 ‘ the

bending moments are zero:M2

`
x1 = ± 1

2 ‘
´
= M3

`
x1 = ± 1

2 ‘
´
= 0.

The deflections of the beam (w2 andw3) obey [65]

M2 = EI
d2w2

dx21
M3 = EI

d2w3

dx21
4.21

in the limit of small deflections, i.e. if |w2| ≪ d and |w3| ≪ d . Solving for w2 and w3 requires
again two boundary conditions each. Since the overall translation and rotation of the cylinder are
updated by solving the dynamic equations of the cylinder in its entirety, the deflections are not
allowed to add additional overall translation or rotation. Therefore the average deflection as well
as the average deflection gradient must be zero. For w2:

R ‘
2
−‘
2

w2dx1 = 0 and
R ‘

2
−‘
2

dw2

dx1
dx1 = 0. The

latter impliesw2

`−‘
2

´
= w2

`
‘
2

´
. The same boundary conditions apply tow3.

IAHR.org #WaterMonographs 49



Solid-liquid systems – sediment transport IAHR Water Monographs

The sets of ODE’s (Eqs. 4.20 and 4.21) are solved through finite differences. The cylinder is divided
in ns equally sized segments with length ∆x1 = ‘

ns
. The second derivatives are discretized accord-

ing to a central scheme. As an example, for M2 this reads d2M2

dx21

˛̨̨
i
= M2;i+1+M2;i−1−2M2;i

∆x21
+ O

`
∆x21

´
with i = 1 : : : ns and the i-nodes located in the middle of each segment. For each of the ODE’s this
leads to a linear system of equations of size ns in the nodal values of M2;M3; w2; w3 that is solved
directly through Gauss elimination. The bending loads a2 and a3 are determined by first integrating
the hydrodynamic and contact forces over each segment of the cylinder so as to calculate b2 and b3
and then apply Eqs. 4.18 and 4.19.

Figure 4.12 Left: marker points on an undeformed cylinder, the alternating red and blue color indicates the segments; right:
marker points on a deformed cylinder.

Once we have calculated the deflectionsw2 andw3 for a cylinder, its shape in terms of marker points
needs to be adjusted in order to apply the IBM as well as collision detection and execution at the
surfaces of the deformed cylinders. The marker points are grouped per segment and the deflection
is dealt with as a translation and rotation per segment. Figure 4.12 illustrates how this has been
implemented.

Verification

Inspired by experimental work on soft hair beds by Alvarado et al [1] in which they show non-linear
behavior as a direct consequence of linear elastic cylinders (“hairs”) bending under the influence
of a laminar shear flow. In the experimental work [1], a Couette flow of a Newtonian liquid between
two parallel solid surfaces was created with the flexible cylinders clamped to one of the surfaces
in a regular pattern. The shear stress was measured as a function of the shear rate. The authors
observed apparent shear-thinning behavior as a result of the hairs bending under the influence of
the shear flow which then leaves more room for fluid flow above the hairs and thus a sub-linear
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relation between shear rate and shear stress. These were experiments at low Reynolds numbers
with a steady stimulus (shear rate) and steady response (shear stress).

Simulations mimicking the experimental system were carried out with the above described
methodology. The response of the clamped flexible cylinders to shear flow is shown in Figure 4.13.
One observes increased bending with increased rescaled velocity [1] ev = ȷ‌‘2Uw

Effid2H

`
1− ‘

H

´−3
2 with

Uw the upper wall shearing velocity,H the channel height and ffi the cylinder area packing fraction
on the bottom wall. Increased bending leaves more room for the shear flow above the cylinders.
This reduces the shear rate and – as a consequence – the shear stress. This apparent shear-thinning
effect as a function of geometrical and process parameters has been documented experimentally
in great detail in [1]. Approximately universal behavior was observed when plotting the rescaled
impedance eZ as output parameter versus ev as input parameter. Impedance has been defined as
Z ≡ fi

Uw
with fi the shear stress at the top surface which is a measurable quantity [1]. Rescaled

impedance is eZ ≡ Z−Z∞
Z0−Z∞

withZ0 andZ∞ the impedance under near-zero and infinite shear respec-
tively [17].

Figure 4.13 Fibers in a hexagonal arrangement bending in simple shear. From left to right ev =0.234, 2.34, 4.58, 11.7 respec-
tively. All cases have ffi =0.11, ‘

d
=10 and ‘

H
=0.73. The periodic condition in x-direction.

We plot the relationship between ev and eZ obtained from simulations in Figure 4.14 in the same
manner as was presented in Alvarado et al. The figure also shows model results from [1] that were
shown to closely follow the experimental data. The simulation results correctly show the transition
towards a reduction of impedance that sets in at ev ≈ 1 and for larger ev scales as eZ ∼ ev −1

2 . The
set of simulations presented in Figure 4.14 include a number of parameter variations: a hexago-
nal versus a square arrangement of cylinders, variation in surface coverage ffi as well as in aspect
ratios. We observe that ev as an overarching input parameter captures the overall trend in simulated
impedance well, as it does in the experimental work.

We thus conclude that the simulations reproduce experimental results on cylinders bending under
the influence of steady laminar fluid flow. Next we will explore situations where the flow gets
unsteady.
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Figure 4.14 Rescaled velocity ev versus rescaled impedance. The symbols represent simulations in various geometrical sys-
tems – sq is a square pattern of hairs and hx a hexagonal pattern. The blue curve is a model due to [1] where it has been shown
that experiments closely follow the model curve.

Monami

Monami are wave instabilities in submerged vegetation (e.g. sea grass) induced by liquid flow [45]
(the equivalent air flow induced phenomenon of e.g. waiving wheat fields is called honami). We
here will focus on monami under laminar conditions whereas a significant part of the monami lit-
erature deals with turbulent flow. Stability analyses [57], however, also show clear evidence for the
existence of monami due to laminar flow.

In describing the flow systems we will largely follow the notation and terminology as used in [57]
where a stability analysis for monami is presented. The flow system consists of an open channel with
identical flexible cylinders clamped to the bottom. The main flow is in the x-direction and is driven
by a pressure gradient dP

dx
. The bottom is a no-slip wall with the normal in the z-direction. The top

surface is flat and has a free slip boundary condition so as to mimic an open channel without surface
waves / deformations. The height of the channel is 2H. Periodic conditions apply in the streamwise
(x) and spanwise (y) directions. The length of the domain is L, its width isW .

The cylinders have diameter d and height ‘ and bending stiffness EI. A number of n cylinders is
placed in a regular linear array along the x-direction with center-to-center spacing s and withW = s
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and L = ns . Given the periodic conditions this then mimics a square lattice of cylinders with the
flow aligned with the lattice. The working fluid is a Newtonian liquid with kinematic viscosity ‌ and
density ȷ. In defining dimensionless quantities we will be usingH as the length scale. As in [57], the
velocity scale has been chosen as U0 =

| dPdx |H2

(ȷ‌) . This defines a Reynolds number Re = U0H
‌

, with
the onset of monami / wave instabilities associated with a critical Reynolds numberRec [57].

As argued in [57], the length scale ‹ based on the average velocity and velocity gradient at the top
of the bed, defined as ‹ = U

dU
dz

˛̨̨
z=↕

, is a measure for the distance over which the flow penetrates the
soft hair bed, with U(z) the average fluid velocity profile. This distance decreases with the number
of cylinders per unit area (Ng ) increasing. With all cylinders having the same diameter d the surface
coverage fraction is ffi = ı

4 d
2Ng ; for a square lattice of cylinders with spacing s , ffi =

ı
4 d

2

s2
. The

bending stiffness EI gives rise to a dimensionless flexibility parameter defined as ffl =
ȷU2

0 ‘
4

EI
.

The periodic boundary condition in x-direction has important consequences for the development
and characteristics of wave instabilities: The domain size dictates the wavelength –with an integer
number of waves (1 in most cases) fitting in the domain. The dimensionless wave number is defined
as k = 2ı

–
H. The literature [57] reports on critical dimensionless wave numbers kc with instabilities

developing only if k ≤ kc . In all simulation cases the length L of the domain was such that 2ı
L
H < kc

so that the onset of monami is not expected to be hindered by limitations of the domain length.

Figure 4.15 shows simulation snapshots for one stable and two unstable cases. The cases only differ
in terms of the spacing s of the cylinders. The results in Figure 4.15 demonstrate that only beyond
a certain spacing, monami develop. The waving oscillations of the cylinder tips are sinusoidal with
a very distinct frequency (Figure 4.16).

By performing a number of simulations varying the spacing of the cylinders, their bending stiffness
EI and also their arrangement on the bottom wall (in square and in hexagonal patterns) we make
a stability map that can be directly compared to the results of the theoretical analysis by [57], see
Figure 4.17. Good agreement between the analytical and simulation results is observed.

As in the discussion on soft hair beds (Section 4.2.6) – which was a steady phenomenon – also the
dynamic monami phenomenon is captured adequately by our simulation procedure the core of
which is based on the lattice-Boltzmann method.

4.3 Particle-unresolved simulations
Particle-resolved simulations are computationally expensive. Given that the lattice on which the
fluid flow is solved needs to have a spacing at least one order of magnitude smaller than the particle
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Figure 4.15 Instantaneous realizations of regular linear arrays of cylinders bending under fluid flow and velocity mag-
nitude color contours in the mid xz-plane. From top to bottom the spacing s between the cylinders increases: s =

1:5d; 1:875d; 2:5d respectively. In all cases Re=1,760 andffl = 5:40 · 103. Aspect ratios are ‘
H

= 0:8, ‘
d
= 5, W

s
= 1 and

L
H

= 6. In each panel the cylinder far left is the periodic copy of the one far right.

Figure 4.16 Time series (left) and associated power spectral density (psd) (right) of the tip deflection in x-direction of the
first cylinder from the left in the row of cylinders. Re=1,760, s

d
= 1:875; ffl = 5:40 · 103:

Figure 4.17 Stability map showing the critical Reynolds number as a function of boundary layer thickness for ‘
H

= 0:8due
to [57] and the outcome of simulations in terms of stable / unstable. Also in the simulation cases ‘

H
= 0:8.
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size, each particle in a particle-resolved simulation represents 103 to 104 lattice nodes. This then
already makes for large simulations if they contain 104 to 105 particles. However, with millimetre
size particles these only are centimetre size flow systems. If one gives in on the demand to resolve
the flow around individual particles and would consider particles with a size comparable to the
lattice spacing the number of particles in a single simulation is allowed to increase by a factor of
103 to 104.

In order for such unresolved-particle (aka “point-particle” or “discrete particle”) simulations to be
meaningful we need to have a realistic model for the hydrodynamic forces and torques on the indi-
vidual particles as well as a way to couple back the presence of particles to the fluid flow. Mostly for
simplicity we will limit ourselves to spherical particles in this section. Given that we do not resolve
the flow around particles it seems – as of now – too ambitious to include particle shape in unre-
solved particle simulations.

4.3.1 Volume-averaged Navier-Stokes equations

To account for the volume occupied by the solids in the flow domain we solve volume-averaged
mass and momentum balances [54]:

@

@t
(ȷffic) +∇ · (ȷfficu) = 0 4.22

@

@t
(ȷfficu) +∇ · (ȷfficuu) = ffic∇ · ı + f + fs 4.23

withffic ≡ 1−ffi the continuous phase (liquid) volume fraction, u the interstitial liquid velocity,ı the
liquid’s stress tensor, and fs the force per unit volume the solid particles exert on the liquid. Solving
these volume-averaged equations requires an extension of the standard lattice-Boltzmann method
as it was discussed in Chapter 2. This extension has been detailed in [61].

4.3.2 Drag force correlations

A major simplification is that the only hydrodynamic force we will be considering in the particle-
unresolved simulations is the drag force. For gas-solid systems it is well established that drag is the
dominating hydrodynamic force; for liquid-solid systems – with density ratios of order one – this
does not necessarily need to be the case. An additional simplification is that drag is assumed to
only depend on the local solids volume fraction, and on the Reynolds number based on the slip
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velocity of the particle in question Re =
(1−ffi)|u−up|d

‌
. We thus do not include terms in the drag

expression that depend on the granular temperature (as e.g. proposed in [71]).

In the literature there is extensive activity and debate about the manner in which the drag force
depends on ffi and Re. Much of the recent work is motivated by applications of gas-solid flow (e.g.
gas-fluidization, pneumatic conveying) where Stokes numbers are high due to the high solid over
fluid density ratios. In such cases, the fluid flow time scales are much shorter than the time scales
over which particle configurations change so that one can view drag as the result of the gas flowing
through static (and random) assemblies of particles. As shown in [52], the situation for liquid-solid
systems that have low to intermediate Stokes numbers is very different. For liquid-solid systems the
prevailing approach is the one based on the seminal experiments of solid particles settling in liquids
by Richardson and Zaki [51]. In this school of thought, hindered settling is described as (1−ffi)|u−up|

u∞
=

(1−ffi)N with a well-established value for the exponentN at low Reynolds numbers:N = 4:65 [20],
and relatively weak dependencies ofNon Re [20] orRe∞ for moderate Reynolds numbers.

The drag force relation that is the consequence of a Richardson-Zaki type approach can be written
as

FD = 3ıȷ‌d (u− up)
`
1 + 0:15Re0:687

´
(1− ffi)−˛ 4.24

with ˛ = N − 2 and a Schiller-Naumann type [55] account for finite Reynolds number drag. The
value of the exponent has been set to the fixed value of ˛ = 2:65, i.e. independent of Re.

4.3.3 Two-way coupling and mapping functions

In particle-unresolved simulations we need to transfer information back and forth between the
Eulerian (fluid flow) part of the simulation and the Lagrangian (particles) part. For example, in
Eq. 4.24 we need to “map” fluid velocity u from the Eulerian grid to the direct vicinity of a parti-
cle (Lagrangian). The drag force on a particle (Eq. 4.24, Lagrangian) needs to be fed back to the fluid
flow (action equals minus reaction) as a body force distribution on the Eulerian grid – the term fs in
Eq. 4.23. For this we apply mapping functions.

Starting point for our mapping process is a “clipped fourth-order polynomial” [11]—(‰)which shows
some resemblance to a Gaussian distribution but is computationally more efficient than a Gaussian.
In one dimension:
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—(‰) =

8><>:
15

16

»
‰4

–5
− 2

‰2

–3
+

1

–

–
for − – ≤ ‰ ≤ –

0 for |‰| > –

4.25

The local average at location » over an averaging length scale 2– of a one-dimensional function
¸(‰) is then determined as ⟨¸(»)⟩– =

R –
−– —(‰ − »)¸(‰)d‰. In our simulations, ¸(‰) is defined on

an equidistant grid ‰i with spacing ∆ by values ¸i , and we approximate ¸(‰) in the integrant as a
stair step function, i.e. ¸(‰) = ¸i for ‰i − 1

2∆ ≤ ‰ < ‰i +
1
2∆.

Such mappings can be readily extended to three dimensions:

⟨¸ (»)⟩– =

Z –

−–

Z –

−–

Z –

−–
— (‰1 − »1)— (‰2 − »2)— (‰3 − »3)¸ (‰)d‰1d‰2d‰3 4.26

Equation 4.26 is used to determine the liquid velocity u and solids volume fractionffi from grid values
in the expression for the drag force (Eq. 4.24). The choice of the filter length – is based on bench-
marking with particle-resolved simulation results. For spherical particles with diameterd ,– = 1:5d

[14].

An inverse mapping operation is required to couple back the hydrodynamic force−FD to the liquid.
This involves a distribution of the force acting at the location of a particle over grid points surround-
ing that particle. A similar operation applies for determining the solids volume fraction on the grid:
the volume of each particle will be distributed over surrounding grid cells.

Given the discrete nature of ¸ (‰), Eq. 4.26 can be written as ⟨¸ (»)⟩– =
P

i

P
j

P
k ”i jk¸i jk with

i ; j; k discrete coordinates in x, y, and z-direction respectively, and ”i jk coefficients following from
integrating the mapping function. The coefficients ”i jk are only non-zero on grid points within a
volume of (2–)3 around », and

P
i

P
j

P
k ”i jk = 1 since for ¸ uniform ⟨¸⟩– = ¸.

The same coefficients ”i jk are used to distribute particle properties to the grid. The drag force on
one of the particles (FD) contributes to the body force on the fluid fs (see Eq. 4.23) in grid cell i ; j; k
by an amount − 1

∆3FD”i jk ; that same particle contributes to the solids volume fraction in cell i ; j; k
by an amount ıd3

6∆3 ”i jk . For the total interaction force and the total solids volume fraction in each
grid cell (i ; j; k) contributions from all particles need to be added up.

For computational reasons we pre-calculate the mapping function integrals ”i jk on a subgrid lattice
of 113 points so as to be able to efficiently execute ⟨¸ (»)⟩– =

P
i

P
j

P
k ”i jk¸i jk .
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4.3.4 Particle dynamics

The dynamics of the spherical solid particles is governed by Newton’s equations of motion (Eqs. 4.27
and 4.28) and by the kinematic relation Eq. 4.29, with up; !p; xp the linear velocity, angular veloc-
ity, and center location of a spherical particle respectively (note that – because we are dealing with
spheres – there is no need to track the angular “location” of the particles), Fh and Th the hydrody-
namic force and torque on a particle, and Fc is the contact force due to particle-particle collisions
and lubrication effects. We set a zero contact torque thereby assuming smooth particle surfaces and
neglecting tangential lubrication effects.

ȷs
ı

6
d3 dup

dt
= Fh + Fc −

ı

6
d3 (ȷs − ȷ) gex 4.27

ȷs
ı

60
d5 d!p

dt
= Th 4.28

dxp
dt

= up 4.29

The contact force Fc consists of two parts: soft-sphere collision forces Fssc and lubrication forces
Flub. Both forces are assumed to be radial forces. This means that they act on the line connecting
the two sphere centers involved in a contact.

The soft-sphere collision force is a radial repulsive force proportional to the distance ‹ over which
the spheres overlap: |Fssc| =

“
ı2m
t2c

”
‹ with m = ıȷsd

3

6 the mass of a particle, and tc a parame-
ter that controls the typical time of contact between two particles [52]. Lubrication forces occur
when two closely spaced particles move relative to one another. The radial component of the lubri-
cation force (the only component considered here) is the result of a draining liquid film between
two approaching particles, and a liquid film filling upon separation. For low Reynolds number film
flow, the radial lubrication force on particle j due to particle i can be written as Flub;j = Flubnij

with nij =
(xp;j−xp;i)
|xp;j−xp;i| the unit vector along the line connecting the centers of the two particles, and

Flub = − 3
8
ı‌ȷd2(up;j−up;i)·nij

s
with s the minimum distance between particle surfaces [35]. The force

on particle i due to j is opposite: Flub;i = −Flubnij. In the simulations these expressions have been
modified in two ways. (1) A cut-off distance of0:1d has been introduced: for s ≥ 0:1d the lubrication
force is zero, for s < 0:1d Flub ∝ 1

s
− 10

d
. (2) The lubrication force saturates if s ≤ 10−3d .

58 #WaterMonographs IAHR.org



IAHR Water Monographs Applications of the Lattice-Boltzmann Method

Since collisions between particles and between particles and walls are smooth, the only source of
rotation is the hydrodynamic torque Th (in Eq. 4.28). It is determined according to a creeping flow
approximation: Th = ıȷ‌d3

`
1
2! − !p

´
with ! the vorticity of the liquid in the direct vicinity of

the particle. The hydrodynamic torque is not fed back to the liquid. As a result, the rotation of the
particles has no impact on the overall dynamics of the two-phase flow.

Identifying particles at close range makes use of a link-list algorithm as alluded to in Algorithms A.1.

The particles equations of motion (Eq. 4.27 – 4.29) are solved by means of a split derivative time
integration [22]. Such integration enhances stability which is useful in case of modest solid over
liquid density ratios, as we have in this chapter.

4.3.5 Examples of point particle simulations of dense systems

Work done so far with the approach outlined above has mainly focused on verification and val-
idation of numerical aspects [14]. After these had been performed satisfactorily the method has
been mainly applied to solid-liquid systems agitated by impellers in mixing tanks [72] which is an
application with limited relevance for hydraulics. The verification studies, however, might bear rel-
evance to hydraulics. They consist of sedimentation of uniformly sized spheres towards a flat bot-
tom. The results demonstrate that (1) the method is able to capture a wide range of solids volume
fractions, from a dense, packed bed above the bottom to clear liquid well above the bed; (2) shows
grid-independent results; (3) provide guidance for choosing the width – of the mapping function
(Eq. 4.25).

In the simulations we create a homogeneous mixture of solids in liquid with a certain overall solids
volume fraction ⟨ffi⟩. The domain has no-slip top and bottom walls and periodic conditions in the
lateral (x and y) directions. Single realizations of liquid and solids velocities are shown in Figure 4.18
where the two panels show the same instant in time of the same (physical) system (including the
initial locations of all particles), the only difference being the particle size relative to the lattice spac-
ing d

∆ . In the first place one observes that the interface between clear liquid and solids-laden liquid
agrees between the two panels. Closer inspection also reveals good agreement between the flow
structures indicating that d

∆ = 1:1 already provides proper spatial resolution.

Numerical effects have been quantified in Figure 4.19. The strongest impact on the average hindered
settling velocity ratio us

u∞
comes from the width of the mapping function relative to the particles size.

One sees that once –
d
≥ 1:5 the results are approximately independent of –

d
. In further simulations

[15] we have set –
d
= 1:5 given that velocity fluctuation levels agree best with results from particle-

resolved simulations of this value [14].
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Figure 4.18 Hindered settling at two resolutions: leftd = 1:1∆, rightd = 2:2∆. Instantaneous realizations at tu∞
d

= 13:4

after start-up. Cross sections through the middle of the flow domain. Black vectors: interstitial liquid velocity; red vectors:
velocity of particles in a 4d thick layer in the middle of the domain. The reference vector indicates the single-particle settling
velocity u∞.

Figure 4.19 Settling speed as a function of numerical parameters. Left: effect of the half-width of the mapping function (–)
for d = 1:1∆. Right: effect of particle size relative to grid spacing ( d

∆
) for – = 1:5d . In all cases,Re∞ =2.89, ȷs

ȷ
= 2:50;

⟨ffi⟩ as indicated.

4.4 Closing remarks
In this chapter we have discussed numerical methods for simulating liquid flows laden with solid
particles. We restricted ourselves to Eulerian-Lagrangian (EL) methods that track individual parti-
cles. We did not consider Eulerian-Eulerian (EE) approaches that treat – next to the liquid – also the
solids phase as a continuum. It is important to realize that EL simulations are more a research tool
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than an engineering tool. Given the vast amounts of solid particles in e.g. coastal regions and in river
beds it is impossible to simulate such systems at full scale in an EL fashion.

However, particle-resolved EL simulations can reveal in great detail the dynamic interactions
between solids and liquid and probe dependencies of these interactions on, for instance, particle
shape, solids volume fraction and (particle-based) Reynolds and Stokes numbers. With a high com-
putational demand per-particle the domain size of particle-resolved simulations is limited (of the
order of centimetres if the particles are order millimetres). Then the relevance of particle-resolved
simulations mainly is in informing numerical approaches at larger scale.

Particle-unresolved simulations can accommodate three to four orders of magnitude more particles
and thus deal with larger systems thus allowing to get a sense of (length) scale effects on the solids-
liquid system behaviour. Eventually the information obtained at smaller scales finds its way – along
with experimental data – in EE simulations for (close to) full-scale flow systems.

This chapter shows that the lattice-Boltzmann method in its role as (volume-averaged) Navier-
Stokes solver is a fruitful approach for particle-resolved as well as particle-unresolved simulations
of solids-liquid systems.
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C H A P T E R 5

Turbulence simulations with the lattice-Boltzmann
method

5.1 Introduction
In previous chapters, the lattice-Boltzmann method has been described as a flow solver (i.e. as a
way to numerically solve the Navier-Stokes equations), and thus it should be capable of solving
turbulent flow. In Chapter 4 we saw a glimpse of this capability when addressing sediment transport
over a granular bed by mildly turbulent channel flow.

The objective of this chapter is to demonstrate that the LB method indeed agree with long-standing
results of direct numerical simulations of turbulence, e.g. of channel flow, and that resolution
requirements are similar to those for spectral or finite volume methods (also see [48]). Compared
to the latter methods, basic LB simulations are disadvantaged when it comes to inhomogeneous
and/or non-isotropic flows. Basic LB simulations use uniform, cubic lattices. For turbulent channel
flow [34] the resolution in the wall-normal direction close to the walls needs to be higher than in
streamwise and spanwise direction and further away from the walls. In e.g. finite volume grids this
can be easily accommodated. In LB simulations, however, the high wall-normal resolution dictates
the overall resolution of the simulation thereby over-resolving streamwise and spanwise directions
and regions away from walls.

In this chapter we will consider simulations of single-phase turbulent flow with the lattice-
Boltzmann method. In the first place we will show that direct simulations of turbulent channel flow
produce results – in terms of turbulent statistics – in agreement with other numerical approaches.

We then discuss the suitability of the LB method for performing large-eddy simulations based on an
eddy-viscosity subgrid-scale model and give an example of oscillatory flow with relevance for the
flow under waves in coastal areas.

5.2 Direct simulations of turbulent channel flow
We refer to Section 4.2.4 on sediment transport in a channel as a result of a turbulent flow over a
granular bed. Prior to the simulations presented there we have ascertained that the single-phase
(liquid-only) flow has the correct turbulence behaviour and statistics. We report on this here. Tur-
bulence statistics are well documented in literature. Here comparisons are mainly made with [40]

IAHR.org #WaterMonographs 63



Turbulence simulations with the lattice-Boltzmann method IAHR Water Monographs

since this paper is about a channel with a planar free-slip top surface (most turbulent channel flow
simulations deal with a no-slip bottom and top surface). The channel has dimensionsL×W ×H in
stream wise (x), span wise (y) and wall-normal (z) direction. The flow is driven by a body force f in
x-direction which gives rise to a wall shear velocityufi =

q
f H
ȷ

with ȷ the fluid’s density. This defines
a Reynolds number as Refi = ufiH

‌
that was set to Refi =180. We made sure that the flow domain

was large enough in stream and span wise direction as to sustain turbulence [31]: L+ = Lufi
‌

≈500
andW+ = Wufi

‌
≈250.

The (uniform, cubic) lattice has dimensions nx × ny × nz =540×270×180. On the bottom wall (at
z = 0) no-slip is enforced by the halfway on-grid bounce back boundary condition. The lattice node
closest to this wall has z+ =0.5 which is considered sufficient for resolving the boundary layer [31].
The flow system is evolved with a time step∆t = 0:003 ‌

u2fi
. As discussed in Section 3.2, the time step

size is limited by the need to keep the Mach number well below 1 to achieve (near) incompressibility.
As discussed in that same section, this is much more restrictive than the CFL criterion which makes
for a less efficient numerical scheme. For this particular flow system, also the uniform cubic grid is
hampering numerical efficiency significantly. Given that resolution requirements in z-direction are
much higher than in the other two coordinate directions a grid of cuboids (instead of cubes) with
∆x > ∆z and∆y > ∆z would help much with increasing computational efficiency. The uniformity
of the grid thus drives up computational cost. Resolution requirements are highest in the boundary
layer so that with a uniform grid the flow regions away from the boundary layer get over-resolved.

The above considerations make an LB simulation of single-phase channel flow a numerically inef-
ficient endeavor. The reasons it is still presented here are twofold: (1) to demonstrate that correct
turbulent flow behavior is obtained through the LB method; (2) to realize that when resolved parti-
cles are added to this flow simulation system, resolution needs to be high in all coordinate directions
and a uniform cubic grid is desirable.

Figures 5.1 and 5.2 show sample results. The most important observation in Figure 5.1 relates to
resolution. The figure show an instantaneous velocity vector field in a lateral cross section through
the channel. One observes a mildly turbulent flow with flow structures almost as large as the height
of the channel. These structures are well – if not overly well – resolved. We need the spatial reso-
lution near the bottom wall for resolving the boundary layer there. It is clear we do not necessarily
need the same resolution higher up (i.e. for larger z) in the channel.

Some of the flow’s statistics obtained by averaging in time as well as in the homogeneous (x and
y) directions are presented in Figure 5.2. The results are (within ~2%) the same as in [40]. For the
stream wise average velocity we see a good resolution of the laminar sublayer, and the logarithmic
layer.

64 #WaterMonographs IAHR.org



IAHR Water Monographs Applications of the Lattice-Boltzmann Method

Figure 5.1 Instantaneous realization of the velocity vector field a in lateral (yz) cross section.

Figure 5.2 Average wall-normal velocity profiles. Left: average velocity in terms of wall units; middle: average velocity;
right: velocity fluctuations in the three coordinate directions as indicated.

The stream wise velocity fluctuation levels peak at u′x
ufi

≈ 0:27 where u′ is the root-mean-square
value of the deviations of the velocity component from their respective averages (in x, y and z direc-
tion as indicated).

5.3 Large-eddy simulations with the lattice-Boltzmann
method
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5.3.1 Background and implementation

The resolution requirements of direct simulation limits the (Reynolds number) range of its applica-
tion. If we – for now – discard requirements for resolving wall boundary layers, the main require-
ment is resolving Kolmogorov eddies the size of which has an order of magnitude of ”K ≈ LRe−

3
4

[64] withL a macroscopic length scale of the flow and Re a Reynolds number based on macro quan-
tities.

Performing simulations on grids with spacings (much) wider than ”K need to – in some way –
account for flow phenomena smaller than the grid spacing. The basic notion of a large-eddy sim-
ulation (LES) is that such subgrid-scale phenomena are diffusive in nature with a diffusivity that
depends on the local strength of turbulence. Here it is the intention to discuss how to include a
simple subgrid-scale model in a LB simulation, not so much to go over the broader topic of subgrid-
scale modeling itself.

As that simple model we take the Smagorinsky model [58] with a constant coefficient cS . It deter-
mines an eddy diffusivity (or kinematic viscosity) as

‌e = cS‘
2
p
2s̄i j s̄i j 5.1

(summation over repeated indices i ; j) with ‘ the “mixing length” and s̄i j = 1
2

“
@ūi
@xj

+
@ūj
@xi

”
the defor-

mation rate tensor of the resolved velocity field (ūx ; ūy ; ūz), with “resolved” meaning the large-eddy
velocity field.

This model we now apply to an LB simulation on a uniform cubic grid with spacing ∆. The mixing
length in Eq. 5.1 is set to ‘ = ∆. A peculiar and favorable feature of LB simulations is that s̄i j is
directly available in the simulation. It relates to the off-equilibrium part of the distribution function
as will be demonstrated below. We thus do not need numerical differentiation of the velocity field to
determine s̄i j and subsequently the eddy diffusivity. Once‌e has been determined the total viscosity
is the sum of eddy viscosity and molecular viscosity ‌e + ‌. With a BGK collision operator we then
have a relaxation time fi = (‌e+‌)

3 + 1
2 that is not a constant but depends via Eq. 5.1 on local the

local deformation levels and therefore turbulence levels.

To show how the off-equilibrium part of the distribution functions contain s̄i j we refer to Eq. 2.45
that we repeat here as Eq. 5.2:

X
i

ci¸ci˛f
(1)
i = −ȷc2s fi

»
@(1)u¸
@x˛

+
@(1)u˛
@x¸

–
+ fi

@(1)

@x‚
(ȷu¸u˛u‚) 5.2
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with f (1)i the leading term in the non-equilibrium term of the distribution function (Eq. 2.31): fi =
f eqi + "f

(1)
i + "2f

(2)
i + : : :. As argued in Chapter 2, the triple velocity term in Eq. 5.2 is negligible for

low Mach numbers. And with " @(1)
@x˛

≈ @
@x˛

we find

@u¸
@x˛

+
@u˛
@x¸

≈ − 1

ȷc2s fi

X
i

ci¸ci˛"f
(1)
i 5.3

At any node location and any moment in time the distribution function fi is calculated. From fi we
determine f eqi (Eq. 2.26). With "f (1)i ≈ fi − f eqi we then (with Eq. 5.3) are able to determine the
deformation rate tensor and use this for determining the eddy viscosity (Eq. 5.1).

5.3.2 Large-eddy simulations of oscillatory channel flow

Turbulent oscillatory flow occurs under surface waves, e.g. in coastal regions [46] . Here we deal
with oscillatory flow for a single-phase (liquid only flow) application where it is understood that in
most cases the relevance only begins when the flow is laden with solid particles. We use LES given
the high Reynolds number (defined below) associated with this application.

We consider a sinusoidal oscillatory flow of water with a free stream velocity amplitude of Ua= 1
m/s and a period of tp=5 s. For comparison we refer to experimental data obtained in a oscillatory
flow tunnel [46]. It is not computationally feasible and not necessary to simulate flow in this entire
tunnel. To limit computational cost we only simulate a small portion of the tunnel directly above the
floor, see the schematic in Fig. 5.3. The height of the simulation domain (nz) is such that it captures
roughly two times the boundary layer thickness at the moment of maximum free stream velocity
(as observed in the experiments ). The computations have periodic conditions in the streamwise (x)
and spanwise (y) direction.

The thickness of the boundary layer is – derived from experiments – estimated as ‹ =15 mm [46].
The height of the domain is represented by 45 lattice spacings (45∆) and as a result ∆ =0.67 mm.
The size of the domain in streamwise and spanwise direction is 60 mm and 30 mm respectively. We
characterize the flow by two dimensionless numbers: Re = ‹Ua

‌
and S =

tpUa
‹

. With ‌ = 1 · 10−6

m2/s, Re =15,000 and S =330. The Reynolds number suggests turbulent flow. Since the boundary
layer thickness is captured by only 22.5 lattice spacings we need to apply turbulence modelling for
which we use LES with a Smagorinsky subgrid scale model with cS = 0:1.
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Figure 5.3 Schematic of the simulation setup for oscillatory flow. The simulation domain is a small volume at the bottom
of the much larger measurement section of the much larger flow tunnel.

In the LB simulations we achieveRe =15,000 and S =330 by setting Ua=0.15 (lu) to keep the Mach
number low so as to simulate near-incompressible flow. Given that ‹ =22.5 (lu) the kinematic vis-
cosity is set to ‌ = 2:25 · 10−4. With tp = S‹

Ua
=4,500 (lu) which is the number of time steps for one

period in the simulation.

The flow if forced by a body force f in x-direction. Where the body force in unidirectional flow was
constant (as in Section 5.2), we now control the force. We target a symmetric, sinusoidal free stream
velocity as a function of time: U(t) = Ua sin

“
2ı t

tp

”
. Every time step we determine the average

velocity in the free-stream part of the flow domain outside the boundary layer, i.e. for z > ‹ and
compare it to the desired, sinusoidal velocity. We adjust the force f in a control loop to keep the
actual free stream velocity in check with the aimed for sinusoidal one.

Sample impressions and results are given in Figures 5.4 and 5.5. The flow field realization in the top-
left panel of Figure 5.4 shows a phase lag of the near-bottom velocity: where the free stream velocity
is at the point of reverting its direction from positive x to negative x, the near-bottom flow is still in
positive x-direction. The main flow normal (yz) vector plots indicate relatively strong turbulence
near the bottom.

The latter is further explored in Figure 5.5. The phase lag is also observed in the average streamwise
velocity profiles at zero free stream velocity (profiles 1 and 5). There are profound effects when it
comes to turbulence. The overall levels of turbulence very much depend on time, that is where we
are in the cycle with – not surprising – the strongest turbulence at maximum (absolute) mean stream
velocity. It is surprising that turbulence dies out quickly away from the peak free-stream velocity
levels. At these moments the turbulent kinetic energy is very highly concentrated in the lower part
of the boundary layer.
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Figure 5.4 Instantaneous realizations of the velocity field in the form of vectors. Top: the moment when the free stream
velocity is zero (on average) coming from a flow in positive x-direction; bottom the moment when the free stream has maxi-
mum velocity. Left panels: xz-plane; right yz-plane (the plane normal to the main flow direction).

5.4 Closing remarks
We have been looking at direct and large-eddy simulations performed based on the lattice-
Boltzmann method. While the LB method gives reasonable results for single-phase direct simula-
tions, it is a computational unpractical method for this application when using uniform cubic grids
(as in the basic mode of the LB method) given that this leads to over-resolution away from wall
boundaries and the inability to stretch grids in certain directions.

Similar remarks as above for large-eddy simulations. On the positive side for LES, part of the solu-
tion vector of the LB method directly contains deformation rates which simplifies subgrid-scale
modelling, at least for eddy viscosity models.
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Figure 5.5 Wall-normal profiles of the streamwise velocity (top left) and turbulent kinetic energy (top right) at eight differ-
ent moments in the cycle (bottom). The averages are calculated by averaging over the homogeneous (x and y) directions.
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C H A P T E R 6

Summary & conclusions

The lattice-Boltzmann (LB) method is lattice gas automaton for fluid flow simulations and related
physics (such as heat and mass transfer). Its inception we can put at 1986 [25] with lattice gas
automata and at 1989 [43] with the lattice Boltzmann equation. Since then it has branched out over
physics, mathematics and engineering. In this monograph we have touched upon a few examples
of applications in civil engineering. With many approaches to computational mechanics, and more
specifically computational fluid dynamics (CFD) such as finite element or finite volume analyses,
one way of approaching the LB method is to ask the question why one should use the method in
the first place. What are its advantages and disadvantages? As we saw in the monograph, there is no
objective answer to this question. In the first place there are personal preferences and experiences.
Putting these aside, the second consideration relates to the infrastructure available to engineers
and researchers; infrastructure in terms of soft and hardware. And then, thirdly, there is the ques-
tion what needs to be achieved by computational analyses within the boundaries of feasibility. For
example, accuracy, speed or design guidelines of devices involving fluid flow? Speed is an interest-
ing example. In some parts of medical practice a computation would need to be faster than real
life so as to make decisions of about surgical intervention impacting on blood flow patterns [53]. In
such cases the linear scaling and parallelism of the LB method are assets.

6.1 Reasons to avoid the lattice-Boltzmann method
There are limits to the accuracy of the method. In terms of spatial discretization, usually 2nd order
accuracy is achieved [36] which is generally lower than spectral methods that, in principle, can go to
any order [5]. Boundary conditions in the LB method might deteriorate 2nd to 1st order, specifically
those boundary conditions based on immersed boundaries.

CFD codes are usually very flexible when it comes to local mesh refinement: refine grids in regions of
high velocity gradients. LB methods are less flexible in this respect. However, in specific situations
high spatial resolution is required in most of the flow domain, think of particle-resolved suspension
simulation in sediment transport or fluidization where particles can be anywhere and thus high
resolution is required anywhere and then limited possibilities of local grid refinement are not that
much of a disadvantage.
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We noted that the lattice Boltzmann fluid is compressible. In many cases, however, it is used to solve
incompressible flow – specifically in hydraulics. This is achieved by setting a low Mach number. The
consequence of this is that the physical time step needs to be set to a small value, a value typically
one order of magnitude below a time step size that would be needed to satisfy the CFL condition in
a finite volume or finite difference scheme [23].

6.2 Reasons to embrace the lattice-Boltzmann method
A core LB code, thanks to its mostly local operations, scales linearly which means that the com-
putational effort increases linearly with the number of degrees of freedom (and thus grid nodes).
This is harder to achieve with codes that involve whole-domain operations such as pressure correc-
tion schemes in CFD. The local and near-neighbour operations also makes that parallel code only
requires communication over subdomain boundaries when a domain decomposition is chosen as
the parallelization strategy leading to a near linear (i.e. ideal) speed-up of parallel code.

Other advantages are not so much in the realm of hydraulics but are worth mentioning here. Ther-
modynamically consistent formulations of LB are beneficial when it comes to flows involving inter-
faces that exhibit surface tension [62].

6.3 Lattice-Boltzmann codes & writing code from scratch
An important consideration when thinking of using the LB method in your research is writing your
own code, using open-source code or using a commercial code.

A comprehensive list of open-source LB codes is available at [4]. In my perception the codes OpenLB
[47] and Palabos [67] are the most versatile and most used codes.

Writing one’s own code might be much less daunting than it looks like. LB operations are very basic
and require only algebraic calculations. The streaming step (see Section 3.5) is simple as well. The
advantage of writing-your-own-code is the learning-by-doing aspect. It forces one to live through
the operations and directly observe how the code behaves. It also makes one to know exactly what is
going on in the code. In addition one is free to design their own data structures and results files to be
used for post-processing. To quote Richard P. Feynman “What I cannot create, I do not understand.”
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6.4 Research directions
This monograph is intended to introduce the LB method and to show its potential for hydraulics
applications. This makes that it sometimes only scratches the surface of an active research area of
research that is in continuous development. In this section I would like to highlight a few recent
developments regarding methodological and computational aspects.

Graphical Processing Units (GPU) as a computational platform have shown great potential in com-
parison to CPU-based systems because of the inherent parallel nature of GPU systems and their
processors being designed to do the same computations on different input data in parallel [36].

In explaining the method in this text we have limited ourselves to the single-relaxation time (BGK)
collision operator. Developing collision operators has been and is an active research area with TRT
(two-relaxation time) and MRT (multiple relaxation time) collision operators as highlights. They
improve stability at low viscosity and are therefore beneficial for high-Reynolds number flows. As
compared to BGK-based schemes they come at higher computational cost per lattice-update. The
entropic LB method [8] enhances stability through high-precision calculation of equilibrium distri-
butions. It is particularly suited for schemes with large velocity sets that – for that reason – are highly
isotropic.

On the side of hydraulics applications, LB-based methods for shallow water flows [75]

as well as for free surface flows [41] need mentioning. The latter combines volume-of-fluid surface
capturing with an LB approach to study tsunami’s over complex terrain.
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Appendix

Algorithms

A.1. Creating a link-list of particles that helps identifying particles nearby a reference particle

The particles are a list of length npt of coordinates pcx,pcy,pcz and are in a 3D domain nx ny nz.
Define an integer array fe(i,j,k) and an integer array nxt(m). Loop over all particles npt; if particle m
falls in cell i,j,k and the cell is empty (no particle in there yet) then change fe(i,j,k) from 0 to m; if the
cell is not empty, fe(i,j,k)=m1. Use the array nxt (stands for “next”) to make m the next particle in cell
i,j,k.

do k=1,nz

do j=1,ny

do i=1,nx

fe(i,j,k)=0

enddo

enddo

enddo

c

do m=1,npt

nxt(m)=0

i=int(pcx(m))+1

j=int(pcy(m))+1

k=int(pcz(m))+1

if (fe(i,j,k).eq.0) then

fe(i,j,k)=m

else

m1=fe(i,j,k)

do while (nxt(m1).ne.0)

m1=nxt(m1)

enddo

nxt(m1)=m

endif

enddo
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Now loop over the mesh i,j,k:

do k=1,nz

do j=1,ny

do i=1,nx

m=fe(i,j,k)

do while (m.ne.0)

do k1=-sr,sr

kpk1=k+k1

do j1=-sr,sr

jpj1=j+j1

do i1=-sr,sr

ipi1=i+i1

do while (m1.ne.0)

if (m1.gt.m) then

c... identify nearby particles m and m1

c... calculate interaction forces / collisions

......

m1=nxt(m1)

enddo

enddo

enddo

enddo

m=nxt(m)

enddo

enddo

enddo

enddo

A.2. Compute forces so as to prescribe velocity at a set of marker points — immersed boundary
method

We have npt particles; each particle has namp(v) marker points with v the type of particle (e.g.
sphere or cylinder). The first triple loop is interpolation (Eq. 4.1); the second triple loop is extrapo-
lation (Eqs. 4.2 and 4.3).
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do m=1,npt

c... m is the particle counter; v is the particle type

v=1

if (m.gt.np(1)) v=2

do u=1,namp(v)

c... xp,yp,zp are marker points coordinates in

c... inertial frame of reference

c... mp1,mp2,mp3 are marker points in particle

c... frame of reference

c... s is the rotation matrix (see Eq. 4.17)

xp=s(1,1,m)*mp1(u,v)+s(1,2,m)*mp2(u,v)+s(1,3,m)*mp3(u,v)+

> pcx(m)

yp=s(2,1,m)*mp1(u,v)+s(2,2,m)*mp2(u,v)+s(2,3,m)*mp3(u,v)+

> pcy(m)

zp=s(3,1,m)*mp1(u,v)+s(3,2,m)*mp2(u,v)+s(3,3,m)*mp3(u,v)+

> pcz(m)

i=int(xp+0.5d0)

j=int(yp+0.5d0)

k=int(zp+0.5d0)

xpl=xp-1.0*i+0.5

ypl=yp-1.0*j+0.5

zpl=zp-1.0*k+0.5

c... the coefficients routine cff3d is listed below

call cff3d(xpl,ypl,zpl,p3)

xs=0.0

ys=0.0

zs=0.0

rho=0.0

do k1=0,1

kpk1=k+k1

do j1=0,1

jpj1=j+j1

do i1=0,1

ipi1=i+i1

xs=xs+p3(i1,j1,k1)*(x(2,ipi1,jpj1,kpk1)+

> 0.5*fxo(ipi1,jpj1,kpk1))

76 #WaterMonographs IAHR.org



IAHR Water Monographs Applications of the Lattice-Boltzmann Method

ys=ys+p3(i1,j1,k1)*(x(3,ipi1,jpj1,kpk1)+

> 0.5*fyo(ipi1,jpj1,kpk1))

zs=zs+p3(i1,j1,k1)*(x(4,ipi1,jpj1,kpk1)+

> 0.5*fzo(ipi1,jpj1,kpk1))

rho=rho+p3(i1,j1,k1)*x(1,ipi1,jpj1,kpk1)

enddo

enddo

enddo

c

c...linear motion & rotational surface motion of particles

c

vr1=om2(m)*mp3(u,v)-om3(m)*mp2(u,v)

vr2=om3(m)*mp1(u,v)-om1(m)*mp3(u,v)

vr3=om1(m)*mp2(u,v)-om2(m)*mp1(u,v)

vsx=s(1,1,m)*vr1+s(1,2,m)*vr2+s(1,3,m)*vr3+vpx(m)

vsy=s(2,1,m)*vr1+s(2,2,m)*vr2+s(2,3,m)*vr3+vpy(m)

vsz=s(3,1,m)*vr1+s(3,2,m)*vr2+s(3,3,m)*vr3+vpz(m)

c

xs=xs-rho*vsx

ys=ys-rho*vsy

zs=zs-rho*vsz

c

do k1=0,1

kpk1=k+k1

do j1=0,1

jpj1=j+j1

do i1=0,1

ipi1=i+i1

fxo(ipi1,jpj1,kpk1)=alfa*fxo(ipi1,jpj1,kpk1)-

> beta*p3(i1,j1,k1)*xs

fyo(ipi1,jpj1,kpk1)=alfa*fyo(ipi1,jpj1,kpk1)-

> beta*p3(i1,j1,k1)*ys

fzo(ipi1,jpj1,kpk1)=alfa*fzo(ipi1,jpj1,kpk1)-

> beta*p3(i1,j1,k1)*zs

enddo

enddo
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enddo

enddo

enddo

subroutine cff3d(a,s,z,p)

c

c...calculate coefficients for interpolation:

c...input are a(=eta), s(=ksi) and z(=zeta);

c...output is the coefficient matrix p(0:1,0:1,0:1)

c

integer*4 i,j,k

real*8 a,s,z,p(0:1,0:1,0:1),

> f1

c

do k=0,1

do j=0,1

do i=0,1

p(i,j,k)=f1(i,a)*f1(j,s)*f1(k,z)

enddo

enddo

enddo

end

function f1(l,eta)

real*8 f1,eta

integer*4 l

if (l .eq. 0) f1=1.0-eta

if (l .eq. 1) f1=eta

end

A.3. Quaternion updates

Refer to exact solution paper [37]. Update quaternions q0. . .q3 based on angular velocities
om1,om2,om3.

nrm=dsqrt(om1(m)*om1(m)+om2(m)*om2(m)+om3(m)*om3(m))

dt=nrm

if (nrm.ge.1d-8) then
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o1=om1(m)/nrm

o2=om2(m)/nrm

o3=om3(m)/nrm

else

o1=0d0

o2=0d0

o3=0d0

dt=0d0

endif

a0=dcos(0.5d0*dt)

sn=dsin(0.5d0*dt)

a1=o1*sn

a2=o2*sn

a3=o3*sn

q0n=q0(m)*a0-q1(m)*a1-q2(m)*a2-q3(m)*a3

q1n=q0(m)*a1+q1(m)*a0+q2(m)*a3-q3(m)*a2

q2n=q0(m)*a2-q1(m)*a3+q2(m)*a0+q3(m)*a1

q3n=q0(m)*a3+q1(m)*a2-q2(m)*a1+q3(m)*a0

c nrm=dsqrt(q0n**2+q1n**2+q2n**2+q3n**2)

nrm=1d0

q0(m)=q0n/nrm

q1(m)=q1n/nrm

q2(m)=q2n/nrm

q3(m)=q3n/nrm

enddo

A.4. Pre-calculate mapping function integrals according to Eq. 4.26. For this we create in each
i2,j2,k2 cell a three dimensional grid of 113 points where we calculate ”i2;j2;k2. The routine mp per-
forms the integral of the function sg. The latter has been expressed in Eq. 4.25.

diam=2d0

r0=1.5d0*diam

do k=1,11

do j=1,11

do i=1,11

x0=0.1d0*(1d0*i-1d0)
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y0=0.1d0*(1d0*j-1d0)

z0=0.1d0*(1d0*k-1d0)

call mp(x0,y0,z0,r0,mvl)

do k2=-mpr,mpr

do j2=-mpr,mpr

do i2=-mpr,mpr

mmvl(i,j,k,i2,j2,k2)=mvl(i2,j2,k2)

enddo

enddo

enddo

enddo

enddo

enddo

c... write the pre-calculated coefficients in a file

c... for use in the actual simulation algorithm

do k=1,11

do j=1,11

do i=1,11

write(99) (((mmvl(i,j,k,i2,j2,k2),i2=-mpr,mpr),

> j2=-mpr,mpr),k2=-mpr,mpr)

enddo

enddo

enddo

c

end

subroutine mp(x0,y0,z0,r0,mvl)

implicit none

integer*4 mpr

parameter (mpr=3)

integer*4 i,j,k

real*8 x0,y0,z0,r0,lb,ub,ss,

> sz(-mpr:mpr),sy(-mpr:mpr),sx(-mpr:mpr),

> mvl(-mpr:mpr,-mpr:mpr,-mpr:mpr)

do k=-mpr,mpr

sz(k)=0d0

lb=1d0*k
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ub=1d0*(k+1)

if ((z0-r0.lt.ub).and.(z0+r0.gt.lb)) then

if (z0-r0.gt.lb) lb=z0-r0

if (z0+r0.lt.ub) ub=z0+r0

call sg(lb-z0,ub-z0,r0,ss)

sz(k)=ss

endif

enddo

c

do j=-mpr,mpr

sy(j)=0d0

lb=1d0*j

ub=1d0*(j+1)

if ((y0-r0.lt.ub).and.(y0+r0.gt.lb)) then

if (y0-r0.gt.lb) lb=y0-r0

if (y0+r0.lt.ub) ub=y0+r0

call sg(lb-y0,ub-y0,r0,ss)

sy(j)=ss

endif

enddo

c

do i=-mpr,mpr

sx(i)=0d0

lb=1d0*i

ub=1d0*(i+1)

if ((x0-r0.lt.ub).and.(x0+r0.gt.lb)) then

if (x0-r0.gt.lb) lb=x0-r0

if (x0+r0.lt.ub) ub=x0+r0

call sg(lb-x0,ub-x0,r0,ss)

sx(i)=ss

endif

enddo

c

do k=-mpr,mpr

do j=-mpr,mpr

do i=-mpr,mpr
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mvl(i,j,k)=sx(i)*sy(j)*sz(k)

enddo

enddo

enddo

end

subroutine sg(lb,ub,r0,ss)

implicit none

real*8 lb,ub,r0,ss

ss=15d0*(0.2d0*(ub**5-lb**5)/(r0**5)-

> 2d0*(ub**3-lb**3)/(3d0*(r0**3))+

> (ub-lb)/r0)/16d0

end
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