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Abstract 

Three-dimensional, time-dependent lattice-Boltzmann simulations of neutrally buoyant particles in planar 

Poiseuille flow have been performed. The particles are spherical or cylindrical (the latter with a length 

over diameter ratios in the range 1/3 to 2) and have volume fraction ranging from virtually zero (one 

particle) to 0.15. The channel’s Reynolds number is in the range of 15 to 150. We first show agreement 

with earlier studies for single particle behavior in terms of lateral migration and orientation. We then 

show for the higher solids loadings to what extent particle-particle interactions influence focusing of 

particles and how – for cylinders – their orientations get distributed. The observed, and often strongly 

inhomogeneous, particle distributions as well as pronounced orientation distributions have an apparent 

impact on the flow resistance of the suspensions. We interpret the latter with help of the particle and 

liquid shear stress profiles over the height of the channel. 
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1. INTRODUCTION 

There is extensive experimental and computational literature on the topic of laminar shear flows laden 

with solids migrating across streamlines thereby showing features such as preferential concentration 

(“focusing”) and preferential orientation of the particles [1–6] with potential consequences for the 

suspension’s rheological behavior [6]. Migration is driven by lift forces, which are inertial effects [7,8], 

i.e. they need a non-zero Reynolds number to occur. In earlier days, Segré and Silberberg [9] already 

reported on neutrally buoyant spheres laterally migrating to equilibrium radial positions in Poiseuille pipe 

flow along with an interesting discussion of the role of the Magnus force and a (then recently identified) 

lift force that now carries Saffman’s name [8]. The advent of the research field of microfluidics has led to 

a renewed interest in lateral migration of particles in shear flow and is now being used for ordering and 

separation of particles in narrow channels [10–12]. 

Where many of the papers cited above focus on the behavior of an isolated particle in an inertial shear 

flow, we primarily have an interest in the behavior of a collective of particles and would like to find out to 

what level of solids loading single particle results remain accurate. The practical perspective of this is that 

particle focusing likely gets blurred or even changes fundamentally if particles strongly interact with one 

another and thus get hindered moving to their focus positions. This then would reduce the separation 

efficiency or (shape) selectivity if the system has been designed to act as such [12]. Another perspective 

for many-particle systems is a conjecture due to Saffman [7] that states that preferential orientation (of 

non-spherical particles) and preferential concentration will have consequences for the effective viscosity 

of suspensions. 

Experimental work due to Han & Kim [13] reveals that for Poiseuille pipe flow with an overall solids 

volume fraction below 0.1 particles tend to migrate approximately to their single-particle equilibrium 

positions; at higher solids loadings particles behave very differently and concentrate near the centerline of 

the pipe. The latter effect was also observed in oscillatory pipe flow experiments by Snook et al [14]. In 
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addition we note that the experimental images presented by Masaeli et al [15] show the behavior of 

closely spaced, and likely interacting, microscopic particles of various shapes in microfluidic ducts. 

In this paper the sheared suspensions are approached computationally. In previous papers we have 

developed a simulation methodology for particle-resolved simulations of moderately dense to dense solid-

liquid suspensions. This type of simulations has been pioneered by – among others – Feng et al [16] and 

Ladd [17,18]. Our simulations are three-dimensional, time-dependent lattice-Boltzmann (LB) simulations 

with solid particle sizes larger, by at least one order of magnitude, than the lattice spacing (i.e. the space 

resolution of the liquid flow). The no-slip conditions at the surfaces of the particles are imposed by an 

immersed boundary (IB) method. Starting point is a planar Poiseuille flow (laminar flow between two flat 

parallel plates driven by a pressure gradient) that we subsequently load with spherical or cylindrical 

particles. 

After demonstrating confidence in the simulation method by reproducing qualitatively and 

quantitatively single particle migration results from the literature [19,20] we move to studying multi-

particle systems. The paper then aims at quantifying location and – for non-spherical particle – orientation 

dispersion as impacted by particle-particle interactions as a function of the overall solids volume fraction 

and as a function of the Reynolds number (the latter based on the maximum particle-free flow velocity 

and channel width). It is finally shown how the presence of particles – including their spatial and 

orientational distribution – affects the resistance to flow / effective viscosity of the suspension.  

2. FLOW SYSTEM 

The flow domain has length L  in the streamwise (x) direction, width W  in the spanwise (y) direction, and 

height H  in the wall-normal (z) direction; with 2L H  and W H . Top and bottom of the domain (at 

0z   and z H ) are rigid, no-slip walls. Periodic conditions apply in the x and y direction. The flow of 

the Newtonian liquid with density   and kinematic viscosity   is due to a body force xf  in the x-

direction. This generates a Poiseuille flow with x-velocity    2x xu f z H z   ; the centerline velocity 
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thus is  2 8xU f H  . This channel’s Reynolds number is defined as Re UH  . It has been set to 

four values: Re 150, 60, 30, and 15 . 

In this domain we release a number of solid particles; either spheres with diameter d , or cylinders 

with diameter cd  and length   that we have chosen such that their equivalent diameter 23 3 2e cd d   is 

equal to the diameter of the spheres, i.e. ed d , so that spheres and cylinders take up the same volume. 

The particles have an appreciable size as compared to the channel height: 0.133ed d H  . The aspect 

ratios of the cylinders range from 1
3cd   to cd  2. The particles have a density p  such that 

2.0p    . Gravity (in z-direction) has not been considered in order to limit the dimensionality of 

the parameter space. Without gravity the density of the particles is a parameter with minor impact on 

overall system behavior. It is acknowledged that if we were to involve experimental validation with 

horizontal channels, gravity would need to be included in the simulations. 

We have run single-particle simulations as well as multi-particle simulations. In the latter the particles 

are placed randomly – in a non-overlapping fashion – in the flow domain with an overall solids volume 

fraction   that ranges from 0.00625 to 0.15. 

3. SIMULATION APPROACH 

The simulations make use of a variant of the lattice-Boltzmann (LB) method [21] due to Somers and 

Eggels [22,23]. It numerically solves the time-dependent Navier-Stokes equations in three dimensions on a 

uniform, cubic grid of nodes with spacing x . The algorithm steps in time with a step t . The spatial 

resolution is such that 120H x   (which implies 16ed d x   ); the time step is such that 

0.075U t x   . This low value of the Courant number is required to make sure that the Mach number is 

sufficiently small to approximate incompressible flow with the compressible numerical method LB is. 

The solid particles in the flow domain are represented by densely spaced (typical nearest neighbor 

spacing of 0.6 x ) marker points on their surface. The immersed boundary (IB) method [24,25] uses these 

points to locally calculate forces on the fluid that make the fluid have the same velocity as the solid 
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surface, thus imposing the no-slip condition at the particle surface. Integrating the force distribution over 

a particle surface results in the overall hydrodynamic force and torque the particle exerts on the fluid. The 

opposite force and torque are what the fluid exerts on the particle, and this then feeds in the equations of 

translational and rotational motion we solve for each particle.  

In addition to hydrodynamic force and torque, the particles feel forces and torques due to short-range 

particle-particle and particle-wall interactions: contact and lubrication. The lubrication force is needed to 

compensate for the finite resolution of the computational grid. If two solid surfaces move closer than 

 Order x , the flow in between the surfaces is not properly resolved by the LB method anymore and 

therefore the strength of the hydrodynamic interaction gets underestimated [26]. Explicitly including 

analytical low-Reynolds number expressions for lubrication interactions [27] mitigates this issue [28]. 

Contact forces prevent particle volumes overlapping and achieve “dry” friction with a friction coefficient 

f  that was set to 0.25. When particle surfaces get closer than a certain distance, typically 35 10 ed , 

elastic springs get activated that push the surfaces apart and – in case of non-zero friction coefficients 

between solid surfaces – apply tangential forces. The marker points, as already used for the IB method, 

are used for detecting closeness of solid surfaces. Close-range interactions are triggered when marker 

points on two different particle surfaces get within a certain distance. Detailed expressions for the short-

range forces as well as the settings of the parameters involved, such as spring constants and close-distance 

threshold values, are to be found in previous works [29,30] as well as in Supporting material Table S1. 

Newton’s and Euler’s equations of translational and rotational motion respectively are used to update 

linear and angular particle velocities with a split-derivative [31] time-discretization method that can 

achieve the same time step t  as the LB updates. Particles are then displaced according to an Euler-

forward scheme. The particle orientations make use of quaternions [32] that are updated by integration 

using the angular velocities over time step t .  

4. RESULTS 

4.1 Single particle migration 
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We start our discussion of the results with a single sphere in the Poiseuille channel. It is released at two 

different initial z-locations: 0 0.1z H   and 0.4. Time series  z t  for a number of scenarios can be seen 

in Figure 1. At time zero, the liquid was given the undisturbed parabolic Poiseuille velocity profile and 

the sphere was given the linear velocity of the undisturbed liquid at its center location and zero rotational 

velocity. The time series then indicate that, irrespective of the release location, the sphere migrates to a 

stable location that depends on the Reynolds number: z H  0.215, 0.224, 0.235, and 0.274 for 

Re  150, 60, 30, and 15 respectively. It is informative to consider the timescales over which the 

migration occurs: the lower the Reynolds number, the longer it takes, in dimensionless time tU d , for the 

sphere to reach its ultimate z-location. The high end of the time axis of Figure 1 ( tU d =4.5∙103) 

corresponds to 610 t . The stable sphere locations agree well with those reported by [18] for 

comparable values of the Reynolds number and given the sphere diameter to channel height ratio d H . 

For instance, interpolating their data in their Figure 4 at 1
2 0.0667a H d H   gives z H  0.242; 

compare this to z H  0.235 at Re=30 we found.  

Non-spherical particles not only migrate, they also evolve in terms of their orientation. This is 

demonstrated by a cylinder with cd  1 at Re  150 in Figure 2. It starts at 0 0.1z H  , as before, in a 

developed Poiseuille flow. We now vary its initial orientation. Initial orientation is defined by the unit 

vector 0a  which is the vector along the centerline of the cylinder at time zero. If the cylinder is released 

with its centerline coinciding with the direction of shear, i.e. the y-direction  0 0 1 0a , Figure 2 

shows that the cylinder maintains this orientation and, while spinning around its centerline, migrates to 

z H  0.215. We should here mention that this simulation has been continued well beyond the high-end 

of the time axis of Figure 2 (actually until tU d =4.2∙103) without observing the cylinder changing its 

orientation. The same cylinder released with the centerline along the x-axis rotates around the y-axis and 

thereby tumbles to a slightly larger stable (apart from a very slight oscillation) z-position z H  0.226. 
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In an intermediate case with  1 2 2
0 3 3 3 a , the cylinder fairly quickly orients to a tumbling mode; see 

the lower panel of Figure 2 that shows two of the cylinder’s centerline vector components  

 x y za a aa  as a function of time. Component ya  quickly goes to zero and xa  takes on a sinus 

function. The above thus shows a sensitivity of the fate of an cd  1 cylinder for its initial orientation. 

The evolution of the orientation of cylinders with cd  1 is shown in Figure 3. The top panel shows 

that a cylinder with 1
2cd   (a disk) with its centerline initially oriented along the x-axis evolves into a 

spinning motion with the centerline oriented along the shear direction (y) where that transition takes more 

time for the lower Reynolds number (Re=30). The same preferential orientation was observed by Nizkaya 

et al [20] who simulated oblate spheroids in planer Poiseuille flow.  

The bottom panel of Figure 3 shows two short rods ( 3
2cd   and 2cd  ) that start oriented along 

the y-axis. They change their orientation so that ya  becomes zero and then tumble, rotating around the y-

axis, where the shorter of these two cylinders takes more time to make this transition. 

Table 1 summarizes the fate of the various single cylinders we have been investigating. There are 

minor differences in their stable z-location. All cylinders eventually reach a spinning ( ya  =1) or a 

tumbling ( ya  =0) state. Disks with 2
3cd   spin; rods with 3

2cd   tumble. In intermediate cases their 

eventual state depends on their initial orientation. The cylinder with 0.86cd   is a special case in the 

sense that it has identical moments of inertia over its three principal axes. 

Table 1. Eventual z-location and orientation of cylinders as a function of cd  and Re. 

cd  Re  z H  
ya   

1/3 150 0.240 1 
1/2 150 0.228 1 
1/2 30 0.232 1 
2/3 150 0.223 1 
0.86* 150 0.223t  0.217s 0 or 1** 
1 150 0.226t  0.216s 0 or 1** 
3/2 150 0.233 0 
2 150 0.242 0 
* 1 2 3I I I   **depends on initial orientation t: tumbling s: spinning 
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4.2 Multi-particle systems 

In the same Poiseuille channel, n  spheres – all having the same diameter d  – were randomly released 

such that their volumes were not overlapping. The overall solids volume fraction 
3

6

nd

HLW

   was 

varied from 0.00625 (10 spheres) to 0.15 (240 spheres). The initial condition is the same as for the one-

sphere simulations: a parabolic velocity profile for the liquid and the spheres having the x-velocity of the 

undisturbed liquid at their center location and zero angular velocity. We let that system evolve in time 

while we monitor the solids volume fraction distribution in the z-direction  z . This is done with the 

spatial resolution of the LB grid; for every cubic grid cell (with size 16x d  ) we check if its center is 

covered by a sphere and then average over the homogeneous x and y directions and over time (typically 

over a time period of 500t d U ) to obtain  z . We report the solids concentration profile once it is 

stable, which for Re 150 , takes of the order 310t d U . This time is comparable to the timescales 

observed for migration of a single sphere at this Reynolds number. The time we allow the system to reach 

steady state and the averaging times per Reynolds number have been specified in Table S2. Sample 

results for Re 150  are shown in Figure 4.  

For the lower two   values the spheres migrate close to their stable single-sphere z-positions. The 

 z  peak locations for  =0.0125 are 0.213z H   and 0.788 (i.e. 0.212 from the top wall); for 

 =0.025 they are 0.204z H   and 0.796 (0.204 from top wall). Compare this to z H  0.215 for a 

single sphere at Re 150  (see Figure 1). At  =0.10 the solids concentration peaks have widened; 

however, there still are z-regions where the solids preferentially concentrate while they avoid the middle 

of the channel. This then changes significantly when we go to  =0.15 that – contrary to the cases with 

less overall solids loading – shows a concentration profile with actually a minor preference for solids in 

the middle of the channel (core-peaking).  
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The velocity contours in Figure 4 indicate that the presence of the particles slows down the flow 

significantly, i.e. increases the flow resistance. To indicate the level of flow reduction, the caption of 

Figure 4 includes values of the Reynolds number based on the superficial velocity Resup supu H  . 

It appears that core-peaking, next to depending on the solids loading, is a pronounced function of the 

Reynolds number. Figure 5 contains a matrix of concentrations profiles as a function of Re , increasing 

from left to right, and of  , increasing from top to bottom. At  =0.0125 the spheres clearly focus 

towards their stable positions, almost irrespective of the Reynolds number. At higher   first the 

preferential concentration peaks get wider, after which the center of the channel, that was (almost) void of 

solids at low  , now becomes a preferred location for particles. This transition with increasing   

happens sooner for lower Reynolds number. This has been observed experimentally by [13] for 

axisymmetric Poiseuille flow, where they used magnetic resonance imaging (MRI) imaging, for solids 

volume fractions in the range 0.06 to 0.4  . They measured a transition from off-core to core solids 

concentration peaking going from 0.06   to 0.1; initially for their lowest Reynolds numbers (note that 

their Reynolds numbers are – different from ours – based on particle radius and average duct velocity) 

and then at still higher   also for higher Reynolds numbers. This is in agreement with our results where 

it needs to be kept in mind that they had axisymmetric Poiseuille flow and we have planar Poiseuille flow. 

We now turn to the collective behavior of rigid solid particles of cylindrical shape. In the first instance 

we focus on three types of cylinders: 1
2 ,1,  and 2cd  ; each type of cylinder has the same volume. In 

addition to preferential concentration, cylinders show preferential orientation. To characterize the latter, 

we define the angle y  as the angle between the y-axis (the shear direction) and the cylinder’s centerline. 

A collection of cylinders with random isotropic orientation have a distribution of y  according to sin y , 

with y  in the range 0 2 . 
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Qualitatively cylinders with 1cd   behave in terms of preferential concentration as the spheres did. 

In Figure 6 it is shown that at low   they concentrate at their single-particle stable locations and make a 

similar transition to more even concentration distribution and core peaking (at least for Re 30 ) at higher 

 . In Figure 2 it was shown that a single cylinder with 1cd   in Poiseuille flow had at least two stable 

orientations (in line with, or perpendicular to the shear direction, i.e. y =0 or 2 ). It shows that a 

multitude of such cylinders suspended in Poiseuille flow at low   strongly favor their centerline to be 

perpendicular to the shear direction. Increasing   leads to wider angle distributions and less 

pronounced preferential orientations at both Re 150  and 30. 

If we compare the behavior of disks ( cd =0.5) and rods ( cd =2) at Re 150 , as we do in Figure 7, 

we see the same trends when it comes to  z , and at the same time significant differences in orientation. 

Disks align their centerline with the shear direction, rods have their centerline perpendicular to the shear 

direction. The strength of this preference quickly weakens with increasing  . 

4.3 Flow resistance and effective viscosity 

For a given body force, the volumetric flow rates of the particle laden cases are consistently lower than 

the single-phase flow rate implying an increased resistance to flow. One way to characterize the flow 

behavior of suspensions is through their apparent or effective viscosity ( eff ) [33] with the seminal result 

 1 2.5eff     due to Einstein [34] for dilute (i.e. non-interacting) and uniformly distributed small 

spherical particles in a Newtonian liquid with viscosity   . This result can be obtained through 

analyses of energy dissipation rates in sheared systems [34] and also based on stress considerations [35]. 

We acknowledge that the particles considered in the current study are neither distributed homogeneously, 

nor small (in the sense of particle-based Reynolds numbers of less (much) than 1), nor dilute, and nor – in 

many cases – spherical. Still, we use an Einstein-type relation in a heuristic sense by introducing a 

coefficient   to characterize the viscous behavior of the suspensions:  1eff     ; for simplicity 
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and in order to deal with a single parameter  , we do not consider higher order terms in   as in [36] or 

other more extensive suspension viscosity models. Our simulation results we use to determine the 

dependence of   on Re ,  and the particle type. 

The coefficient   has been extracted from the simulations by monitoring the time-average volumetric 

flow rate V  (of solids and liquid combined), then calculating 
3

12
x

eff
V

f WH


   and finally 

1eff
 


 

  
 

. In line with Happel & Brenner [33] we also determined eff  through comparing the 

energy dissipation rate of the particulate system ( *E ) with that of the fluid-only system (E): 

*
eff E E   . The   determined this way was within 3% of the one from the volumetric flow rate. 

For spherical particles, results are presented in Figure 8:   as a function of   for all Reynolds 

numbers considered. The strongest trend in these results is the one with the Reynolds number: a very 

significant decrease in   with decreasing Reynolds number. Furthermore, one observes – at least for 

Re 60  – a slight minimum in   as a function of  . This we believe reflects the transition from 

preferential concentration at the stable sphere locations, via a fairly uniform  z , to core peaking of the 

solids volume fraction profile (see Figure 5). 

The strong reduction of   with a reduction in Re we try to interpret in terms of stresses. A fluid-only 

Poiseuille flow has a shear stress profile of  2xz xf z H   . Adding particles to the flow creates 

additional sources of momentum transfer (i.e. stress) in the z-direction [26]: fluid and particle streaming 

as well as momentum transfer as a result of particle-particle and particle-wall interactions (in our 

simulations these are collisions and lubrication forces). These additional stress mechanisms lead to an 

increased apparent (effective) viscosity as compared to the liquid-only viscosity. For a typical case 

( 0.1  , Re 150 ) we show in the left panel of Figure 9 the three stress contributions due to the 

presence of the spheres. The way the stress profiles  xz z have been determined has been described in 
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[26]. It can be seen that the particle-particle and particle-wall (ppw) interactions are by far the main 

source of additional stress. The middle panel of Figure 9 shows that the ppw-stress is a strong function of 

the Reynolds number and in that sense might explain the dependence of   on the Reynolds number. The 

right panel of Figure 9 shows how the ppw-stress depends on the overall solids volume fraction. Crudely 

speaking it does so in a way linear with   which to some level supports our choice for a linear 

relationship between   and excess viscosity. We note that ppw-stress calculations depend on short-

range interaction modeling. Figure S1 (Supporting material) gives an impression – for one case – of how 

sensitive the stress is to three of these parameters. 

In discussing the effective viscosity of cylinder suspensions we focus on the role of the particle’s 

aspect ratio cd . Figure 10 shows   as a function of   at Re 150 . Different from sphere 

suspensions there is a clear trend:   gets smaller as   increases which hints at an effect of particle 

orientation since a similar trend was not found with spheres. Cylinders strongly orient at low   and 

loose their preferential orientation due to particle-particle interaction at higher  ; see Figures 6 and 7. 

The disks ( cd =0.5) have consistently higher   than the other cylinders considered. However, when we 

get to  =0.1,   is not much difference between the different cylinder types. 

5. CONCLUSIONS 

This paper reports on numerical simulations of laminar solids-liquid flow between two flat parallel plates 

driven by a body force / pressure gradient. It starts with a single particle and for this reproduces results 

from the literature [19,20] regarding it preferential position in between the plates and – for a cylindrical 

particle – its orientation relative to the direction of shear. By increasing the number of particles, one 

observes a gradual transition of the solids volume fraction profile from preferential solids concentrations 

near the stable, single-particle locations to a preference for the middle of the channel. A similar effect has 
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been observed in experimental studies with spherical particles [13,14] where the transition depended in 

the same way as in the simulations on the overall solids volume fraction   and the Reynolds number.  

Cylinders with aspect ratio 2
3cd   preferentially orient with their centerline aligned with the shear 

(y) direction, thereby rotating (spinning) around that centerline. The orientation distribution gets less 

pronounced with an increasing solids volume fraction due to direct particle-particle interaction 

(collisions) as well as liquid flow disturbances due to surrounding particles. Cylinders with 3
2cd   

evolve such that their centerline gets perpendicular to the shear direction and then tumble through the 

channel. As for 2
3cd   cylinders, also 3

2cd   cylinder orientation distributions get wider if the solids 

volume fraction is increased. In the range 3 2
2 3cd   the eventual orientation of a single cylinder can be 

either tumbling or spinning, dependent on its initial condition. 

Irrespective of the type of particle, we observe a reduction in the volumetric flow rate upon adding 

more particles. This increased flow resistance we quantify as an increase of the effective viscosity eff  of 

the solids-liquid mixture. Subsequently we have been using the following ansatz – inspired by [33,34] – 

for scaling the change from single-phase viscosity   to the effective viscosity:  1eff      with 

  the overall solids volume fraction. For spheres suspensions it was shown that this scaling fairly well 

captures the effect of  ; for any of the Reynolds numbers investigated,   varies by not more than 30% 

over a  -range from 0.01 to 0.15 (this maximum variation is at Re=30). We do, however, observe a 

systematic trend with   going through a minimum at   values just below the transition to core peaking 

of solids volume fraction profiles  z . 

The coefficient   for spheres suspensions strongly depends on the channel’s Reynolds number: it gets 

smaller by almost a factor of 3 from Re=150 to Re=15. It was demonstrated that this can be attributed to 

the particles strongly contributing to momentum transfer in the wall-normal (z) direction, in particular the 



 14

forces that are associated to short-range particle-particle and particle-wall interactions (lubrication and 

collision), which was shown to be a profound function of the Reynolds number. 

For cylinder suspensions at Re=150 the trend of   with increasing   is a monotonic decay that 

tentatively relates to effects of preferential orientation. Orientation distributions are very pronounced for 

low   and widen significantly if   increases.  

This study shows how the quality of particle focusing in (micro) fluidic devices might get impacted by 

the presence of other particles that lead to defocusing and, eventually, to particles preferring the middle of 

the channel, irrespective of their size or shape. With this in mind, an avenue of future work is to have 

multiple particle sizes and/or shapes in a Poiseuille flow device and study how discriminate the device is 

in these respects.  

It should be noted that the above is purely a computational exercise. Although we have confidence in 

the numerical method from past experience, including experimental validation of the simulation approach 

used [37,38], and given the agreement with single-particle migration results from the literature [19,20], an 

experimental program probing the transitions observed (e.g. defocusing and core peaking of concentration 

profiles; widening of orientation angle distribution of non-spherical particles) would be a meaningful and 

therefore critical exercise. 
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Figures 

 
Figure 1. Timeseries of the z-location of the centers of single spheres in planar Poiseuille flow at a 
selection of Reynolds numbers and starting locations 0z  as indicated. The insets reflect instants at the end 

of two of the time series, including color contours of velocity magnitude. 
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Figure 2. Top: three time series of the z-location of the centers of single cylinders with 1cd   and 

equivalent diameter ed ; cylinders with different initial orientation vectors 0a , all cylinders start 

0 0.1z H  . The insets show eventual situations (tumbling left, spinning right). Bottom: time series of 

orientation vector components xa (blue) and ya (black) for the case  1 2 2
0 3 3 3, , a  showing the cylinder 

evolving to a tumbling motion. Re 150 . 
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Figure 3. Top: time series of a single cylinder with 1
2cd   starting with  0 1,0,0a  at Re 150  

(black) and Re 30  (red). Bottom: a cylinder with 3
2cd   (black) and one with 2cd   (red) both 

starting with  0 0,1,0a  and at Re 150 . 
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Figure 4. Left: impressions of multi-sphere systems at Re 150  and with   0.0125, 0.025, 0.10, & 

0.15 (top to bottom). Right: corresponding vertical solids volume fraction profiles averaged (after steady 
state was reached) over time and over the homogeneous (x and y) directions; the profile with   0.025 

compares starting times of averaging tU H  1.1∙103 (black) and 3.3∙103 (red). The lower-left panel 
defines the coordinate system. The Reynolds numbers based on the superficial velocity are (top to 
bottom) Resup supu H   97, 93, 78, 70. 
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Figure 5. Average solids concentration profiles for spheres over the channel height; effect of Reynolds 
number and overall solids volume fraction as indicated per panel. The dashed vertical lines in the top row 
profiles indicate single sphere equilibrium positions. The color insets have the same color scale as the 
color images in Figure 4. 
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Figure 6. Multi-cylinder systems at (left) Re 150  and (right) Re 30 . All cases shown have 1cd  . 

From bottom to top the overall solids volume fraction increases:   0.025, 0.05 and 0.15 respectively. 

Of each case we show a snapshot with the colors denoting liquid velocity magnitude, the vertical solids 
volume fraction profile  z , and the orientation distribution of the cylinders with  y the angle between 

the cylinder axis and the shear (i.e. y) direction. The blue symbols are simulations data; the red curve is 
sin y  which is what an isotropic orientation distribution would look like. 
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Figure 7. Multi-cylinder systems at Re 150 . Left: cd  0.5; right cd  2. From bottom to top  

  0.025, 0.05 and 0.15 respectively. For each case we show a snapshot, the solids volume fraction 

profile  z  and the orientation angle ( y ) distribution. 
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Figure 8. Viscosity coefficient   (as defined in the text) for spheres-systems as a function of overall 
solids volume fraction   for various Reynolds numbers as indicated. 
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Figure 9. Shear stress xz  (non-dimensionalized by the body force and channel half height 2xf H ) 

distribution over the channel height for spheres systems. Left: stress contributions (ppw is particle-
particle & particle-wall interaction, ps is particle streaming, fs is fluid streaming) for Re 150  and 
 =0.1; middle: pp-stress at  =0.1 for various Re ; right: pp-stress at Re 150  for various  . 
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Figure 10. Viscosity coefficient   (as defined in the text) for cylinder-systems at Re 150  as a function 
of overall solids volume fraction   for various cd ratios as indicated. 

 
 

 
 
 


