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ARTICLE INFO ABSTRACT
Keywords: Dynamic wetting on rough walls is crucial to the mass transfer mechanism of gas-liquid spontaneous imbibition
Spontaneous imbibition in multiscale porous energy systems. However, obtaining analytical solutions for dynamic wetting in rough

Dynamic contact angle

porous media under gravity remains challenging. In this work, we propose a novel unified mathematical model
Surface roughness

Lambert W function that explicitly couples the static Wenzel thermodynamic correction with the kinetic energy dissipation of the

Multiphase flow moving contact line, while systematically incorporating gravitational effects. Specifically, by introducing the

Multiscale modeling Lambert W function, we transform the complex nonlinear ordinary differential equation (ODE) arising from the
coupling process into a closed-form explicit analytical solution. In this model, fractal theory is applied to
characterize wall roughness and facilitate macroscopic upscaling. The accuracy of the proposed model is vali-
dated against existing experimental data. Through comprehensive simulations, pore-scale control mechanisms
and dimensionless scaling are investigated. The results indicate that surface roughness statically suppresses
capillary forces and the equilibrium distance in micropores. Furthermore, dynamic wetting nonlinearly hinders
imbibition, exponentially prolonging the equilibrium time in large pores. This effect enables intermediate pores
to maintain the longest high-speed stage and the maximum dynamic contact angle. Temporally, spontaneous
imbibition is sequentially governed by fractal roughness, dynamic wetting, and the Bond number. Macroscopi-
cally, multi-parameter sensitivity analysis demonstrates that neglecting dynamic wetting severely overestimates
early imbibition in high-permeability media. Conversely, intrinsic viscous resistance dominates ultra-low
permeability systems. Overall, this model provides an efficient analytical tool and novel physical insights into
complex mass transfer processes within rough porous media.

NomenclatureLatin Symbols M Imbibition volume (m®)
N Number of pores [-]
A Inner surface area of wall (m?) N, Number of equivalent rough cells [-]
D¢ Effective diameter (m) Py Displacement pressure (Pa)
Dy Pore size fractal dimension [-] Q Imbibition rate (m3/s)
Dy, Surface roughness fractal dimension [-] R Pore radius / Capillary radius (m)
g Gravitational acceleration (m/s) Re Reynolds number [-]
h Imbibition height (m) Sw Saturation [-]
K Permeability of porous media (mD) t Imbibition time (s)
l Edge length of equivalent roughness element (m) v Imbibition velocity (m/s)
L Length of porous media (m) x Imbibition distance (m)
L. Characteristic length (m) Greek Symbols
L. Effective flow length (m) a Inclination angle (°)

Abbreviations: ODEs, ordinary differential equations.
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B Dynamic contact angle coefficient [-]
0 Static contact angle (°)
04 Dynamic contact angle (°)

0, Apparent dynamic contact angle (°)

A Maximum length scale for fractal scaling (m)
u Fluid dynamic viscosity (Pa-s)

P Fluid density (kg/m>)

c Interfacial tension (N/m)

T Tortuosity [-]

@

Porosity [-]

Subscripts

95% At 95% equilibrium state

a Apparent

avg Average

c Characteristic

d Dynamic

e Effective

max Maximum

min Minimum

r Wall roughness factor

R Rough wall

s Static

S Smooth wall

w Wetting phase
Superscripts

* Dimensionless variable

1. Introduction

Gas-liquid two-phase flow in complex porous media, particularly
capillary-driven spontaneous imbibition [1], represents a ubiquitous
and fundamental mass transfer phenomenon bridging traditional fossil
fuels and modern low-carbon energy systems [2,3]. During underground
energy recovery, such as enhanced exploitation of tight/shale oil and gas
[4,5] and extraction of geothermal energy [6], spontaneous imbibition
governs fluid exchange efficiency between porous matrix and fracture
networks. As the global energy landscape transitions toward carbon
neutrality goals, the pivotal role of this microscopic physical process in
the fields of renewable energy and energy storage is becoming increas-
ingly prominent. In carbon capture, utilization, and storage [7], un-
derground hydrogen storage engineering [8], and microscale energy
conversion devices (e.g., porous materials in fuel cells) [9], transport
and trapping mechanisms of gas-liquid interfaces directly dictate oper-
ational efficiency and safety of these macroscopic systems. Therefore, it
is crucial to thoroughly understand the dynamics of spontaneous imbi-
bition in complex scenarios. However, given complex microstructures
and multiphase flow mechanisms in realistic porous media, developing a
unified analytical prediction tool that combines high physical fidelity
with computational efficiency remains a major challenge for current
cross-scale simulations.

Mathematical models of capillary imbibition show great potential for
predicting mass transfer dynamics in complex porous media [10,11].
The theoretical basis of existing mathematical models for imbibition in
porous media can be traced back to the classical Lucas-Washburn (L-W)
equation [12,13]. However, the original L-W model assumes that pores
are ideal, straight circular tubes. This assumption severely limits its
application in complex porous systems. To overcome this limitation,
researchers have systematically extended this model over the past cen-
tury by focusing on force mechanisms and geometric topology. On the
one hand, subsequent models gradually incorporated fluid dynamic
mechanisms, such as viscous forces [14], inertia [15], gravity [16], and
buoyancy [17], into governing equations; on the other hand, later
studies effectively corrected the predictive errors caused by tortuous
flow paths and non-circular cross-sections in real pores by introducing
tortuosity and shape factors [18-20]. Furthermore, to address the
complex cross-scale pore size distributions within porous media, the

International Journal of Heat and Mass Transfer 269 (2026) 129153

introduction of fractal geometry has successfully established an
analytical bridge between microscopic topological features and macro-
scopic multiphase flow behaviors [21,22].

However, despite their significant contributions to expanding force
mechanisms and characterizing geometric topology, these studies have
not yet addressed the core issue of interfacial transport in porous media,
namely the thermodynamic and kinetic non-equilibrium coupling
mechanisms at real gas-liquid-solid interfaces. Pore walls of real porous
materials generally exhibit significant fractal roughness characteristics
[23-25]. Thermodynamically, intrinsic roughness not only significantly
increases microscopic flow resistance but also induces complex wetting
states, such as the Wenzel state, thereby fundamentally altering the
effective capillary driving force [26-28]. Furthermore, recent studies
have coupled roughness with boundary slip and shape factors, revealing
its significant role in modifying the spontaneous imbibition height [29,
30]. Kinetically, the moving contact line induces interfacial viscous
dissipation that dynamically alters the contact angle, causing a
nonlinear decay in early-stage mass transfer rates [31,32]. However,
current theoretical models often treat these two mechanisms separately.
Few studies have explicitly coupled the roughness-induced static ther-
modynamic corrections and the kinetic dissipation caused by dynamic
contact angles within a unified mathematical model. Lacking these
fundamental interfacial physics leads to significant theoretical de-
viations when predicting the imbibition dynamics in porous media with
pronounced roughness.

Although theoretical models can incorporate the aforementioned
physical mechanisms, scaling up from microscopic pores to macroscopic
cores or components still faces significant mathematical challenges [33,
34]. Traditional physical experiments provide benchmark data for
macroscopic transport laws, but they are time-consuming and expen-
sive. Moreover, it is difficult to perform real-time and in-situ charac-
terization of interfacial evolution within opaque media [35,36]. To
overcome the limitations of experiments, current research has shifted
toward microscopic direct simulations, such as CFD [37] or LBM [38],
and pore-scale models like PNM [39] that rely on topological simplifi-
cation. However, scaling these methods to macroscopic scales inevitably
imposes a significant computational burden due to challenges such as
large mesh counts, interface tracking, and complex nonlinear equation
systems. On the other hand, macroscopic continuum models offer high
computational efficiency but fail to capture microscopic nonlinearities,
as they primarily depend on empirical constitutive equations [40,41]. In
contrast, analytical models of capillary bundles derived from fractal
geometry can achieve mathematical dimensionality reduction while
preserving key physical mechanisms, making them an effective
approach for cross-scale imbibition simulations [19,21]. However, when
explicitly coupling thermodynamic and kinetic effects, the microscopic
governing equations evolve into highly nonlinear ordinary differential
equations (ODES) that are challenging to solve. Their macroscopic
integration still faces the dilemma of balancing efficiency and stability,
which limits their application in large-scale engineering problems.

To address the inadequate understanding of coupled physical
mechanisms and the computational challenges in cross-scale modeling,
this study proposes a novel unified fractal imbibition model. While
previous studies have extensively utilized Lucas-Washburn-type imbi-
bition models, fractal capillary bundle theory, Wenzel roughness
correction, and dynamic contact angle correlations, the novelty of this
work lies in explicitly mathematically coupling the static Wenzel ther-
modynamic correction with the non-equilibrium dynamic contact angle
within a unified physical framework. Furthermore, instead of relying on
traditional step-dependent numerical schemes, we derive a closed-form
explicit analytical solution for the highly nonlinear governing equation.

Specifically, a fully coupled interfacial transport model is first
established at the single-capillary scale, simultaneously incorporating
wall roughness, dynamic wetting, and gravitational effects. By intro-
ducing the Lambert W function, the complex nonlinear ordinary dif-
ferential equation is solved analytically. This approach effectively
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eliminates the truncation errors and time-step sensitivity inherent in
conventional explicit Euler or implicit iterative methods. Subsequently,
this pore-scale analytical solution is upscaled to macroscopic porous
media using fractal capillary bundle theory and is validated against
existing experimental data at both microscopic and macroscopic scales.
Based on this framework, we systematically investigate the pore-scale
control mechanisms, the dimensionless scaling laws of competing
forces, and the macroscopic parameter sensitivity. This model provides
an effective analytical tool and novel physical insights for mass transfer
evaluation in complex porous energy systems.

2. Theoretical basis and model construction

Natural and engineered porous media typically feature complex
structures where fluid flow is governed by the coupling of multiple
physical mechanisms. To develop a unified analytical model that sys-
tematically characterizes the effects of pore structure, gravity, and
apparent dynamic contact angles on spontaneous imbibition, certain
simplifications of the physical processes are required. Building on
established theoretical frameworks, the model is developed based on the
following assumptions:

(1) The porous medium is represented as a bundle of tortuous cap-
illaries with varying equivalent radii, where both the pore size
distribution and wall roughness follow fractal scaling laws.

(2) To facilitate an analytical solution, the porous medium is
assumed to be initially fully saturated with the non-wetting
phase. The displacement process is idealized as piston-like,
neglecting the influences of irreducible water and residual non-
wetting phases.

(3) Both the wetting (liquid) and non-wetting (gas) phases are
treated as incompressible Newtonian fluids, and the flow is
assumed to remain in the laminar regime.

(4) Intrinsic wettability and surface tension are assumed to be uni-
formly distributed throughout the internal structure of the porous
media.

(5) The spontaneous imbibition process is modeled as one-
dimensional axial flow along the capillaries, neglecting any
cross-flow between adjacent pores.
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(6) The model strictly assumes the Wenzel state, where the liquid
fully wets the rough pore wall and no stable trapped gas layer
exists inside the roughness elements. For real porous media with
Cassie-Baxter-type composite interfaces or extremely rough sur-
faces with air entrapment, additional corrections are required.

2.1. Fractal characterization of rough pore surfaces and dynamic contact
angle modeling

The capillary bundle model is a widely used physical representation
for describing fluid transport in microscale and nanoscale pores
(Fig. 1a). However, real pore walls generally exhibit significant rough-
ness features composed of protrusions and pits across multiple scales
[25,27]. Previous research has demonstrated that such surface rough-
ness is not randomly distributed but instead follows fractal scaling laws
[42,43]. Therefore, fractal geometry is employed in this study to achieve
a quantitative characterization of the surface (Fig. 1b). Assuming the
rough pore surface can be covered by an infinite number of squares of
varying sizes, the relationship between the covering number and the
scale satisfies the following fractal equation [44]:

N, = (A/D™" €))]

where N, is the total number of equivalent roughness elements; A is the
maximum length scale of the fractal scaling; [ is the side length of the
smallest equivalent square roughness element; Dy represents the fractal
dimension of wall roughness, which ranges between 2 <Dy, < 3. A higher
Dy, value indicates a more complex distribution of surface roughness. It
should be noted that the fractal scale ratio A/l is not a universal constant
but is closely related to the specific material properties and the geo-
metric dimensions of the system. The fractal scale span of surface
roughness for natural brittle rocks and porous media typically ranges
from 102 to 10% [45]. Consequently, a representative baseline of A/l =
100 is uniformly used for subsequent macroscopic simulations.
Assuming that the side length of the squares covering the surface is
sufficiently small, the local contact area with the pore wall can be
approximated as a smooth plane. Consequently, the actual internal
surface area Ay of the rough pore can be estimated by the product of the
total number of squares N, and the area of an individual element. By
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Fig. 1. Schematic of dynamic wetting mechanisms in porous media with rough surfaces. (a) Fractal tortuous capillary bundle model. (b) Equivalent micro-unit model
of wall roughness. (c) Apparent dynamic contact angle. (d) Static contact angle and the three-phase contact line. (e) Static contact angle on a rough surface. (f)
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combining this with Eq. (1), we obtain:
Ag = N,I> = PP AP (2)

According to Euclidean geometry, the fractal dimension of an abso-
lutely smooth pore wall degenerates to its topological dimension Dy = 2.
Furthermore, the equivalent smooth pore internal surface area (A;) can
be obtained:

A, =N 3)

The wall roughness factor r is defined as the ratio of the internal
surface area of a rough pore Ay to that of a smooth pore A;. Combining
Egs. (2) and (3) yields the expression for the roughness factor:

A >
()

The macroscopic contact angle 0z on an actual rough wall and the
intrinsic contact angle 65 are illustrated in Figs. 1(d) and (e). Under
static thermodynamic equilibrium, their relationship is governed by the
Wenzel equation[46]:

cos O = r cos O 5)

However, the actual spontaneous imbibition process involves rapid
movement of the gas-liquid interface, where the static thermodynamic
correction in Eq. (5) alone is insufficient to describe realistic wetting
dynamics. The moving three-phase contact line exhibits significant
nonlinear retardation, and the dynamic contact angle depends heavily
on the interface velocity (Fig. 1f). Based on the classical theory of non-
equilibrium Young’s force [31], the dynamic contact angle §; for a
smooth wall can be expressed as:

cos 03 = cos Os 7ﬂ§v 6)

where f is the dimensionless dynamic hysteresis coefficient character-
izing the viscous resistance of the moving contact line, whose value is
commonly determined by conducting a linear experimental fit of
macroscopic dynamic contact angle measurements against the capillary
number, or theoretically evaluated by extracting the contact line friction
through Molecular Dynamics simulations [47]; 4 and ¢ are the dynamic
viscosity and surface tension of the liquid, respectively. As the
non-wetting phase, gas exhibits a viscosity orders of magnitude lower
than that of the liquid. Thus, its viscous dissipation is neglected.

Variations in the dynamic contact angle originate from the coupling
of viscous dissipation, surface topography, and intermolecular forces.
Conventional models typically describe wetting dynamics solely based
on interface velocity, which fails to account for the modulation of local
shear stress and contact line resistance by wall roughness. To address
this limitation, the apparent dynamic contact angle used in this study
should be interpreted as a macroscopic-equivalent wetting parameter
for rough, fully wetted pore walls [48]. Specifically, the Wenzel term
represents the static thermodynamic modification of the apparent con-
tact angle caused by the increased solid-liquid interfacial area, whereas
the velocity-dependent term represents the kinetic resistance associated
with the moving three-phase contact line [47,49]. Therefore, the pro-
posed relation effectively combines the roughness-induced equilibrium
wettability shift and the dynamic deviation caused by contact-line mo-
tion. Substituting the thermodynamic correction from Eq. (5) into Eq.
(6) yields the predictive model for the apparent dynamic contact angle
6, that couples these dual effects:

cos @, =r cos Hs—ﬂgv 7

2.2. Flow model in a single rough capillary under gravity

The single-capillary model is a classic idealized representation for
investigating flow processes in micro- and nanoscale pores of porous
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media (Fig. 2(c)). Fluid motion satisfies the conservation of momentum,
which is generally described by the Navier-Stokes equations. For an
incompressible Newtonian fluid, the momentum equation is expressed
as:

av
p(EJr <V~Vv)> = — VP, +uV?v+pg (8)

where p is the fluid density; v is the velocity vector; t is time; Py is the
displacement pressure; y is the dynamic viscosity; and g is the gravita-
tional acceleration.

For flow in micro- and nanoscale capillaries at low Reynolds
numbers (Rexl1), inertial forces are negligible. Assuming a fully
developed steady laminar flow, Eq. (8) simplifies directly to the classical
Poiseuille equation:

. R2AP
T 8ux

)]

where, R is the capillary radius; AP is the total pressure drop within the
tube; and x denotes the advancement distance of the gas-liquid interface.
As illustrated in Fig. 2(c), the total driving pressure during spontaneous
imbibition in a realistic rough capillary is composed of the fractal
capillary pressure, the external displacement pressure, and gravity. The
governing equation for spontaneous imbibition is derived by incorpo-
rating Eq. (7) into the force balance. This equation accounts for multiple
nonlinear coupling mechanisms and is expressed as:

Tt 2u(4x+ fR)

dx R? 20 cos b, (1
A

2-D;
R 7> + AP — pgx sin a) (10)

where AP, is the external displacement pressure; and a denotes the
inclination angle of the capillary. By defining the effective imbibition
height as h, the relationship between the advancement distance x and
the effective height is expressed as h = x- sin a. In particular, when the
inclination angle is 90°, the imbibition height is identical to the
advancement distance. Furthermore, the imbibition rate within a single
capillary can be expressed as:

7R* 26 cos O, [1\*Dr .
Su{x + R ( R <7‘> + APy — pgx sin a 11

q= 7TR2~V =

To simplify the governing equation for analytical derivation, four
composite parameters (A, B, C, and D) with distinct physical meanings
are introduced: A characterizes the intrinsic viscous resistance; B de-
notes the additional resistance induced by the dynamic contact angle; C
represents the total driving force; and D accounts for the gravitational
resistance. Their explicit expressions are detailed in Eq. (12). This
simplification effectively depicts the dynamic evolution of the fluid as it
overcomes multiple resistances to reach mechanical equilibrium.

8u

A= R

B2
R 12)
26 cos O, (1\>Dr

=225 (0 AP,
C R (A) + APy
D =pgsina

Substituting Eq. (12) into Eq. (10) simplifies the governing equation
for SI as follows:
. dx C-—Dx

T dt Ax+B

13)

When v = 0, the equilibrium imbibition distance x,., for a single
capillary is determined from Eq. (13):
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Fig. 2. Schematic of gas-liquid two-phase imbibition in porous media. (a) Real porous medium. (b) Equivalent tortuous fractal capillary bundle model. (c) Imbibition

in a single rough tortuous capillary.
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Integrating Eq. (13) with the initial condition (x =0, att = 0) yields
the implicit solution for the temporal evolution of the imbibition
distance:

A BD + AC ( D )

————1In

t= —= 1-2
x c*

D D? (1)

The incorporation of complex force mechanisms renders the gov-
erning equation (Eq. 13) highly nonlinear. Consequently, as shown in
Eq. (15), due to the coexistence of linear and logarithmic terms, inte-
grating this equation only yields an implicit relationship (¢t = f(x)). It is
worth noting that a similar implicit analytical relationship expressing
time as a function of capillary height, incorporating the gravitational
effect, was previously derived and experimentally verified in sandstone
by Tsunazawa et al.[50]. However, this implicit relationship is often
inadequate, because extracting displacement requires expensive itera-
tive calculations at each time step. This solution approach poses a major
challenge for macroscopic engineering simulations. To ensure high
computational efficiency, an explicit mathematical expression (x = f(t))
is essential. Therefore, to balance numerical stability and computational
cost, a hierarchical solution framework comprising three strategies is
established:

2.2.1. Lambert W function analytical method

By employing variable substitution, the original governing equation
is recast into the standard form of the Lambert W function, W(z)e"® =
z. Building upon this, the explicit analytical solution for the highly
nonlinear differential equation is derived, as shown in Eq. (16).

C+§W< 7‘%exp< — —‘DZ;AC>)
= (16)

(0 -

where K = AC + BD. This analytical expression provides explicit
analytical solution in continuous space through a remarkably concise
algebraic form, effectively eliminating the step-size constraints associ-
ated with explicit schemes and the risk of divergence inherent in implicit
numerical methods.

2.2.2. Numerical iteration of implicit equations
Based on the implicit solution obtained from exact integration, a
time residual function F(x) is further constructed:

AC+BD C A
F(x)=t— {T ln(C—Dx> 7Bx] =0 a7

Subsequently, the bisection method is employed for root-finding
within the valid physical interval [0, C/D) (C/D denotes the theoret-
ical maximum equilibrium distance). Although this implicit scheme is
unconditionally stable, its computational efficiency is constrained by
tolerance criteria and inevitably introduces numerical iteration errors.

2.2.3. Explicit Euler numerical integration

Based on the theory of time discretization, the explicit Euler scheme
is utilized to discretize the differential equation directly into a recursive
approximate solution:

Xni1 = Xp + At~% 18)

This approach avoids internal iteration processes and enables
extremely rapid single-step computation. However, it relies heavily on
infinitesimal time steps At to maintain numerical stability, which makes
it prone to the accumulation of truncation errors or even numerical
divergence.

In summary, these three categories of methods form a comprehen-
sive solution framework across the dimensions of theoretical accuracy,
numerical stability, and computational efficiency, providing diverse
options for analyzing imbibition processes in various application sce-
narios. Specifically, the Lambert W analytical solution provides a
rigorous theoretical benchmark, implicit iteration ensures numerical
reliability, and the explicit Euler scheme offers a minimalist step-wise
prediction. Detailed comparisons of algorithm performance are pre-
sented in Section 3.1.

2.3. Fractal capillary bundle model for spontaneous imbibition in porous
media

Fig. 2(a) illustrates the displacement of a non-wetting phase (gas) by
a wetting phase (water) in saturated porous media through spontaneous
imbibition. To upscale microscopic single-capillary dynamics to a
macroscopic system, the porous medium is represented as an equivalent
bundle of rough tortuous capillaries (Fig. 2(b)). Previous studies have
demonstrated that the relationship between the pore size and the cu-
mulative number of pores in porous media follows the fractal scaling law
[51]:

N(f >R) = (RmaX/R)Df (19)

where N(¢ > R) is the number of pores with a size greater than R; Ryax is
the maximum pore radius; Dy is the fractal dimension for pore distri-
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bution. The fractal dimension is calculated as follows [51]:

In ¢

Df - d B ln(Rmin /Rmax)

(20)

where d is the Euclidean topological dimension (d = 2 and d = 3 for two-
and three-dimensional spaces, respectively); ¢ the effective porosity of
the porous medium; Ry, is the minimum pore radius.

Based on fractal theory, when the pore size on the cross-section of the
porous medium falls within the differential interval [R, R + dR], the
differential distribution function for the number of equivalent capillaries
is expressed as [16]:

AN — (<2DJC))¢€C§R(D/“)(1R (21)
4(1 — ¢ )Rmax’

where D¢ is the characteristic cross-sectional diameter or equivalent side
length of the macroscopic representative elementary volume.

However, actual flow paths within real porous media are rarely
straight because tortuosity effects are widespread. The tortuosity 7 is
defined as the ratio of the actual flow path length L, to the macroscopic
length L of the porous medium. To characterize this macroscopic geo-
metric feature, Wang et al. [52] proposed an analytical model for the
average tortuosity.

2-D,
_(1-e)ra

= 2D, 20
max Rmin

(22)

Accounting for the influence of tortuosity, Li et al. refined Eq. (21) to
derive the differential distribution function for the number of capillaries
coupled with tortuosity [53]:

_dN— DA (2 - Df)¢ R~ dr 23)

4TR[2n;i)f 1 <Rm_m) >0

‘max

Based on the aforementioned single-capillary fluid dynamics and
fractal characteristics of porous media, the total imbibition rate of the
macroscopic porous medium is determined by continuous integration of
the microscopic single-capillary rate over the global pore size interval
[Runin> Rmax]:

max D2 2-D max
Q) = - / gdN=-——"2> ( f);’iD / aR2y-R (1) dR
R 4tRumax’ | _ (;eL) 7 J R
R

(24)

Similarly, the instantaneous imbibition volume of a single micro-
scopic capillary is defined as m = zR?x. The analytical expression for the
macroscopic cumulative total imbibition volume is obtained through
integration over the full pore size interval.

‘Rmax
M(t) = — / mdN
Rmin

_ D& (2-Dy¢ / "R R () R 25
R,

- 2-Df 2-Df
47Rmax 1-— (Rmm> ‘min

Rmax

Based on Eq. (25), the macroscopic instantaneous wetting phase
saturation of the porous medium is further calculated.

(26)

where V,, is the total effective pore volume of the macroscopic porous
medium. At this point, the theoretical upgrade from microscopic pore
interface dynamics to macroscopic porous media network imbibition
characteristics is complete.
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To implement the dynamic simulation of the aforementioned mul-
tiscale fractal model, a customized numerical solver was developed
using the MATLAB platform. The core logic of the algorithm is described
below. First, the fluid physical properties and the fractal geometric pa-
rameters of the porous medium are initialized. Subsequently, the solver
system is called at the microscopic scale to calculate the transient
imbibition dynamics of the single-capillary interface, during which
analytical or numerical methods are adaptively selected based on actual
working conditions. Finally, discretized numerical integration is per-
formed over the global pore size interval using Eqs. (25) and (26) to
output the dynamic evolution of the total macroscopic imbibition flow
rate and cumulative volume. The complete computational architecture
and logic flow are shown in Fig. 3.

3. Model validation
3.1. Verification of the explicit analytical solution

A benchmark simulation is conducted using a vertical capillary with
a radius of 100 pym to systematically evaluate the accuracy and stability
of the three aforementioned solution strategies (Lambert W analytical
solution, implicit iteration, and explicit Euler method). To facilitate the
clear capture of transient percolation characteristics in micropores, the
high-viscosity model fluid shown in Table 1 was uniformly used for
single-tube mechanism analysis. Furthermore, capillary-driven imbibi-
tion theoretically requires an infinite duration to reach complete equi-
librium, and the imbibition rate significantly approaches zero during the
later stages of the actual physical process. Consequently, 95% of the
theoretical equilibrium distance is defined as the effective equilibrium
point (as shown in Fig. 4a).

Fig. 4 illustrates the dynamic evolution of spontaneous capillary
imbibition under various solution schemes. The results show that the
Lambert W explicit analytical solution and the implicit bisection itera-
tive solution overlap almost perfectly across the entire time domain.
This consistency cross-validates the accuracy of the proposed physical
model and the explicit analytical solution. In contrast, the computa-
tional precision of the explicit Euler integration is highly dependent on
the time step At. As depicted in the local magnifications of Figs. 4(b) and
4(d), the truncation error of the Euler scheme leads to a significant
overestimation of the interface advancement distance when a large time
step is employed. The numerical solution gradually converges to the
theoretical benchmark only when At is reduced to 0.001 s. In summary,
traditional explicit numerical schemes are plagued by substantial trun-
cation errors and inherent instabilities when resolving the high-speed
nonlinear dynamics of early-stage imbibition. In contrast, the Lambert
W analytical solution achieves high precision while maintaining an
explicit form, effectively avoiding the iterative burden in computation.
Consequently, the Lambert W analytical solution is adopted for all
following large-scale parameter sweeps and cross-scale simulations.

3.2. Validation at the microscopic scale

To verify the validity of the new model, we compared its results with
three classical models (Fig. 5). Except for the parameters explicitly noted
in the figure, all other settings are identical to those in Section 3.1.
Among them, the Washburn model [13] neglects gravitational effects,
leading to an unphysical and unbounded increase in the predicted
imbibition distance over time. By incorporating gravity, the model by
Cai et al. [16] successfully predicts an equilibrium imbibition limit of
0.0734 m. Furthermore, compared to Cai et al., the model by Wang et al.
[32] shares the identical equilibrium limit but accounts for the dynamic
contact angle. This creates additional viscous resistance early on,
extending the time to reach 95% equilibrium from 1245 s to 1847.4 s.
Finally, comparing the proposed model with that of Wang et al. reveals
that surface roughness fundamentally alters both the thermodynamic
and kinetic behaviors of the system. The attenuated capillary driving
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Computational Framework for Unified Imbibition Modeling: From Micro-scale Mechanisms
to Macro-scale Saturation Evolution
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Fig. 3. Numerical solution logic and core computational framework for the multiscale unified imbibition model.

Table 1
Input parameters for the microscopic simulation of imbibition dynamics in a
single capillary.

Parameter Symbol Value Unit
Liquid viscosity H" 0.1 Pa-s
Liquid density p 1000 kg/m?®
Surface tension 4 0.072 N/m
Static contact angle Os 60 °
Dynamic contact angle coefficient B 1 —
Maximum length scale for fractal scaling A 1x107* m
Edge length of equivalent roughness element 1 1x10°° m
Surface roughness fractal dimension Dy 2.5 —
Capillary inclination angle a 90 °

force drastically reduces the final equilibrium distance to 0.0232 m. It is
shown that ignoring the dynamic contact angle leads to an over-
estimated initial imbibition rate, while neglecting surface roughness
results in an exaggerated final imbibition capacity. Ultimately, the new
model resolves prior shortcomings, offering a more rigorous and phys-
ically consistent framework for spontaneous imbibition.

3.3. Validation at the macroscopic scale

To verify the applicability of the proposed model, predicted results
are compared with experimental data for two real porous materials. The
simulation parameters, including geometric and fluid properties, are
provided in Table 2. The proposed fractal model predictions are
compared with experimental data [54,55] in Fig. 6. The model pre-
dictions match closely with experimental data across different scales,
from mesoporous silica with nanoscale pores (Fig. 6a) to Bentheim
sandstone with micron-scale pores (Fig. 6b). Nearly all data points lie

within a +£5% deviation band.

Furthermore, the coefficient of determination (R?) and root-mean-
square error (RMSE) were employed for statistical evaluation. R?
= 0.9994 (RMSE = 0.0004 g) for Huber et al., and R? = 0.9966 (RMSE =
0.0427 g) for Olafuyi et al. Overall, the model predictions consistently
follow the experimental trends across distinct pore structures with
minimal absolute errors. These statistical metrics demonstrate the high
accuracy and reliability of the proposed model in capturing the imbi-
bition dynamics of porous media.

4. Results and discussion
4.1. Computational performance and numerical stability

Although Section 3.1 has qualitatively demonstrated the accuracy
advantages of the Lambert W analytical solution, a rigorous quantitative
evaluation of the algorithmic characteristics of the three proposed
methods is further required. Specifically, evaluating their computational
cost, numerical stability boundaries, and convergence behavior provides
comprehensive justification for selecting the Lambert W method for
subsequent macroscopic upscaling, ultimately balancing accuracy and
iterative efficiency. This section uses the Lambert W analytical solution
[56] as a benchmark to systematically evaluate the numerical perfor-
mance of the implicit iterative method and the explicit Euler method
(Fig. 7). Specifically, Figs. 7(a) and 7(b) demonstrate the superior sta-
bility of the implicit algorithm. Throughout the simulation, the global
residual of the implicit solution decays steadily from 1073 to 10716,
effectively eliminating the risk of numerical divergence caused by error
accumulation. Furthermore, although the enhanced nonlinearity in the
late imbibition stage leads to a slight increase in iterations per step
(stabilizing at 40-50), the convergence flag remains consistently at 1
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Fig. 4. Evolution of imbibition distance over time in a single vertical capillary using three different solution methods. (a) Overall evolution process; (b) Close-up of
the initial rapid phase (0 s <t < 1000 s); (c) Intermediate equilibrium phase (1000 s < t < 3872.59 s); (d) Final equilibrium phase (t > 3872.59 s).

over the entire time domain. This demonstrates the robust stability of
the algorithm in handling strongly nonlinear capillary flows.

In terms of computational accuracy, the explicit Euler method is
highly sensitive to the choice of time step At. As illustrated in Fig. 7(d),
the truncation error of the Euler solution is significantly reduced only
when At is decreased from 0.1 s to 0.001 s. Meanwhile, as the capillary
driving force gradually diminishes, the errors across all time steps
converge as the imbibition progresses. Fig. 7(e) presents the error vs.
time step relationship on a log-log scale. The results show that the
reduction slopes for both maximum and average errors consistently
follow the theoretical benchmark, verifying the first-order convergence
characteristics of the explicit scheme.

Beyond accuracy, computational cost is a crucial metric for evalu-
ating algorithmic utility. Fig. 7(c) compares the total computational
time required by different solving strategies. The results indicate that
while the explicit Euler method is conceptually straightforward,
achieving acceptable accuracy (At = 0.001 s) results in a total time of
0.277 s. This duration is more than 90 times that of the implicit solver
(0.003 s) at the same precision level. Although the Lambert W analytical
solution involves a slightly higher computational cost (0.010 s) due to

transcendental function evaluations, it provides explicit analytical so-
lution in a concise algebraic form. This approach effectively eliminates
the truncation errors and step size sensitivity inherent in discrete nu-
merical schemes. Consequently, the Lambert W solution is consistently
adopted for all subsequent mechanism analyses and macroscopic
upscaling.

4.2. Control mechanisms of the apparent dynamic contact angle at the
pore scale

In contrast to conventional models assuming a constant contact
angle, actual dynamic wetting results from the intense coupling of
diverse physical processes. This section systematically examines how
three core factors independently affect the dynamic contact angle: the
scale effect of pore size, the static inhibition mechanism from surface
roughness, and the nonlinear drag effect caused by dynamic imbibition
velocity.

4.2.1. Scale effects of pore size
To more clearly capture and visualize the transient evolution of the
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Table 2
Geometric parameters of porous media and fluid physical properties used in the
model validation.

Parameter Symbol  Unit Fig. 6 (a): Fig. 6 (b):
Mesoporous Berea
silica sandstone

Fluid properties

Fluid viscosity U Pas  0.95x 1073 1x1073

Fluid density p kg/ 1000 1000

m3

Interfacial tension c N/m 0.07225 0.0727

Static contact angle 05 ° 0 0

Geometric parameters

Dynamic contact angle s — 1000 100

coefficient

Effective length L cm 2.56 2.56

Effective diameter D¢ cm 0.465 2.5

Porosity @ — 0.30 0.23

Inclination angle a ° 90 90

Fractal structure

Pore size fractal Dy — 1.83 1.93

dimension

Surface roughness Dy — 2.66 2.19

fractal dimension

Tortuosity T — 217 2.73

Minimum pore radius Ruin pm 0.0001 0.1

Maximum pore radius Rimax pm 0.0254 25

Edge length of 1 m 1x10°° 1x10°°

equivalent roughness
element

Maximum length scale A m 1x107* 1x107*

for fractal scaling

Numerical settings

Total simulation time tend s 5000 50

Number of time steps ne — 2000 2000

Number of pore radius ng — 5000 3000

discretizations

dynamic contact angle within micropores, the fluid viscosity is appro-
priately increased to 1 Pa-s in the simulations. Fig. 8(a) illustrates the
temporal evolution of the imbibition velocity under various micro-pore
sizes where R ranges from 100 nm to 1000 um. The results indicate that
the transient advancement of the fluid is governed by the competition
between viscous resistance and gravity. Pore size exerts a significant
controlling effect on the imbibition velocity, exhibiting a distinct
nonlinear scale effect. For micropores (R < 1 pm), the flow is primarily
dominated by viscous friction, which is consistent with the classical
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Washburn regime [13,57]. Consequently, the velocity undergoes a sharp
decay during the initial stage before transitioning into a slow and steady
advancement. As pore size increases, the hydraulic conductivity is
significantly enhanced. For large pores such as R = 1000 pm, the fluid
exhibits relatively high initial mobility. However, the weak capillary
driving force causes the liquid column to reach equilibrium with gravity
within approximately 200 s. Simultaneously, the flow velocity drops
sharply and quickly returns to zero.

Fig. 8(b) reveals the dynamic evolution of the apparent dynamic
contact angle during imbibition and its sensitivity to pore size. Although
all cases converge to the prescribed static intrinsic value of 60° at the
end of imbibition, their transient evolution exhibits significant non-
monotonic characteristics. Specifically, nanoscale micropores severely
restrict the flow velocity due to immense viscous drag, resulting in a
marginal dynamic increase in the contact angle. According to classical
dynamic wetting theories [31,58], a high flow velocity significantly
increases the dynamic contact angle. Our millimeter scale simulations
clearly show this effect, as a very high initial velocity causes the contact
angle to rise sharply. However, this angle quickly decreases as the fluid
reaches equilibrium with gravity. In contrast, intermediate pores reside
in a physical balance zone between viscous and gravitational forces.
These pores can maintain a high flow velocity for a prolonged duration,
thereby exhibiting the most pronounced dynamic contact angle varia-
tion. These findings demonstrate that actual dynamic wettability does
not vary monotonically with pore size. To prevent severe mis-
interpretations of multiscale imbibition dynamics caused by assuming a
constant static contact angle, numerical simulations must incorporate
dynamic corrections based on the local velocity field [59].

4.2.2. Static inhibition mechanism induced by surface roughness

This section deeply investigates the evolution of imbibition dynamics
under the coupled influence of capillary radius R and wall roughness
fractal dimension Dy (Fig. 9). Figs. 9(a) and 9(b) clearly demonstrate the
significant attenuating effect of roughness on imbibition performance.
As Dy increases from 2.0 (smooth) to 2.8 (highly rough), the 95%
equilibrium imbibition distance (denoted as xosy) exhibits a sharp
monotonic decreasing trend. This phenomenon indicates that the pres-
ence of roughness induces a prominent static inhibition mechanism.
Specifically, the contact line pinning effect caused by rough microele-
ments increases the effective apparent contact angle [60]. This increase
substantially reduces the capillary driving pressure difference and
lowers the theoretical imbibition equilibrium point. Furthermore, Fig. 9
(c) clearly delineates a capillary inhibition zone based on the fractal
scaling law. Under high roughness conditions (such as D; = 2.8), the
imbibition velocity rapidly drops to zero at a relatively low imbibition
distance. This observation confirms that once the roughness exceeds a
specific threshold, the mass transfer capacity of the micropores becomes
severely impaired. This finding aligns with the theories of Shen et al.
[26] and Yang et al. [28] regarding flow resistance in rough networks,
even though they employed different methods to characterize wall
roughness. Consequently, these pores transform into ineffective flow
channels.

The contour plots in Figs. 9(d) to 9(f) further reveal the coupled
effects of R and Dg.. Fig. 9(d) illustrates a diagonal distribution for the
Xos0, indicating that the region with small pore size and high roughness
experiences the most severe imbibition inhibition. This scale sensitivity
stems from the superposition of three physical mechanisms. First, rough
microelements occupy a larger relative geometric proportion in micro-
pores. Second, the capillary driving force is more easily weakened by
rough structures in smaller pores. Third, the inherently high viscous
resistance in small pores further amplifies the additional drag induced
by roughness. This extreme sensitivity of viscous dissipation to surface
asperities under tight confinement has been rigorously confirmed by
recent hydrodynamic investigations [61,62]. Fig. 9(e) shows that under
a constant pore size, both the equilibrium time and distance decrease as
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the wall roughness increases. Fig. 9(f) indicates that the flow velocity
peaks in regions characterized by large pores and low roughness.
Conversely, high roughness drastically reduces the velocity and forces it
to approach zero in small pores. In summary, wall roughness directly
impairs the capillary driving force and severely retards the initial
imbibition acceleration. This inhibitory effect becomes particularly
pronounced in small pores and ultimately degrades the fluid transport
capacity of micropores.

10

4.2.3. Nonlinear retardation mechanism of the dynamic contact angle
Recent fractal models [63,64] have shown that neglecting dynamic
wettability leads to a severe overestimation of imbibition rates. How-
ever, the underlying micro-scale mechanisms remain unclear. Therefore,
this section examines the coupled influence of the dynamic contact angle
coefficient § and capillary radius R on imbibition dynamics (Fig. 10).
Figs. 10(a) and 10(b) demonstrate that § functions purely as a kinetic
dissipation term. According to fundamental wetting dynamics [31], this
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effect purely represents energy dissipation at the moving contact line.
Thus, it does not alter the thermodynamic equilibrium point, ensuring
the final imbibition distance remains strictly constant. However, the
transient evolutionary path towards equilibrium is highly sensitive to f.
When f exceeds a critical threshold, the required imbibition time grows
exponentially, accompanied by pronounced velocity retardation. Fig. 10
(c) identifies the root cause of this retardation effect. The apparent

11

contact angle remains insensitive to § at low velocities. Conversely, at
high flow velocities such as v = 0.1 m/s, the angle surges nonlinearly
with increasing g, rapidly surpassing 90° and reaching up to 140°.

The contour plots in Figs. 10(d) to 10(f) further elucidate the
interaction mechanism between pore size and . The results indicate that
the retardation effect of the dynamic contact angle is significantly more
pronounced in large pores. In nanoscale micropores, inherently high



H. Yue et al.

(a)

International Journal of Heat and Mass Transfer 269 (2026) 129153

10" 102 80
I 95% equilibrium time
= B
\E— g £ 600 -
i E
3" >y
S Z E
g g =
3 € E 400f 0023 0.023
c > -
2 c 2
3 N {107 8 35
g10°f - -
— 0. g o 200
£ - -p=1 \, {10° € 5‘; 200
— - B=10 \‘ )
=—p! - - B=100 410°
B=1000 B=1000 \‘
10+ L L \ 100 0
1 10 100 1000
Imbibition time, t (s)
10°
107!
B
10? &
10

10 10° 10?2

Capillary radius, R (m)

102
Capillary radius, R (m)

(c)
0.05 160
I 95% equilibrium height ~
= &
644820 | = < a0 f +—v=0.001 m/s /
b 9 ——v=0.01 m/s J
< O
v & =—v=0.1 m/s ’
120 |
e 3 ’
10035 & 4
2% /
0.023 0.023 0.023 S 3 100f
E o
022 E
2 2
= 80 [
23
v & ——
]
L g 60 = s
@ Q
Q
<
00 40 1 . .
0.1 1 10 100 1000
B

o
3 —h
o~

} 10°
102 107
104 10 -

107 10"

102
Capillary radius, R (m)

107

Fig. 10. Comprehensive analysis of the combined effects of the dynamic contact angle coefficient 4 and capillary radius R on imbibition performance. (a) Temporal
evolution of imbibition distance and velocity under different values of 4. (b) Variations of the 95% equilibrium time tgse, and equilibrium imbibition distance Xgso,
with . (c) Variations of the apparent dynamic contact angle with $ under different imbibition velocities. (d) to (f) Contour plots illustrating the influence of R and
on (d) xgs%, (€) tosw, and (f) Vay. (Fixed simulation parameters are 4 = 1 Pa-s, 5, = 60°, and Ds = 2. Other fluid properties and geometric parameters are detailed

in Table 1.).

viscous drag naturally restricts flow velocity and prevents the activation
of the dynamic contact angle effect. Conversely, the extremely high
initial velocity potential in large pores instantaneously triggers a dra-
matic surge in the dynamic contact angle. Furthermore, although large
channels possess tremendous permeability potential, a marginal in-
crease in 4 induces a substantial velocity decay. Consequently,
neglecting dynamic wettability corrections for large channels in multi-
phase flow simulations of macroscopic porous media will result in a
severe overestimation of early imbibition mass transfer efficiency.

4.3. Competitive mechanisms between gravity and capillary forces

While existing models incorporate inclination angles to account for
gravity [17], their quantitative effects at the microscopic pore scale
remain unexplored. To address this gap, Fig. 11 illustrates the influence
of inclination angle a on spontaneous imbibition across various pore
scales. During upward imbibition, the gravitational component serves as
the primary resistance and exhibits a pronounced scale dependence.
Fig. 11(a) shows that for large pores where R = 100 pm, the imbibition
curves are highly sensitive to the a. Both the imbibition distance and
velocity drop sharply as the angle increases. Conversely, Figs. 11(b) and
11(c) demonstrate that curves for different a tend to converge as the
pore size decreases. The curves stay close together because the strong
capillary force is much larger at the start and hides the effect of gravity
[65]. Small differences only appear later when the liquid column is high
enough to balance the capillary pressure. Eq. (14) indicates that the
equilibrium distance is inversely proportional to the sine of the a. During
the initial stage, gravitational resistance remains negligible. Since the
dynamics are primarily governed by capillary pressure, the initial ve-
locities remain nearly identical regardless of the angle. However, grav-
itational resistance accumulates rapidly as the liquid column grows
within the capillary. Larger a lead to a faster increase in resistance,
which results in more drastic velocity decay. Finally, when the velocity

12

reaches zero, the constant capillary driving force is perfectly balanced
by the hydrostatic head generated by gravity.

4.4. Dimensionless scaling and mechanical similarity of a single capillary

To reveal the competition and dominance mechanisms of coupled
physical mechanisms during different imbibition stages, the single
capillary governing equation (Eq. 10) is transformed into a dimension-
less form. The full derivation is provided in the Appendix. The pore
radius R is selected as the characteristic length while t. = 4uR/(o cos 6;)
is used as the characteristic time. The resulting dimensionless velocity
equation is governed by three core dimensionless parameters as follows.

@7 r — Box*
-~ x* +p/4

*

V= (26)

where x* =x/R is the dimensionless imbibition displacement. The

Ar l

2-Dy,
termr = %8 = (Z) is the wall roughness factor. The parameter f is

s

the dynamic contact angle coefficient. The Bond number Bo =
pgR? /26 cos 6, is the ratio of gravity to capillary forces.

Fig. 12 illustrates the analysis of dimensionless imbibition dynamics
and mechanical mechanisms. The entire imbibition process is not gov-
erned by a single force across time scales. The first phase is the early
capillary dominant stage, which is primarily controlled by the roughness
fractal dimension Dy because the liquid column remains extremely short
while viscous and gravitational resistance are negligible. As schemati-
cally illustrated in Figs. 12(a) and 12(d), the upward capillary driving
force (red arrow) dominates this early stage. Meanwhile, the downward
viscous and gravitational resistances (blue and black arrows) are mini-
mal. When Dy, increases, the wall pinning effect directly weakens the
effective capillary force. This reduction is visually represented by the
shrinking red arrows in Fig. 12(d). As a result, both the dimensionless
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Fig. 11. Influence of inclination angle a on spontaneous imbibition at different pore scales. (a) R = 100 pm ; (b) R = 10 pm ; (c) R = 1 pm. (In each plot, the left and
right sides show imbibition distance and velocity, respectively. Fixed simulation parameters are y = 1 Pa-s, §; = 60°, # = 1000 and Ds = 2.5. Other fluid properties

and geometric parameters are detailed in Table 1.).

imbibition distance and initial velocity are significantly suppressed.

The second phase is the middle viscous dominant stage, where fluid
viscous dissipation grows linearly to compete with the capillary force as
the interface advances. Figs. 12(b) and 12(e) indicate that the dynamics
shift to be dominated by . As physically illustrated in Fig. 12(e), the
downward viscous resistance (blue arrow) grows significantly to
compete with the capillary force. A larger § drastically amplifies this
transient viscous resistance at the interface. This amplification is visu-
ally depicted by the lengthening blue arrows, which ultimately inhibit
the advancement rate.

Finally, the process enters the late gravity viscous coupled stage as
the hydrostatic head continues to accumulate while the liquid column
progresses further into the capillary. Figs. 12(c) and 12(f) reveal the
decisive role of the Bond number Bo on the ultimate state of imbibition.
As depicted in Fig. 12(f), the downward gravitational resistance (black
arrow) accumulates progressively with the rising liquid column. A larger
Bo indicates that gravity dominates the system much earlier. This early
dominance is represented by the rapidly lengthening black arrows.
Consequently, the net driving force is depleted prematurely, forcing the
system to reach equilibrium at a lower height.

Fig. 13 presents the evolution of dimensionless imbibition charac-
teristics (£gs0;, X950 Vave) Within the parameter space of the roughness

fractal dimension Dy, apparent dynamic contact angle f, and Bond
number Bo. As shown in Fig. 13(a), the dynamic response of the system
exhibits strong nonlinearity and parameter heterogeneity. The extreme
values of these characteristics do not transition smoothly but are strictly
confined to specific corners of the parameter space. For example, the
maximum equilibrium distance occurs in the region with low Bo, low
Dy, and low . The longest equilibrium time is found in the region with
low Bo, high Dj, high f. Notably, the maximum average velocity is
concentrated in the area with high Bo, low Dy, and low . This phe-
nomenon occurs because a large Bo forces the fluid to stop after an
extremely short climbing distance. The almost instantaneous completion
of the process inevitably leads to the highest calculated average velocity.

Figs. 13(b) and 13(c) present the evolution of dimensionless imbi-
bition characteristics within a two dimensional parameter space. For
Xjs0,» the contour lines exhibit strict vertical stratification under both
capillary dominant (Bo = 0.01) and gravity dominant (Bo = 100)
conditions. This pattern indicates that x;s,, depends primarily on Dy and
is entirely independent of j. Specifically, a lower Dy, is favorable for
achieving a higher equilibrium imbibition distance. Conversely, the
equilibrium time tg,, is primarily controlled by # and shows a mono-
tonic upward trend as it increases. However, the average velocity v

"
avg

13
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schematic diagrams of force balance in (d), (e), and (f) reveal the dominant mechanisms across different imbibition stages under the corresponding parameters.

exhibits a dual dependence and reaches its peak only when both Dy and
p are at their minimums. By comparison, under the gravity dominant
mechanism where Bo = 100, the high velocity region of vg,, is signifi-
cantly suppressed and restricted to a much narrower range of low Dy
and low . These results reveal that the gravitational effect substantially
weakens the flow velocity, allowing high speed flow to be maintained
only under extreme conditions with the smoothest walls and the most
stable contact angles.

4.5. Fractal imbibition dynamics in macroscopic porous media

This section expands the research perspective from a single capillary
to a macroscopic porous medium. Based on the established fractal
model, we systematically evaluate the sensitivity of macroscopic imbi-
bition dynamics to microscopic parameters under the influence of
multiple competing forces.

4.5.1. Effect of the apparent dynamic contact angle on imbibition

Fig. 14 illustrates the synergistic effects of the $ and Ds on macro-
scopic spontaneous imbibition characteristics. Figs. 14(a) and 14(d)
reflect the threshold effect and time lag caused by the dynamic contact
angle. The imbibition process remains in a dynamically insensitive re-
gion with a constant tgse, when < 10. Once > 10, the system enters a
dynamically sensitive region where toso,increases exponentially. This
mechanism is further confirmed by a significant rightward shift of the
saturation curves in Fig. 14(a). A high value such as f = 1000 sub-
stantially weakens the effective capillary driving force and thus causes a
severe time lag.

14

Furthermore, Figs. 14(a) and 14(b) indicate that the suppression
effect of 8 is primarily concentrated in the early stage of imbibition. As
the flow velocity naturally decays, the dynamic effect gradually
weakens, causing the rate and saturation curves under different g values
to converge in the late stage. Notably, unlike the mechanism of §, Dy
directly suppresses the effective wettability of the system. As illustrated
in Fig. 14(c), the final imbibition volume decreases monotonically and
nonlinearly as Dy, increases from 2.0 to 3.0. A higher Dy implies a more
complex microscopic structure of the pore walls, which not only in-
creases the viscous friction resistance of the flow but also significantly
reduces the effective capillary driving force.

4.5.2. Effect of pore structure parameters on imbibition

To investigate the regulatory mechanisms of pore structure on
imbibition behavior, five representative cases are established as illus-
trated in Fig. 15 and Table 3. These cases span a broad range of physical
properties, ranging from high permeability in Case 1 (K = 2535.600 mD)
to ultralow permeability in Case 5 (K = 0.2 mD). The maximum pore
radius gradually decreases from 30 um to 2 um as the tortuosity and
fractal dimension increase significantly. The pore size distribution fre-
quency function of the porous media is expressed as follows [51].

F(R) = DR R (1) @7)

The permeability of the porous media is determined using the
following expression [52].
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the three-dimensional parameter space of the roughness fractal dimension Dy, apparent dynamic contact angle 4, and Bond number Bo. (b) Influence of Dy, and $f on
imbibition performance under the capillary-dominated condition where Bo = 0.01. (c) Influence of Dy and  on imbibition performance under the gravity-dominated
condition where Bo = 100. Note: To prevent data occlusion in the 3D scatter plots, the opacity of the data points is linearly mapped to their normalized values. Lower
values are rendered semi-transparent to reveal the internal distribution of higher-value points.

(2-D)¢ __1_pun[™ (28)

8¢ (1 - ¢>R,2n;§’f 4-Dy

K=

Rmin

Fig. 15(a) illustrates distinct multiscale power law characteristics in
the pore size distributions across the five cases, which directly de-
termines their fluid transport capacities. As shown in Fig. 15(b), high
permeability media such as Case 1 reach equilibrium within 100 s due to
wide pore throats and low tortuosity. Conversely, ultralow permeability
media like Case 5 are limited by nanometer scale throats and highly
tortuous paths, extending the equilibrium time beyond 10° seconds. The
sensitivity of the system to dynamic wetting effects highly depends on
the pore structure. In high permeability media, the drastic inflation of

15

the apparent dynamic contact angle 6, causes the profiles considering
dynamic effects (solid lines) to lag significantly behind those ignoring
them (dashed lines). Such temporal lagging indicates that dynamic
corrections are essential for accurate early stage predictions in high
permeability systems. Conversely, the high intrinsic viscous resistance in
low permeability cases suppresses the flow velocity and dampens the
dynamic response. Under such conditions, the viscous dissipation effects
governed by the pore structure occupy the dominant position. As
demonstrated in recent fractal network models [27], such structural
restrictions are primarily driven by increased flow tortuosity and
micro-scale surface friction.
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Fig. 14. Synergistic effects of the apparent dynamic contact angle # and roughness fractal dimension Dy on macroscopic spontaneous imbibition characteristics
under various parameter combinations. The results include (a) the evolution of saturation, (b) the evolution of the imbibition rate, (c) the sensitivity of the final
imbibition volume to Dy, and (d) the sensitivity of the tosy, to f. (The fixed simulation parameters are 4 = 1 mPa-s, p = 1000 kg/m3, 6 =0.072N/m, s = 60°, a =

90°, L =5 cm, D¢ = 2.5 cm,p = 0.15, Dy = 1.85, and R € [10,1000] pm.).

4.5.3. Effects of fluid properties and boundary conditions on imbibition
Fig. 16 systematically analyzes the influence of pore fractal dimen-
sion Dy, static contact angle 6;, and inclination angle a on imbibition
dynamics. As shown in Figs. 16(a) and 16(d), the imbibition rate Q
decreases significantly as Dy increases from 1.65 to 1.95. This occurs
because a higher Dy implies a more complex pore structure with more
tortuous flow channels, where the enhanced geometric resistance sub-
stantially delays the dynamic process. This phenomenon is in accor-
dance with the theoretical results of Zhang et al. [63], who reported that
a higher fractal complexity dramatically increases local viscous dissi-
pation and restrains the overall imbibition capacity. Furthermore, the
system exhibits extreme sensitivity to wettability. Comparing Figs. 16
(b) and 16(e), when 6, increases from 35° to 75°, the initial imbibition
rate drops sharply and the equilibrium time increases by nearly an order
of magnitude. This suggests that enhancing wettability is an effective
strategy for improving imbibition efficiency. Pu et al. [66] also
confirmed this mechanism at the micro-scale using phase-field simula-
tions. Figs. 16(c) and 16(f) reveal the evolutionary control mechanism
of @ on imbibition dynamics. However, as the fluid advances deeper, the

16

cumulative gravitational effect gradually becomes prominent. This
increasing gravitational resistance accelerates the depletion of the net
driving force, forcing the high inclination system to reach mechanical
equilibrium earlier and significantly suppressing the ultimate satura-
tion, as described by the classical fractal model with gravity [16].

5. Conclusions

In this study, a unified multiscale fractal imbibition model was
developed to evaluate mass transfer dynamics in complex porous media.
Pore wall roughness, the dynamic contact angle, and gravitational ef-
fects were explicitly coupled within this theoretical framework. Based
on the explicit analytical solution, we systematically investigated how
these competing forces evolve across different scales through dimen-
sionless analysis and multi-parameter sensitivity evaluation. The main
conclusions of this study are drawn as follows:

(1) By introducing the Lambert W function, an explicit analytical
solution is derived for the highly nonlinear ODE governing
imbibition. This analytical solution effectively overcomes the
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distribution characteristic curves for five different cases. (b) Comparison of wetting phase saturation evolution over time with and without considering the apparent
dynamic contact angle. (The fixed simulation parameters are y = 1 mPa-s, p = 1000 kg/m3, 6 =0.072N/m, 6s = 60°, a =90°, L =5 cm, D¢ = 2.5 cm. Other fluid
properties and geometric parameters are detailed in Table 3.).

Table 3
Pore structure characteristics and physical parameters of porous media across
different permeability levels.

Case Classification Runax Rmin @ Dy T K (mD)

No. (pm) (pm) (%)

1 High 30 0.5 0.20 1.75 1.25  2535.600
Permeability

2 Medium 20 0.5 0.18 1.80 1.57 643.180
Permeability

3 Low 10 0.1 0.15 1.85 1.70 91.506
Permeability

4 Ultra-low 5 0.1 0.10 190 278 6.025
Permeability

5 Extra-low 2 0.05 0.08 195 546 0.197
Permeability

(2

3

(4

—

)

-

time step dependence of conventional explicit solvers and the
iterative convergence difficulties of implicit schemes, signifi-

cantly improving computational efficiency and physical
accuracy.
Surface roughness induces a prominent static inhibition mecha-

nism during imbibition. Contact line pinning on rough walls
directly weakens the effective capillary driving force. This
mechanism substantially lowers the final equilibrium distance,
particularly in nanoscale micropores. Ultimately, extreme
roughness can critically impair mass transfer capacity and
transform micropores into ineffective flow channels.

The dynamic contact angle acts as a nonlinear kinetic retardation
mechanism. It exponentially prolongs the equilibrium time
without altering the final thermodynamic equilibrium distance.
While this retardation is particularly pronounced in large pores,
medium-scale pores uniquely maintain the longest high-speed
imbibition stage. Consequently, these intermediate pores stimu-
late the maximum dynamic contact angle peak.

Spontaneous imbibition progresses through three distinct stages
dominated by fractal roughness, dynamic wetting, and the Bond
number. Dimensionless analysis reveals significant parameter
decoupling. The final equilibrium distance is jointly determined
by surface roughness and gravity through different mechanisms.
Roughness statically reduces the capillary driving force, whereas

17

gravity acts as a cumulative resistance along the flow path.
Conversely, the equilibrium time is fundamentally controlled by
dynamic wetting.

(5) The macroscopic pore structure fundamentally dictates the
sensitivity of the system to apparent dynamic wetting. Neglecting
apparent dynamic corrections in high permeability media leads
to a severe overestimation of early stage imbibition rates.
Conversely, the intrinsic viscous resistance of the pore skeleton
absolutely dominates in ultra-low permeability systems, which
substantially weakens the apparent dynamic wetting effect.

The proposed analytical model provides an efficient predictive tool
for gas-liquid mass transfer in rough porous media, guiding subsurface
energy development strategies and the targeted fabrication of porous
materials. However, as an effective continuum description, it is inher-
ently constrained by assumptions of homogeneous wettability, Wenzel-
like wetting, laminar flow, and 1D independent capillary bundles. Spe-
cifically, the macroscopic Wenzel assumption requires the liquid to fully
wet the rough pore walls without stable trapped gas layers, over-
simplifying extreme topographies that may trigger the Cassie-Baxter
state. Consequently, for real porous media involving strong contact
angle hysteresis, complex topological connectivity, or heterogeneous
wettability, additional corrections are required. Future work will
address these limitations by extending the model to 3D interconnected
networks and incorporating micro-hydrodynamic criteria for localized
wetting transitions.
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Appendix A. Nondimensionalization of the governing equation for a single rough capillary

To facilitate the numerical solution and theoretical analysis, this appendix details the nondimensionalization procedure for the flow model in a
single rough capillary.

A.1. Dimensional governing equation

Let R and x(t) denote the capillary radius and the instantaneous liquid height respectively. Based on Poiseuille law, the differential governing
equation accounting for the competition among capillary force, viscous resistance, and gravity is expressed as Eq. (A.1).

8ux dx 20 cos 6, .
ﬁE:Ta—pgxsma (A.l)

where cos 0, is the apparent dynamic contact angle, and its detailed derivation is provided in Section 2.1.
A.2. Selection of characteristic scales and dimensionless variables

To ensure a compact dimensionless form and facilitate comparative analysis across different physical systems, R is selected as the characteristic
length L.

L.=R (A.2)
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An analysis of the initial governing equation indicates that the capillary driving force and viscous resistance are the two core competing mech-
anisms dominating the early imbibition stage. Consequently, by equating these two terms at the characteristic scale to achieve mechanical equilibrium
and substituting the characteristic length, the characteristic time ¢, of the system is derived as Eq. (A.3).

4uR

= A.3
0 Cos 6 (A-3)

C

Selecting this characteristic time not only effectively simplifies the dimensionless expression of the capillary term but also naturally transforms the
dynamic contact angle effect into a dimensionless proportional coefficient. Based on these characteristic scales, the dimensionless imbibition distance
x*, dimensionless imbibition time t*, and dimensionless imbibition velocity v* are further defined by Eqgs. (A.4), (A.5), and (A.6) respectively.

X
X A -4
X =z A -4
r=t @ -5)
t
Y _ vt (A -6)

ve R/t R
To facilitate subsequent quantitative evaluation, based on the aforementioned fundamental dimensionless quantities, the normalized 95% equi-
librium distance x, the normalized 95% imbibition time t;;, and the normalized average imbibition velocity v;,, are further defined by Egs. (A.7),
(A.8), and (A.9) respectively.

Xg5 — Xg5. mi
 _ 95 95, min
& R a———— 7
95, max 95, min
_ tos — tos mi
¥ 95 95, min
tos =  —pr (A.8)
95, max 95, min
Vore = Veve mi
- _ av avg, min
Vig = o (A.9)
avg, max avg, min

A.3. Dimensionless treatment of the governing equation
Substituting Egs. (A.4), (A.5), and (A.6) into the initial governing equation Eq. (A.1) and simplifying the terms yields Eq. (A.10).
t
XV 8¢ R cos G, 8u P8R x (A.10)
Further substituting Eq. (A.3) into Eq. (A.10) derives Eq. (A.11).

XV = — Box* (A.11)

PER?
20 cos 05°

Substituting Eq. (A.6) into the apparent dynamic contact angle model expressed as Eq. (7) in the main text yields Eq. (A.9).

where Bo the dimensionless Bond number characterizing the ratio of gravity to the capillary force, defined asBo =

cos 0, p
=r—-v' A.12
cos b r 4 ( )

where r is the wall roughness factor representing the ratio of the actual rough inner surface area to the equivalent smooth inner surface area.
Finally, substituting Eq. (A.12) into Eq. (A.11) derives the highly nonlinear dimensionless imbibition velocity governing equation expressed as
Eq. (A.13).

_ r—Box*(t")

Tx(t) 1 p/4 (A13)

Vi (t")

A.4. Analytical solutions under two limiting cases

Based on the derived dimensionless governing equation, analytical expressions under two limiting cases are further provided. When neglecting the
gravitational effect (Bo = 0), integrating Eq. (A.13) directly and substituting the initial boundary conditions yields the explicit analytical solution
expressed as Eq. (A.14).

2
x(t') = —g (g) + 2rt* (A14

When considering the gravitational effect (Bo # 0), applying the separation of variables method to Eq. (A.13) and integrating yields the implicit
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analytical expression shown as Eq. (A.15).

v/wy T+ (Bop)/4 r x*
Fe) = Bo? ll-l(r— Box*) " Bo (A.15)

Although deriving an explicit algebraic solution directly under this condition presents difficulties, the aforementioned implicit solution can clearly
and rigorously reflect the coupled control effect of the wall roughness factor r, the dynamic contact angle coefficient f, and the gravity term Bo on the
dynamic imbibition process. The evolution law of x*(t*) can be obtained through numerical inversion to further analyze the dimensionless charac-
teristics of the equilibrium distance and time scale. The synergistic influence mechanisms of the dimensionless parameters r, 5, and Bo on imbibition
dynamics have been systematically discussed in Section 4.4.

Appendix B. Derivation of the governing equation for spontaneous imbibition in a single rough capillary
This appendix details the complete derivation process of the governing equation (Eq. 10) for spontaneous imbibition in a single rough capillary.
B.1. Simplification of the fundamental flow equation

Fluid motion in micro- and nanoscale pores satisfies the conservation of momentum, which is described by the Navier-Stokes equations for an
incompressible Newtonian fluid (Eq. 8):

ov
P (E + (V~VV> ) = —VP4+uV?v+pg (8)

where p is the fluid density; v is the velocity vector; t is time; Py is the displacement pressure; u is the dynamic viscosity; and g is the gravitational
acceleration.

For a one-dimensional, steady, and fully developed laminar flow within a capillary, the inertial force terms can be neglected. In this case, the
kinematic behavior of the fluid simplifies directly to the classical Poiseuille equation (Eq. 9):

 RAP
T 8ux

©)

where, R is the capillary radius; AP is the total pressure drop within the tube; and x denotes the advancement distance of the gas-liquid interface.
B.2. Capillary force considering dynamic contact angle and fractal roughness

In a real rough capillary tube, the total driving pressure AP during spontaneous imbibition is composed of the effective capillary pressure P, the
external displacement pressure Py, and the gravity pressure drop P,.
According to the Young-Laplace equation, the capillary pressure is expressed as:

20 cos 0,
- R

To characterize the coupled effect of the dynamic contact angle and wall roughness, we have introduced the apparent dynamic contact angle model
in the main text:

P, (B.1)

cos O, =1 Ccos Qs—ﬂgv )

where r is the surface roughness factor. Introducing fractal geometry theory to characterize the actual roughness of the wall, the roughness factor r can

be represented by fractal parameters as r = (I/A)* 2. Substituting Eq. (7) into Eq. (B.1) yields the effective capillary pressure accounting for the
apparent dynamic contact angle effect:

2-Dj 2-Dp;
3 cosgs_ﬂgv}_MG) 2, 5.2

20
Po=%

A R A R

B.3. Force balance and derivation of the final velocity

The total pressure drop is equal to the algebraic sum of the individual pressures. Assuming the angle between the capillary and the horizontal plane
is a, the pressure drop generated by gravity is P, = pgx sin a. Therefore, the total driving force can be expressed as:

26 cos 6; (l)”’f’ 28u

AP =P, + APy —P, = 3

R —TV + APy — pgx sin a (B.3)

Substituting the above expression for the total pressure drop into the Poiseuille equation (Eq. 9) yields:

R? [20cos 6 (1N 28u
= |==== 2y AP, — i B.
v 8/4x|: R ( ) v+ AP4 — pgx sin a (B.4)

A R

20



H. Yue et al.

T

International Journal of Heat and Mass Transfer 269 (2026) 129153

To solve for the actual advancement velocity of the interface, isolating the terms involving v on the right side of Eq. (B.4), moving them to the left
side, and combining like terms yields:

B 2 |2 0, (1\*r
V(4x+/R) _ R o cos 0 (_> AP — pgxsina

4x ) 8ux| R \A

(B.5)

Further simplification leads to the final governing equation for spontaneous imbibition (Eq. 10):

dx R?

2u(4x + fR)

2 0, (1>
6335 : (/—‘) + AP4 —pgx sin a

Data Availability

Data will be made available on request.
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