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We  study aggregation of equally-sized spherical particles under mildly turbulent flow con-

ditions (Reynolds numbers in the range 4000–8000) in a mixing tank through numerical

simulation. The dynamics of the liquid flow is solved in terms of the volume-averaged

Navier-Stokes equations by an extended lattice-Boltzmann method on a fixed uniform cubic

grid. The particle dynamics is updated through applying Newton’s second law to each par-

ticle.  The simulations include a two-parameter model for the attractive force between the

particles that causes aggregation. The dynamics of solids and liquid are two-way coupled

through a mapping procedure. An overall solids volume fraction of 10% has been inves-

tigated. The level of aggregation of particles in the mixing tank mainly depends on the

strength of the attractive force and on the impeller-based Reynolds number, not so much

on  the distance over which the aggregative force is active. A higher Reynolds number leads
Aggregation

Two-way coupling

Eulerian–Lagrangian simulation

to  less aggregation.

© 2019 Institution of Chemical Engineers. Published by Elsevier B.V. All rights reserved.
1.  Introduction

In the process industries, solid–liquid mixing is applied to enhance

mass transfer between a solids phase and a liquid by exposing as much

as possible interfacial area to fluid flow. Examples are dissolution or

particle formation processes as they take place in industrial crystal-

lization (Mesbah et al., 2009; Nagy et al., 2013). Often in such systems,

particles have a tendency to aggregate. This can be a desired phe-

nomenon if the purpose is to quickly grow particles and separate them

from the liquid through filtering or by letting them settle as in coag-

ulation/flocculation steps in water treatment (Bache & Gregory, 2007;

Dionisi 2017). Aggregation can be unwanted, representing an opera-

tional problem, as it reduces interfacial area or deteriorates product

quality as it could result in an undesirably wide distribution of particle

sizes (Tourbin & Frances 2009).

In order for aggregation to happen, particles need to collide. In

agitated systems, particles mainly collide due to velocity differences

induced by fluid flow, with collision frequencies being a strong func-

tion of solids volume fraction. The fraction of collisions that results

in particles aggregating is known as the collision efficiency (Elimelech

et al., 2013; Njobuenwu & Fairweather 2017). In mixing tanks, aggre-
gation of particles and breakage of aggregates occur simultaneously.
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Breakage of aggregates can be caused by collisions with other parti-

cles or aggregates, collisions with the impeller or tank walls, and as

a result of forces associated to fluid deformation (Seto et al., 2011).

Factors influencing breakage of aggregates include structure, size and

strength of aggregates. As an example, if we compare a compact aggre-

gate with an aggregate having an open structure made up of the same

number of primary particles, the latter breaks more easily because

the fluid velocity differences over the aggregate are larger leading to

stronger fluid deformation forces on the aggregate (Horii et al., 2015),

as well as because open aggregates are weaker since the number of

contact points per primary particle is less. A detailed quantitative pic-

ture of aggregation benefits from studying the interactions between

solids and liquid as well as between particles during fluid flow and

mixing (Tamburini et al., 2012; Tamburini et al., 2014; Qi et al., 2013;

Mishra & Ein-Mozaffari, 2017; Blais et al., 2017). In the current paper,

these interactions are studied based on computational fluid dynamics

(CFD). Several numerical methods have been developed for simulat-

ing particle aggregation under turbulent flow conditions (Reeks, 2014;

Njobuenwu & Fairweather, 2017; Njobuenwu & Fairweather, 2018). Pre-

vious studies have observed that the level of aggregation, aggregate

sizes, and the distribution of aggregates over the flow domain are inti-

mately related to hydrodynamic conditions (Clark & Flora, 1991; Spicer

et al., 1998; Kobayashi et al., 1999; Kobayashi, 2004; Tourbin & Frances,

2009).
The aim of this paper is to quantify – by means of numerical simu-

lations – the aggregation process as it takes place in a mixing tank as a

ier B.V. All rights reserved.
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unction of flow conditions and particle properties, the latter including

he characteristics of the forces causing aggregation. The aggregation of

articles is quantified in terms of coordination numbers, i.e. the num-

er of particles a reference particle is in contact with, aggregate size

istributions, and the solids volume fraction distribution over the mix-

ng tank volume. Every particle is of the same size and is equipped with

 force that attracts other particles and causes them to aggregate. The

orce has two parameters: the strength of the force and the distance

ver which the attraction acts.

We deal with a generic, aggregating system that we characterize

hrough a set of dimensionless parameters. The flow induced by the

mpeller is characterized by a Reynolds number, a Shields number

xpresses the competition of particle suspension by flow and settling by

et gravity, the solids volume fraction and the solids over liquid density

atio further characterize the particulate system. The two parame-

ers of the aggregation force model (strength and distance) have been

on-dimensionalized by the gravity force acting on a particle and the

article size respectively. In this paper, the dimensionless parameters

hat have been varied independently to study their impact on the lev-

ls of aggregation are the Reynolds number and the aggregation force

arameters. Other parameters have been fixed to constant values.

In this paper we simulate the solids-liquid flow based on an

ulerian–Lagrangian approach: a fixed, three-dimensional grid of nodes

s applied for calculating the flow of the continuous liquid phase (Eule-

ian) while the discrete phase (particles) is tracked in a Lagrangian

anner (Capecelatro & Desjardins 2013; Blais et al., 2016). In this paper,

he Eulerian–Lagrangian approach using particle-unresolved simula-

ions has been adopted. Particles that are of comparable size to the grid

pacing (Derksen 2018a) are tracked individually by solving Newton’s

econd law of motion that includes hydrodynamics forces, aggregation

orces and contact forces. The information exchange between particles

Lagrangian) and the liquid (Eulerian) is achieved by mapping func-

ions: Lagrangian quantities are distributed over the grid and weighted

verages of Eulerian quantities are assigned to particles based on their

enter locations relative to the grid (Deen et al., 2004; Capecelatro &

esjardins, 2013; Derksen, 2018a).

This paper is organized as follows: First, the flow system is intro-

uced. We then briefly summarize the simulation procedure covering

he numerical methods of the solids and liquid phases, together with

he methods implemented to handle particle-particle interactions and

ggregation and lastly the coupling of both phases. In the following

ection, results regarding the aggregation of particles in agitated sus-

ensions are presented and discussed. Finally, we draw conclusions on

he outcome of our study and provide perspectives for further study.

.  Flow  system

ig. 1 shows the mixing tank and defines the coordinate sys-
em. The tank is cubic with side length T and is closed off by

 lid so that no-slip conditions apply on all six outer bound-
ry planes. The impeller – placed in the center of the tank
ith an off-bottom clearance of C = T

3 — has four 45o pitched
lades that pump the liquid downwards, i.e. in the negative
-direction. It has angular velocity N (rotations per unit time).
he tank contains a Newtonian fluid with density � and kine-
atic viscosity �, and equally sized spherical solid particles of

iameter d and density �s, �s > �. Gravity points in the negative
-direction: g = −gez.

The particles tend to aggregate as a result of an attrac-
ive force acting in the radial direction. The properties of the
ggregative force are discussed here rather than in the next
ection (which is mostly on numerics) since the force is part
f the physical flow system we study. It also is part of the non-

imensional representation of the simulations, as discussed

ater in this section. The aggregative force on particle i due to
a nearby particle j is

Fij = ˇ
(ı0 − ı)
ı0

(xj − xi)

|xj − xi|
if  0 < ı < ı0; Fij

= ˇ
(xj − xi)

|xj − xi|
if ı ≤ 0; Fij = 0 otherwise (1)

where ı =
∣∣xj − xi

∣∣ − d the distance between the two spher-
ical particle surfaces,  ̌ the force when the particles are in
contact (i.e. when ı ≤ 0) and ı0 the distance below which the
force becomes active. The magnitude of the force thus lin-
early increases from 0 at ı = ı0 to  ̌ at ı = 0. It saturates if the
particles overlap (ı < 0). The total aggregative force particle
i experiences is the sum of forces due to all its surrounding

particles: Fi =
∑
j /= i

Fij.

We will be using a set of dimensionless numbers to char-
acterize the system sketched above. The flow geometry gives
rise to a number of aspect ratios for which the side length
of the (cubic) tank T has been taken as the reference length.
These aspect ratios are fixed in this paper. The most important
ones relate to the impeller diameter: D/T = 0.44, and the dis-
tance between the impeller and the tank bottom: C

T = 1
3 . The

liquid flow in the tank is characterized by an impeller-based
Reynolds number Re = ND2

� . The inclusion of the aggregative
solids phase comes with the following dimensionless num-

bers: (1) the solids volume fraction � = n �6 d
3

T3 with n the number
of particles in the tank; (2) the particle size relative to the tank
size d

T ; (3) the density ratio �s
� ; (4) a modified Shields number

(Derksen, 2012) that quantifies the ratio of liquid inertial stress

and net gravity on the particles � = �N2D2

gd(�s−�) ; (5) the strength
of the aggregation force relative to the weight of a particle
ˇa = ˇ

(g�s �6 d3)
; and (6) the distance over which the aggregative

force is active relative to the particle size ıa = ı0
d

.
As an alternative for normalizing  ̌ with the particle weight,

it also could be normalized with a measure for the inertial
hydrodynamic force on a particle: ˇ

�N2D2d2 . We note that the
latter dimensionless group is a combination ˇa, the Shields
number � and the density ratio: ˇ

�N2D2d2 = 6
�

ˇa
�( �s� −1)

.

As can be concluded, this is a multi-dimensional parameter
space of which only a small part has been covered. This paper
primarily looks into the impact the parameters ˇa and ıa on
the levels of aggregation. Also the Reynolds number has been
varied; between 4,000 and 8,000. That range indicates transi-
tional to mildly turbulent flow (Zhang et al., 2017). This choice
was made mainly for computational reasons. It allows us – at
this stage of our research – to perform the liquid flow simu-
lations without the use of a turbulence model so that we  do
not need (speculative) models for solid particle motion due to
unresolved turbulent fluctuations. The other dimensionless
numbers have been given fixed values in this paper. Table 1
shows these values (except for the stirred tank geometrical
aspect ratios that are given in Fig. 1) as well as the ranges cov-
ered by Re, ˇa and ıa. With a reference to Table 1, we  identify
the conditions with Re = 4,000 as base-case conditions.

3.  Numerical  procedures

Most of the details of the numerical procedures as applied in
this paper have been published in two recent papers (Derksen,

2018a; Derksen, 2018b). A short summary, highlighting the
major assumptions and modeling steps, is given here. In addi-
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Fig. 1 – (a) Top view of the mixing tank. (b) Side view of the mixing tank. The pitched-blade impeller rotates such that it
pumps in the negative z direction. The thickness of the impeller blades is tb = 0.021D. The origin of the Cartesian coordinate
system is in the center of the bottom wall.

Table 1 – Definitions and settings of dimensionless
numbers.

Re = ND2
� 4000, 6000, 8000

� = n �6 d
3

T3 0.0983
d
T 0.00909
�s
� 2.23

� = �N2D2

[gd(�s−�)] 260

ˇa = ˇ(
g�s

�
6 d

3
) 0.10 — 27

ı0
ıa =
d

0.30, 0.40, 0.50

tion, it will be discussed how the aggregative force has been
implemented.

The liquid dynamics satisfies the volume-averaged con-
tinuity and Navier–Stokes equations (Sankaranarayanan &
Sundaresan, 2008):

∂

∂t
(��c) + ∇ · (��cu) =  0 (2)

∂

∂t
(��cu) + ∇ · (��cuu) = �c∇ · � + fs (3)

with �c ≡ 1 − � the liquid volume fraction and � the solids
volume fraction, u the interstitial liquid velocity, � the liq-
uid’s stress tensor, and fs the force per unit volume the
solid particles exert on the liquid. We  solve Eqs. 2 & 3 in a
three-dimensional, time-dependent manner. The solids vol-
ume fraction and therefore �c (including its temporal and
spatial derivatives) is available from the locations of the solid
particles. The latter are calculated by integrating the equa-
tions of motion of each individual particle. The forces included
in the equations of motion are the drag force due to slip
velocity between liquid and solid, net gravity, a soft-sphere
contact force that takes care of collisions between particles
and between particles and the impeller and tank walls, a
radial lubrications force that models short-range hydrody-
namic interactions (Derksen, 2018b), and the aggregative force
the characteristics of which have been discussed above.

The drag force is written in the following form: FD =
3���d (u − up) F (Rep, �) with up the particle velocity and F

the drag coefficient that is a function of a particle-based

Reynolds number Rep = (1−�)|u−up|d
� as well as of the local
solids volume fraction �. In the current study, F (Rep, �) =(
1 + 0.15Re0.687

p

)
(1 − �)−2.65. The Reynolds number depen-
dency is due to Schiller & Naumann (Schiller & Naumann,
1933) while the solids volume fraction dependency is due to
Wen & Yu (Wen & Yu, 1966). It has been demonstrated that
the Wen & Yu relationship is most appropriate for moderate
Stokes number systems as we  have here with solid particles
in liquid (Rubinstein et al., 2016) with a density ratio of order
1. The drag force on the particles is fed back to the liquid and
enters the volume-averaged Navier–Stokes equations in the
form of the body force fs.

For the details regarding the mathematical expressions for
the contact and lubrication forces that exist between nearby
particles we refer to our earlier work (Derksen, 2018a). Eval-
uating these forces requires identifying nearby particles for
which we have an efficient link-list algorithm. This we  also
use to evaluate the aggregative force that solely depends on
the distance between particles in close proximity, see Eq. (1).

An important aspect of the simulations is the exchange
of information between the fluid flow and the solid particle
dynamics. The fluid flow is represented by velocity and pres-
sure values on an (Eulerian) grid of points; the particles by
their properties at their center locations (Lagrangian). A three-
dimensional mapping function has been used to distribute
particle properties over the grid, and to determine fluid prop-
erties at the center locations of the particles. An example of
the former is the determination of the Eulerian solids volume
fraction field � (as it appears in Eqs. (2) & (3) from the particle
center locations; an example of the latter is the determination
of the liquid velocity in the direct vicinity of a particle to eval-
uate the drag force. As the mapping function we  have been
using a clipped fourth-order polynomial (Deen et al., 2004). In
one spatial dimension � it reads

	 (�) = 15
16

[
�4


5
− 2

�2


3
+ 1



]
for − 
 ≤ � ≤ 
; 	 (�) = 0for |�| > 
(4)

with 
 the half-width of the mapping function. In three
dimensions it is the product 	 (�1)	 (�2)	 (�3) with �i i = 1. . .3
three Cartesian coordinates. As in previous papers (Derksen,
2018a; Derksen, 2018b), based on benchmarking with particle-
resolved simulations (Derksen, 2018a), we  have set 
 = 1.5d.

The volume averaged Navier–Stokes equations have been
solved by an extended lattice-Boltzmann (LB) scheme. Full

details can be found in (Sungkorn and Derksen, 2012). The
scheme operates on a uniform cubic lattice with spacing �
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Fig. 2 – Instantaneous realizations of particles in a yz slice with thickness d through the center of the tank for the
non-aggregating simulation under base-case conditions that starts with particles forming a dense layer on the tank bottom
at moments tN = 1, 4, 16 and 64 (a to d) respectively.
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nd takes time steps �t.  The single-phase variant (Eggels &
omers, 1995) is an early version of a multiple relaxation time

MRT)  scheme with different moments being relaxed at dif-
erent rates. The multiphase extension involves mass and

omentum sources in order to deal with fluid mass being
isplaced by solids mass (and vice versa).

An immersed boundary method has been used to impose
he no-slip conditions at the surfaces of the impeller that
rives the liquid flow (Derksen & Van den Akker, 1999). The no-
lip condition at the bounding (tank) walls has been imposed
hrough half-way bounce back of the LB distribution func-
ions (Succi, 2001). The equations of motion of the particles
ave been updated with a split-derivative scheme (Feng &
ichaelides, 2009) that takes time steps of the same size as

he lattice-Boltzmann scheme.

.  Set-up  of  simulations

he tank volume has been discretized by a uniform, cubic grid
f 1103 nodes with spacing �. In this tank volume we  place
50,000 non-overlapping spheres with diameter d = � and so

chieve a solids volume fraction of 〈�〉 =0.0983. These parti-
les we  let settle under gravity where they eventually form
a loosely packed layer of solids with a thickness of approxi-
mately 20d on the bottom of the tank. We then set fluid and
particle velocity explicitly equal to zero and start rotating the
impeller. The impeller makes one revolutions in1600�t.  With
an impeller diameter of D = 48�, the tip speed of the impeller
then is vtip = 0.094 �

�t . The tip speed is a good measure for the
maximum liquid speed in the tank. Its value being an order
of magnitude smaller than �

�t indicates that we  solve a nearly
incompressible flow with the – by its nature – compressible LB
scheme (Succi, 2001).

Grid effects have been studied extensively in a previous
paper involving non-aggregating particles (Derksen, 2018b).
Based on the results presented there we  acknowledge that
the currently used grid – that spans 110 grid spacings � in
each coordinate direction – is a compromise between accu-
racy and computational affordability. The results for Re = 8,000
(the highest impeller-based Re number used) are somewhat
under-resolved. The latter can be appreciated by estimating

the Kolmogorov length scale as � = TRe−
3
4 . With Re = 8,000 and

T = 110�, � = 0.13�. A requirement for well resolved DNS of
turbulence (Moin & Mahesh, 1998) is � ≤ �� which would thus
ask for a 2.4 times finer grid in each direction. This is in line
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Fig. 3 – Snapshots of liquid velocity vectors in the yz plane through the center of the tank for the base-case non-aggregating
.
simulation at moments tN = 1, 4, 16 and 64 (a–d) respectively

with results in (Derksen, 2018b) that indicate grid indepen-
dence starting from grids with T = 220� (at Re = 4,000).

5.  Results

We  first created a non-aggregating suspension (ˇa = 0) at Re =
4000 and further the conditions as defined in Table 1. Start-
ing from the initial condition with the particles forming a
dense solids layer on the bottom of the tank we simulate 100
impeller revolutions (tN = 100). The way the system evolves
has been visualized in Fig. 2 in terms of particle locations and
in Fig. 3 in terms of the liquid velocity field in a vertical plane
through the center of the tank. Once the flow generated by
the impeller reaches the particle bed (after a few impeller rev-
olutions) it starts suspending particles. At these initial stages,
we observe a strong coupling between fluid flow and parti-
cles. When the particles are not fully suspended, they clearly

obstruct the fluid flow in the bottom region of the tank. At the
end of this simulation, at tN = 100, the fluid flow has reached
the upper regions of the tank and particles are distributed
over the entire tank volume. The liquid stream coming off the
impeller is still somewhat deflected horizontally due to the
high particle concentration in the bottom region. To quantify
the particle distribution, Fig. 4 shows the time-averaged solids
volume fraction distribution in a vertical cross section. As can
be seen, the distribution is far from uniform with regions near
the bottom and along the side walls having elevated levels of
solids.

An important parameter that has been used to quantify
aggregation is the coordination number. If associated with an
individual particle, it is the number of other particles that indi-
vidual particle is in contact with. “Contact” (between particle
i and j) in this respect is defined as ı =

∣∣xj − xi
∣∣ − d ≤ 0, i.e. the

particles touch or overlap. Averaging over all particles in the
mixing tank results in the average coordination number, sym-
bol Cavg. The way it evolves in time for the non-aggregating

system is shown in Fig. 5. The level of Cavg ≈ 5 the time series
starts with is the result of particles resting on one another
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Fig. 4 – Time-averaged (over the time window 90 ≤ tN ≤ 100)
solids volume fraction contours in a vertical plane through
the center of the mixing tank of the base-case
non-aggregating system.

Fig. 5 – Average coordination number Cavg as a function of
time for the base-case non-aggregating system starting
from a dense layer of particles on the bottom.
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Fig. 6 – Average coordination number Cavg as a function of
time for aggregating systems over a range of dimensionless
interaction strengths ˇa (as indicated) for dimensionless
interaction distance ıa = 0.4 and further base-case
conditions.
n the bottom solids layer that serves as the initial condi-
ion. Over a period of approximately 50 impeller revolution,

avg reaches a steady state of approximately 0.5. Particles are
hus in regular contact with other particles, also without the
ggregation force having been activated.

The instantaneous state of the system (the liquid as well
s the solids dynamics) at the end of the non-aggregation
imulation (at tN = 100) has been used as the starting point
or simulations with activated aggregation forces. At a fixed
imensionless aggregation distance of ıa = 0.4, the interac-
ion strength was varied in the range 0.1 ≤ ˇa ≤ 27. Time series
f Cavg are given in Fig. 6 (where we have reset the clock to
N = 0 at the start of the aggregating simulations). The aver-
ge coordination number responds strongly and quickly to

witching on the aggregation force. Even with ˇa = 1 there is

 clear effect; for ˇa = 0.1 the aggregative force has virtually
no effect on Cavg. The time scales over which the solid-liquid
flow evolves to a new steady state are in the range of 10 to
(at least) 60 impeller revolutions. Qualitative impressions of
the evolution of aggregation for the case with ˇa = 9 are given
in Fig. 7. It is interesting to note here that after 16 impeller
revolutions the aggregated solids avoid the region around the
impeller where the liquid flow is strongest. The particles that
are in that region are single or part of small aggregates.

With increasing aggregation strength ˇa, the solids dis-
tribution over the tank volume gets more  and more
inhomogeneous, see Fig. 8 that shows time-averaged con-
tours of the solids volume fraction � in a vertical plane after
a dynamic steady state has been reached. Where for ˇa = 1 the
�distribution is much in line with that for the non-aggregating
system (Fig. 4), for higher ˇa the particles concentrate near the
bottom and – to a lesser extent – the top of the tank and avoid
the regions with strong, impeller-induced flow. Flocs collect-
ing near the bottom it is to be expected given the increased
settling speed of aggregates compared to single particles. A
high concentration of solids in the upper parts of the tank
is somewhat surprising. Aggregation is relatively strong there
because there is only weak flow so that aggregates can grow
large before (sometimes) broken by liquid deformation.

Remarkably, the interaction distance ıa has very limited
effect on the levels of aggregation as measured by Cavg. In Fig. 9
we show steady state Cavg values as a function of ˇa. For a
number of ˇa values we have three settings of the interaction
distance. Increasing ıa from 0.3 to 0.5 increases Cavg at most
by 8% (when ˇa = 3).

We  have studied the effect the Reynolds number has on
the aggregation process. In this simulation study we  did this
by changing the kinematic viscosity of the fluid. This then only
changes the Reynolds number; the other dimensionless num-
bers are independent of �(see Table 1). This would be different
from an experiment where the natural way of changing the
Reynolds number is changing the impeller speed which, how-
ever, also changes the Shields number � and thus the level of
suspension by modifying the balance between flow (inertial
stress) and net gravity. For an aggregative force with ˇa = 3 and
ıa = 0.4, the Reynolds number has a clear effect on aggregation
levels as measured by the average coordination number with
the steady values of Cavg decreasing with increasing Re, see
Fig. 10. The stronger flow and – more  specifically – the stronger
turbulence at higher Reynolds numbers shifts the equilib-

rium between breakage and aggregation slightly towards more
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Fig. 7 – Instantaneous realizations of particles in a yz slice with thickness d through the center of the tank at ˇa = 9 and
ıa = 0.4: (a) tN = 1; (b) tN = 4; (c) tN = 16 and (d) tN = 60. Color coding: blue: single particle; cyan: a doublet; magenta: a triplet;
red a quartet; green: an aggregate of 5 or more  particles.

Fig. 8 – Time-averaged (over 50 ≤ tN ≤ 60) solids volume fraction contours in a vertical plane through the center of the
(b) ˇ
mixing tank for different strength of aggregation: (a) ˇa = 1, 

breakage. Evidence for stronger turbulence at higher Re is pro-

vided in Fig. 11 where time average contours of normalized
turbulent kinetic energy are plotted for the three Reynolds
a = 3, (c) ˇa = 9. Re = 4000 and ıa = 0.4.

numbers considered, viz. Re = 4000, 6000 and 8000. Given that

at Re = 8000 we under-resolve the flow, the Re-trends observed
might actually be stronger. We  leave this for future work.
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Fig. 9 – Steady-state average coordination number Cavg as a
function of the aggregation force parameters ˇa and ıa.

Fig. 10 – Time-series of cavg Cavg for Re Remx = 4000, 6000
and 8000 with ˇ = 3. and ı = 0.4.
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Next to coordination numbers, levels of aggregation can
e characterized in terms of aggregate size distributions. An
ggregate is defined as a set of connected primary particles
here “connected” is defined in the same way as it was for
etermining the coordination number: ı ≤ 0. For low aggrega-
ive strength (ˇa ≤ 1) this leads to sensible aggregate size
istributions, see Fig. 12a. The fraction of single particles
ecreases with increasing ˇa, and more  and larger aggregates
ppear.

Starting from ˇa = 3, however, we  see instances where very
arge “aggregates” form and – in the next instance – disappear.
his leads to aggregate size distributions as shown in Fig. 12b
ith aggregates containing of the order of 105 particles, i.e.

pproximately 50% of the total number of particles in the tank.

he reason for their existence is that we  are dealing with fully

ig. 11 – Time-averaged turbulent kinetic energy (normalized by 

hrough the center of the tank. Averaging over 10 impeller revolu
000; ˇa = 3andıa = 0.4.
reversible aggregation & breakage and with a dense (solids vol-
ume fraction of 10%) suspension so that particles connect over
distances of the order of the tank size. That these huge “aggre-
gates” make up only a small fraction  ̄ is because they are
very short lived and the distribution in Fig. 12b is an average
over much longer time (10 impeller revolutions). These large
aggregates cannot be observed experimentally; e.g. extracting
a sample from the mixing tank will inevitable break them. We
conclude that characterizing the levels of aggregation in terms
of an aggregate size distribution in the type of simulations we
do requires careful interpretation.

6.  Conclusions

This paper reports results of simulations of solid-liquid mixing
with particles that have a tendency to aggregate. They Eule-
rian/Lagrangian approach involves two-way coupling between
solid and liquid, as well as a direct treatment of collisions
between particles based on a repulsive contact force. These
are necessary features since the solids volume fraction is at a
moderately high level (10%). The liquid flow is mildly turbu-
lent and we do not apply a turbulence or subgrid-scale stress
model. A simple, two-parameter, reversible aggregative force
model has been devised; one parameter characterizes the dis-
tance of interaction, the other the strength of interaction.

The simulations provide detailed insights in how the
flow interacts with aggregation and break-up processes. We
observe, for instance, aggregation taking place away from the
strong flow induced by the impeller, and related to this an
effect of the Reynolds number on the levels of aggregation.

The aggregation process has been characterized by keeping
track of the evolution of the coordination number averaged
over all particles in the mixing tank. Levels of aggregation
strongly depend on the aggregation strength. The distance
over which the aggregative force acts has minor effect.

Weak aggregative forces generate reasonable aggregate size
distributions; strong forces lead to particles connecting over
distances of the order of the container size. This we  consider
an artifact of the – relatively simple and reversible – force
model, or of the way we define an aggregate. This is a topic for
further research. For this we will be looking into more  realistic
force models involving, for instance, the contact time between
complex – and likely irreversible – force models will have more

the square of the impeller tip speed) in the vertical yz plane
tions (50 ≤ tN ≤ 60). From left to right: Re = 4000, 6000 and
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Fig. 12 – Aggregate size distributions, averaged over the time-interval 50 ≤ tN ≤ 60, with Re = 4000ı a, ıa = 0.4 and a range of
aggregation strengthsˇa. The symbol  ̄ indicates the volume of solids contained in each size class divided by the total

volume of solids. (a) ˇafrom 0 to 1; (b) ˇa = 3.

than two model parameters so that we are looking for specific
(real) solid-liquid systems and experimental data to guide the
choices for the model parameters.

The design of experiments to support validation of our
numerical procedure is very intricate. Measuring aggregate
size distributions (preferably in a local manner) by taking sam-
ples will suffer from invasiveness and aggregates breaking or
merging in the sampling process. A better option might be
to visualize the solids distribution in the tank, preferably by
near-refractive-index-matching of liquid and solids so that we
can look deep in the tank. Fig. 8 shows profound effects of the
strength of aggregation on the solids distribution over the tank
volume.

Future work also involves flocculation type computational

experiments. We plan on adding a limited number of “active”
aggregative particles to a system containing non-aggregating
particles and study to what extent mixing-in these active par-
ticles can flocculate the passive particles.
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