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Abstract

We perform quantitative visualization experiments on the vertical (z-direction)

motion of a spherical solid particle being lifted off a horizontal flat bottom due to

laminar fluid flow generated by a revolving impeller. Describing the observed motion

of the particle in terms of a constant vertical hydrodynamic force overcoming gravity

and the lubrication force has limited success. For this reason, we hypothesize that

the hydrodynamic force on the particle quickly increases with its distance from the

bottom. This hypothesis is supported by detailed numerical simulations of the flow

around the particle. Integrating the equation of motion of the sphere with the vertical

hydrodynamic force as a linear function of z derived from simulations provides an

adequate description of the experimentally observed vertical motion of the particle.

K E YWORD S

agitated flow, lubrication force, particle-resolved simulation, quantitative visualization, solids

suspension

1 | INTRODUCTION

Suspending solid particles in a liquid stream is at the heart of a num-

ber of applications in (chemical) engineering. It is a way of transporting

large amounts of solids through pipeline systems as in dredging; it is a

way of achieving mass transfer between solids and a liquid phase as in

crystallization or dissolution processes, and in catalytic slurry reactors.

Designing the particulates as well as the fluid flow so that particles

stay suspended with minimum energy requirements is thus a relevant

topic of research and development. In this respect it is important to

describe and understand how a particle makes the transition from

resting on a solid (bottom) surface to being entrained by fluid flow.

This requires knowledge of the hydrodynamic forces—and possibly

moments—on particles resting on, or closely above a solid surface.

There are many papers on spherical particle motion in the vicinity

of a wall in a viscous fluid. Results have been summarized by Leal,1

Feuillebois,2 and Michaelides3 in review papers. As for the translation

of a sphere parallel to a smooth plane wall, Goldman et al4 provided

asymptotic lubrication solutions for the case such that the gap

between the sphere and the plane approaches zero. Brenner5

pioneered an analytical approach for solving the quasi-steady Stokes

equations for a sphere (with constant velocity) moving in the wall-

normal direction toward or away from a plane wall in slow, viscous

flow in the form of a series solution. In order to deal with divergence

for small distances between sphere and wall, Cox and Brenner6 devel-

oped lubrication theory for the force on the sphere in this

limiting case.

Incipient motion of solids and particle resuspension in liquid has

also attracted extensive attention. Rabinovich and Kalman7 studied

the incipient motion of particles experiencing shear flow in horizontal

pipeline systems. The force and moment balances were used to obtain

empirical models based on experimental results. The mechanisms of
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incipient motion for the single particle were determined by analyzing

under what conditions encouraging forces (drag and lift forces) over-

come resisting ones (gravity, adhesion, and friction forces).8 The

motion of the particle starts by rolling, sliding, or lifting. The rolling

mechanism occurs once the moments due to drag and lift force over-

come the resisting moments. If the drag force equals the friction force,

the initial particle motion is sliding. The particle is lifted off the bottom

wall when the lift force becomes equal to the sum of adhesive and

gravity force in the vertical direction. Soepyan et al9 have reviewed

numerous studies on incipient motion as presented in the literature

concerning the parameter ranges, forces, and mechanisms. The paper

evaluated various models used in past research and suggested ways

for their improvement. As for the studies of resuspension, mecha-

nisms were given by coupling between three major physical interac-

tions, that is, particle–fluid, particle–surface, and particle–particle

interactions, which were summarized by Henry and Minier in their

review paper.10 Recently, by referring the published experimental

data, several mechanistic models for particle-substrates/surfaces

resuspension were introduced and validated by Nasr et al.11 The sur-

face roughness and shape of particle have effect on the predictive

capability of the model. Shnapp and Liberzon12 studied the effect of

surface roughness on resuspension in a vortex-like flow.

The entrainment of solid particles in a stirred viscous flow is a

common phenomenon in various engineering applications. Particles

collect—due to settling—on the bottom of a container filled with liquid.

Agitating the liquid with an impeller generates a fluid flow that—once

strong enough—suspends the particles.13 In our previous studies,14,15

we dealt with the suspension process for a single particle and a few

particles; the particles' trajectories and velocities in different stages

were measured. Interpretation of the results led to the notion that the

suspending force is proportional to the impeller speed to the power

1.4, which is intermediate between viscous and inertial scaling. In

addition, it was shown through detailed simulation that the pressure

field around the particles plays an important role during liftoff.

In the present article, we characterize the initial liftoff of a solid

particle through a combination of experiments, modeling, and simula-

tion. We take the seemingly simple situation of a single spherical par-

ticle on a flat horizontal bottom of a square container filled with a

viscous liquid. To build fundamental understanding of the way forces

acting on a particle develop during liftoff, we consider laminar flow. In

addition, the direct hydrodynamic environment of small particles

(smaller than eddy size) in turbulence is laminar in nature. To have

undistorted optical access in order to accurately measure particle tra-

jectories we use a tank with planar walls. We do not expect a funda-

mental difference in liftoff mechanisms as compared to a cylindrical

tank as long as particle sizes are much smaller than the tank size,

which they are in our study. The vertical motion of the particle very

close to the wall has our particular interest. By carefully filming the

liftoff process we gain information about the dynamics of the particle

and thus the forces acting on the particle. The information we try to

match with how the vertical hydrodynamic force on the particles

depends on its location on and closely above the bottom wall as

derived from detailed numerical simulations.

Our aim thus is to interpret the experimentally observed vertical

particle motion in terms of the forces acting on the particle thereby

identifying the liftoff mechanism(s). In the first place, highly-resolved

visualization experiments are used to obtain detailed information on

the initial liftoff of the particle. In the second place, based on experi-

mental observations as well as numerical simulations, a hydrodynamic

force model has been devised to accurately reproduce the measured

initial liftoff. In the third place, these fundamental results will be a

starting point and reference for more complex flow systems involving

multiple particles in laminar as well as in turbulent flow.

This article is organized in the following manner: in the next sec-

tion, the experimental flow systems are introduced: particle proper-

ties, working fluid, and the way the flow is generated. Thereafter,

experimental details and quantitative visualization during the initial

liftoff of a particle are presented. The subsequent section gives a brief

outline of the particle-resolved simulations based on the lattice-

Boltzmann method (LBM). The Results and Discussion section is

divided in two parts. First, impressions of liftoff experiments are given,

such as trajectories for two different particles driven by the flow gen-

erated by two types of impeller. At first, a simple lubrication force

model is used to represent the liftoff trajectories. Second, results of

simulations with fixed particles are presented, and the pressure distri-

butions around the particles are inspected. A more detailed force

model derived from the simulation results is then used to refine the

liftoff model. Finally, the main conclusions and the future plans are

listed.

2 | FLOW SYSTEM

The layout of the flow system is given in Figure 1. It consists of a

cubic container with side length T= 220 mm. The tank is filled with a

Newtonian liquid with kinematic viscosity ν (in m2/s) and density ρ

(in kg/m3) up to a level H = T where there is a free surface. Figure 1

defines the coordinate system that will be applied throughout this

paper. Two types of impeller have been used to generate fluid flow

in the tank: a round disk and a Rushton turbine (see Figure 1, right

panel). They both have a diameter D = 0.5T and an off-bottom clear-

ance C = 0.25T. The Reynolds number of this system is defined as

Re = ND2/ν with N the angular velocity of the impeller (in rev/s). We

used a 6SL3210 frequency converter (Siemens, Germany) to control

the impeller speed. When switched on, the impeller linearly ramps up

its rotational speed at a rate of 100 rpm/s until a certain target rota-

tional speed is reached. We control the target speed within

±0.5 rpm.

In the experiment, a spherical particle with diameter dp is placed

on the bottom in the center of the tank (0.0, 0.0,0.5dp). In order to

assure this location of the particle, an initial, low impeller speed N0

(to be specified below) was maintained for about 30 s at the beginning

of an experiment. The resulting slow flow moves the particle to the

center of the bottom and keeps it there. After these initial 30 s we

ramp up the impeller speed and monitor liftoff of the particle (more

details in the next section).
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Two particles have been considered. Both have diameter dp=

10.0 mm; they have different densities. The polymethyl methacrylate

(PMMA) particle has ρp= 1,189 kg/m3, the glass particle has ρp= 2,520

kg/m3. The presence of a particle gives rise to additional dimension-

less numbers characterizing the flow system. For this the density ratio

ρp/ρ and the inertial Shields number θ = ρN2D2/(gΔρdp) have been

chosen, where g is gravitational acceleration (in m/s2) and Δρ = ρp − ρ

(in kg/m3). The inertial Shields number is a measure for the ratio of

inertial fluid stress (lifting off the particle) and net gravity (pulling the

particle toward the bottom of the tank).

The working fluid is silicone oil (provided from Shanghai Lubao

Company, ρ= 977 kg/m3); it was chosen for its good stability and trans-

parency. The dynamic viscosity has been measured with a MARS40

rheometer (Haake, Germany). It depends on temperature according to

μ = 3.1790 − 0.0438Toil (with viscosity μ in Pa�s and Toil in
oC) in the

range 17oC ≤ Toil ≤ 27oC. In the experiments the liquid temperature

was regularly monitored at two locations in the container (see

Figure 1). The average temperature of the two locations was controlled

at 25.7 ± 0.1�C over the experimental campaign. This implies a dynamic

viscosity of μ= 2.053 Pa�s (within a 0.2% variation) and a kinematic vis-

cosity of ν= 2.101 × 10−3 m2/s. In this study, Reynolds numbers are in

the range 8–39 so that the flow conditions in the stirred tank are con-

sidered laminar. No waves developed on the free surface. Laminar flow

was also observed at Re = 26.04 in previous work,14 based on the liquid

velocity field. In addition, literature16-18 considers that the flow is lami-

nar if the impeller-based Reynolds number is up to 100.

3 | EXPERIMENTAL METHOD AND
VISUALIZATION

The procedure for measuring the liftoff of a particle is as follows: the

flow driven by the initial speed N0 accurately places the particle in the

center of the bottom of the tank. After 30 s of agitation at speed N0,

the impeller speed ramps up at a rate of 100 rpm/s until it reaches a

target speed N (this takes a few seconds at most). If the particle is not

lifted off in 1 min from the moment the target speed is reached, we

stop the impeller and repeat the process with an increased target

speed, until there is liftoff within 1 min. The critical impeller speed for

which the particle gets lifted off within 1 min we call NLO. It is for

practical reasons that we limit the liftoff time to 1 min. In computa-

tional research, such time span is still feasible for particle-resolved

simulations of solids suspension processes, longer times become

unfeasible. Each experiment is repeated at least two times. The value

for NLO has an accuracy—based on reproducibility and the step size

with which we increase the target speed—of ~3%. The initial impeller

speed enhances the reproducibility of the experiments as it makes

sure the particle lifts off from the center of the bottom of the tank.

The liftoff process is not sensitive to the precise value of N0. There-

fore, the initial impeller speed N0 typically has been set to 0.5NLO. The

time measured from the moment we reach the target impeller speed

until the particle is lifted off by 1 mm (which is 0.1dp) we call t0.1.

The vertical liftoff trajectory was filmed with a high-speed camera

(Dantec Dynamics A/S, Denmark) with a 180 mm macro lens (Nikon,

Japan). A strong light source with the light first passing through a scat-

ter plate (see Figure 2) was used to obtain clear images of the parti-

cles. The emphasis in recording the particle motion is on spatial

resolution, less so on speed of filming. A rate of 192 frames per sec-

ond (fps) is sufficient to capture the temporal evolution. This relatively

low frame rate allows for filming with a resolution of 2,320 × 1,726

pixel2 with 7 μm per pixel. A particle diameter thus represents ~1,430

pixels and we are able to measure particle displacement with a resolu-

tion of the order of 10−3dp. A typical camera image is given in

Figure 3a.

The initial liftoff of the particle can be quantified by detecting the

edge and centroid of the particle in an image processing procedure.

F IGURE 1 Flow geometry: square-based
mixing tank with liquid level equal to the tank's
side length H = T=220 mm. The flow is driven by
a disk or by a Rushton turbine (right). The liquid
temperature is monitored at two points in the
flow. The origin of the coordinate system is at the
center on the tank bottom
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The images were processed in the MATLAB environment (version

R2017a, Mathworks). The edge detection operator based on Canny19

was used for the computation of edge points of the sphere in each

camera frame (see Figure 3b). Thereafter, the centroid of particle was

given in the following expression (see Figure 3c): �x=
Ð Ð

σð Þ
xdσ=

Ð Ð
σð Þ
dσ

and �z =
Ð Ð

σð Þ
zdσ=

Ð Ð
σð Þ
dσ where σ is the field of integration with upper

(x2, z2(x)) and lower (x1, z1(x)) limits.20 The uncertainty of the estimate

of the centroid of the sphere corresponds to one pixel and thus

to 7 μm.

4 | NUMERICAL APPROACH

In order to estimate hydrodynamic forces acting on a spherical particle

on and closely above the bottom of the container, numerical simula-

tions of the flow in the mixing tank containing the particle have been

performed. The laminar flow in the mixing tank allows us to do direct

simulations for which the lattice-Boltzmann method (LBM) has been

applied. The specific scheme we use is due to Somers21 and Eggels.22

We have extensive experience with applying this method to stirred

tank flow,23 as well as to solid–liquid suspensions.14,15,24 The method

operates with a uniform, cubic grid the resolution of which is such

that the particle diameter is spanned by 12 lattice spacing (dp = 12Δ).

Earlier work25 has shown—by grid convergence studies—that such

resolution is sufficient for correctly predicting hydrodynamic forces

on the particle if particle-based Reynolds numbers are not larger than

O(30). Also in this article, we have verified grid convergence by refin-

ing the grid to dp = 20Δ for a few cases. At the default resolution of

dp = 12Δ the tank volume (a cube with side length T= 220 mm) is dis-

cretized by a grid of 2643 cells, and the impeller diameter D = 132Δ.

The simulations resolve the flow around the particle, that is, the

computational grid is finer than the size of the particle so that the no-

slip condition can be imposed explicitly at its surface and that forces

(as well as torques) on the particle are a direct result of the simula-

tions as implemented by the immersed boundary method.26-29 In this

method, set of off-lattice, closely spaced marker points are defined on

the particle surface. Interpolated velocity of fluid is forced to the local

velocity of solid surface based on a control algorithm in order to

achieve the no-slip condition. Integration of forces maintaining no-slip

over the particle surface gives the total hydrodynamic forces and tor-

ques on the particle. A calibration step28,30,31 at low Reynolds number

has been implemented to correct for grid effects.

In addition, the rotational motion of the impeller was accounted

for through the immersed boundary method. The no-slip boundary

conditions at the tank walls were applied by means of a halfway

bounce-back rule.32 A halfway specular reflection rule was imposed to

achieve the free-slip condition33 at the top surface.

Only situations with the particle on the centerline of the tank at

fixed vertical locations will be considered in this article. This is

because—as explained in the Results and Discussion section—

accelerations in the experiments are such that during the liftoff pro-

cess inertia forces are two orders of magnitude smaller than the lubri-

cation force involved.

To achieve incompressible flow conditions in our slightly com-

pressible LBM simulations, the speed of the fluid |u| (in lattice units) is

required to be much lower than the speed of sound, which is of order

1 in lattice units.28 For this reason, the tip speed of the impeller

(which is a good measure for the maximum speed occurring in the

F IGURE 2 Arrangement for visualization: a camera was used to
record the initial liftoff of a sphere from the side; strong light entered
into the tank across a scatter plate [Color figure can be viewed at
wileyonlinelibrary.com]

F IGURE 3 Image of the particle and image analysis for determining the particle position: (a) raw camera frame; (b) the camera frame after
Canny detection; (c) image with fitted edge (green circle) and calculated centroid (red star). The left and right boundaries (x1 and x2), vertical
position (z1(x) and z2(x)), and field of integration σ as indicated in the panel b [Color figure can be viewed at wileyonlinelibrary.com]
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tank) has been set to 0.1 in lattice units. This then implies that, as an

example, it takes 5,400 time steps for the case of the glass particle

with the Rushton turbine to make one revolution: N = 1/(5400Δt). As

a result, the kinematic viscosity is determined as ν= 0.1139 (in lattice

units) which then gives a Reynolds number (Re = ND2/ν = 28.34) in

accordance to the experiments with NLO= 296 rpm.

In a simulation, the particle is first placed at a fixed location in a

zero-velocity flow field. The impeller motion is started and the flow

develops into a quasi-steady state at a prescribed impeller-based

Reynolds number. The force on the particle reported in this paper is

the force averaged over a full impeller revolution after steady state

has been reached.

5 | RESULTS AND DISCUSSION

5.1 | Analysis of experimental particle trajectories

First we determined the liftoff impeller speed (NLO) for the four base-

case situations (two impellers, two particles). In addition to experi-

ments at NLO, we also report on trajectory visualization experiments

at slightly higher impeller speeds. An overview of the in total 12 exper-

imental cases considered in this article is given in Table 1. The denser

glass particle needs a stronger flow to be lifted off so that its NLO is

significantly larger than that of the PMMA particle. Clearly, the

Rushton turbine creates a stronger flow than the disk, which leads to

lower NLO values for the former. An increased impeller speed gives

rise to a much shorter liftoff time t0.1.

The position of a particle in the horizontal x-direction has been

measured during its departure from the bottom wall (see Figure 4).

Time t = 0 corresponds to the moment when the impeller has acceler-

ated to target speed N. This definition of t = 0 will be used in the

subsequent discussion. As we can see in Figure 4, the particle's loca-

tion only slightly deviates from x = 0 at t = 0. Such deviations are cau-

sed by weak perturbations associated with the impeller accelerating

from N0 to N. Before the sphere lifts off the bottom wall, the maxi-

mum displacement of the horizontal location of the particle is about

0.31 mm with the Rushton turbine and 0.26 mm with the spinning

disk. These are relatively small horizontal displacements so that we

can state that to a good approximation the particle moves in the verti-

cal (z) direction only.

Experimental particle trajectories in the form of the distance from

the lowest point of the sphere to the container bottom (h) as a func-

tion of time t are given in Figure 5. We show two realizations of each

experiment and obtain well-reproducible results. At t = 0, the particle

is in contact with the bottom of tank. With the development of the

flow field, the vertical hydrodynamic force on the particle overcomes

its net gravity, and the particle slowly accelerates away from the bot-

tom wall. For the same particle under the critical liftoff conditions, the

flow generated by the spinning disk develops slower than for the

Rushton turbine. Taking the critical cases of the PMMA particle as

example, more time is needed to lift the particle by 1 mm for the spin-

ning disk (NLO= 93 rpm), which means the trajectory of the particle

shifts to longer times.

In an elementary description of liftoff and vertical motion of the

particle, we assume a hydrodynamic force Fh, z acting in the positive z-

direction that is larger than the net gravity force on the particle: Fnet,

z = Fh, z − πgdp
3(ρp − ρ)/6 > 0. The lubrication force on the particle

when it moves away from the flat bottom wall with a vertical velocity

uz is Fl,z = − 3
2πρνdp

2uz=h .
6,34 In a quasi-steady formulation, Fnet, z bal-

ances the lubrication force. Since also uz = dh/dt it can be derived that

ln h=h0ð Þ= 2
3
Fnet,zt= πρνdp

2
� �

ð1Þ

with h0 the spacing between particle and bottom at t = 0. This initial

spacing is an uncertain and unpredictable factor in our analysis as it

relates to the roughness of the surfaces of the particle and the con-

tainer bottom and the precise initial placement of the particle. It is

interesting to note that roughness—and therefore a nonzero h0—is an

essential feature of the lift-off process. In the hypothetical situation

of perfectly smooth surfaces (of particle and bottom plate) liftoff will

not be possible. The main assumptions—quasi steady formulation and

constant hydrodynamic force—will be revisited below.

Inspired by Equation 1, the same information as in Figure 5 is

plotted in a logarithmic-linear way in Figure 6. In this figure the finite

resolution (pixilation) of the imaging system shows as step changes

(by 7 μm) for the lower values of h. Beyond these steps—starting from

~h= 0.03 mm—we see an approximately linear region up to h= 1 mm

for the PMMA particle, in qualitative agreement with Equation 1, and

a strong positive departure from linearity for the glass particle.

From fitting straight lines through the data, examples of which

are shown in Figure 6, values for h0 and Fnet, z can be derived. The

fitting range for the PMMA particle is 0.03 ≤ h ≤ 1.0 mm. For the glass

particle the data in Figure 6 hardly show linearity and we have limited

TABLE 1 Experimental parameters and results for the liftoff
impeller speed NLO and the impeller speed which is larger than NLO

Combination N (rpm) Re (−) θexp (−) t0.1
a (s)

RT-glass 296 (NLO) 28.34 1.90 25.45

316 30.32 2.17 10.44

336 32.24 2.45 6.36

RT-PMMA 85 (NLO) 8.14 1.14 29.60

90 8.65 1.28 16.24

95 9.14 1.43 11.90

Disk-glass 361 (NLO) 34.71 2.83 26.81

381 36.56 3.15 9.59

401 38.56 3.49 7.32

Disk-PMMA 93 (NLO) 8.92 1.37 35.92

98 9.40 1.52 21.01

103 9.86 1.68 14.39

Abbreviation: PMMA, polymethyl methacrylate.
aAfter the target impeller speed N is achieved, t0.1 is defined as the

moment that the particle is lifted off by 1 mm (which is 0.1dp).
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the fitting range to 0.03 ≤ h ≤ 0.2 mm. Estimates for h0 and Fnet, z are

derived from the intercept and the slope of fitted line respectively.

Although the contact point between the sphere and the bottom wall

is random in each experiment, the order of magnitude of the fitted ini-

tial spacing h0 (that we term h0, Equation 1 from now on to distinguish it

from other fitting procedures later in this paper) is consistently the

same: values for h0, Equation 1 associated to the glass and PMMA

sphere are in the range of 2 to 4 μm. The slope of the fitted line k

(in 1/s) is positively correlated to the rotational speed of impeller, and

the order of magnitude of the estimated Fnet, z (given that

k = 2
3Fnet,z= πρνdp

2
� �

) in the 12 experimental cases is of the order

of 10−4 N.

As mentioned before, we hypothesize that the estimated h0, Equa-

tion 1 values are related to surface roughness. This is supported by

experimental data on the surface roughness of three samples as mea-

sured by means of atomic force microscope (AFM) in a 70 × 70 μm2

area (DMFASTSCAN2-SYS, Bruker, Germany). As we can see in

Figure 7, the surfaces of the glass and PMMA particle are rougher

than the sheet of glass used as the bottom wall. The absolute values

for arithmetic average roughness Ra
35 are 1.58, 1.27, and 0.21 μm for

the PMMA particle, the glass particle, and the sheet of glass, respec-

tively. These are roughness values comparable to h0, Equation 1 as

obtained from the fitting procedure and thus supportive of our

hypothesis.

F IGURE 4 Location of a particle in horizontal x-direction as a function of time. In the left panel the flow is generated by the Rushton turbine
(the “RT” is abbreviation of Rushton turbine). In the right panel the flow is generated by the spinning disk. The end of data corresponds to the
moment when the distance from the lowest point of the sphere to the container bottom is 1 mm [Color figure can be viewed at
wileyonlinelibrary.com]

F IGURE 5 The spacing between the lowest point of a sphere and the bottom wall as a function of time on a linear scale. The “R” in the panel
means another realization of the experiment [Color figure can be viewed at wileyonlinelibrary.com]
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F IGURE 6 The spacing between the lowest point of a sphere and the bottom wall as a function of time with a logarithmic scale on the
vertical axis. The data between two pink dashed lines are used to perform a linear fit by Equation 1. For the cases of a glass particle, the fitted
range of spacing is 0.03 to 0.2 mm; for PMMA, it is 0.03 to 1.0 mm. The black dashed lines are fitted lines. The “k” in the panel is the slope of the
fitted line. The pink points are the intercept of the fitted lines, from which an estimated initial spacing h0, Equation 1 can be obtained [Color figure
can be viewed at wileyonlinelibrary.com]

F IGURE 7 Surface characteristics measured by AFM in a 70 × 70 μm2 area. Top row: illuminated AFM images; bottom row: height
distribution. Left column: the 10 mm PMMA particle; middle column: the 10 mm glass particle; right column: glass sheet as used as bottom wall
[Color figure can be viewed at wileyonlinelibrary.com]
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The departures from linearity as witnessed in Figure 6—most

strongly for the glass particle—show that the analysis based on a force

balance resulting in the trajectory equation (Equation 1) is not captur-

ing the essential physics very well. In the next section we will be ana-

lyzing the liftoff process in more detail by involving results obtained

from particle-resolved numerical simulations.

5.2 | Analysis of liftoff process

In order to justify a quasi-steady approach, the acceleration term in

the particle's vertical equation of motion is compared to the forces on

the particle. As representative for the forces on the particle, the lubri-

cation force is considered. It has been estimated based on the vertical

velocity uz = dh/dt where for calculating the time derivative we use a

fourth order central difference formula that is less sensitive to noise

in the position data compared to second order central differences.

Further, the acceleration az(t) of the particle is estimated by taking the

first derivative of the measured uz(t) versus t curves (with second

order central differences). For the three sample experiments of the

glass particle (that has higher inertia than the PMMA particle) with the

Rushton turbine, the vertical velocity as well as the inertial force as a

function of the distance of particle are given in Figure 8. Taking the

critical case of the glass particle with NLO= 296 rpm as example, a ver-

tical velocity of the order of uz= 0.4 mm/s at a distance h = 0.5 mm

implies a lubrication force of 8 × 10−4 N. This is more than two orders

of magnitude larger than the inertial forces shown in Figure 8 (right

panel). Also, the estimated Fnet, z in Equation 1 from the fits in

Figure 6 are larger (by two orders of magnitude) than the inertia force

maz. We acknowledge the limited accuracy of the experimental parti-

cle acceleration data but note that we use them only in an order-of-

magnitude sense.

The assumption of a constant hydrodynamic force that led to

Equation 1 has been tested through numerical simulations according

to the methodology briefly described in Section 4. In the simulations,

we place the particle at fixed locations—in line with the quasi-steady

assumption—and “measure” the vertical force on the particle due to

the flow generated by the revolving impeller. Particles are placed on

the tank centerline with four distances (h= 0, 0.36Δ, 0.72Δ, and 1.2Δ),

that is, a height range of 0 ≤ h ≤ 0.1dp. According to the experiences

in our previous numerical works,14,15 a Shields number θsim in

simulations which is 7% higher than in experiments θexp assured that

the hydrodynamic force at h = 0 overcomes net gravity of the particle;

7% in Shields number corresponds to 3.4% in impeller speed. For a

typical situation, the flow field underneath the impeller and around

the particle is shown in Figure 9. During the initial liftoff process, a

region with higher flow velocity above the particle compared with a

flow below the particle results in the negative ∂P/∂z around the parti-

cle. Consequently, the pressure distribution contributes to the initial

liftoff. The bottom panels of Figure 9 suggest that the effect of pres-

sure gradient on the liftoff is more significant for these cases that

have lower Reynolds number.

To understand (non) linearity of h versus t in Figure 6, the vertical

hydrodynamic forces at the four distances considered in the simula-

tion are shown in Figure 10. For the case with Re = 28.34

(corresponding to N = 296 rpm in the experiment) a finer grid

(dp = 20Δ) was used to evaluate the influence of grid refinement on

the results. As we can see in Figure 10, refinement of grid has hardly

any effect on Fh, z; the difference between the hydrodynamic force

obtained on the fine and standard grid (dp = 12Δ) at h = 0 is less than

0.5%. Therefore, the numerical simulations with dp = 12Δ resolve the

hydrodynamic force on the particle adequately.

In Figure 10 we observe an approximately linear increase of the

hydrodynamic forces with the height, which provides inspiration for a

more refined liftoff model. In this model, Fnet, z = F0 + αh, where α is

the slope of lines given in Figure 10, and F0 is the difference between

the hydrodynamic force Fh, z0 at h = 0 and the net gravity force on the

particle. The steep changes of net force with the distance from the

bottom wall relate to the evolving pressure distribution around the

particle in Figure 9—once the particle has lifted off the bottom.

An analysis based on the linear force model leads to the following

trajectory equation:

ln
h
h0

F0 + αh0ð Þ
F0 + αhð Þ

� �
=
2
3
F0t= πρνdp

2
� �

ð2Þ

A user-defined function for nonlinear fitting provided by toolbox

“cftool”36 in the Matlab environment (version R2017a, Mathworks)

was used to estimate the three coefficients (h0, F0, and α) in Equation 2

based on the experimental h versus t data. In the fitting process, the

initial value of h0 is equal to h0, Equation 1 and the initial values for F0

and α are based on the relationship between the hydrodynamic force

F IGURE 8 Vertical velocity (left) and
total vertical force (right) of a glass sphere
with Rushton turbine as a function of h.
The velocity uz(t) is obtained by taking the
derivative of h(t) with a fourth order central
difference formula. Then az(t) is calculated
by taking the derivative of uz(t) with a
second order central difference scheme
[Color figure can be viewed at
wileyonlinelibrary.com]
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and the distance as observed in the simulations and as shown in

Figure 10. As shown in Figure 11, Equation 2 is very well able to rep-

resent the experimental height versus time data. Clearly, the upward

curvature in the lin-log plots as observed in the visualization experi-

ments is the result of an increase of the vertical hydrodynamic force

with height. Figure 11 as well as Table 2 provide data for the

F IGURE 9 Dimensionless
velocity vector and pressure
difference around a particle with
the Rushton turbine. Top row:
Re=28.34 and θsim=2.03; bottom
row: Re=8.14 and θsim=1.22. The
spacing between the lowest
position of the sphere and the
bottom wall in the left, the

middle, and the right columns are
0.36Δ, 0.72Δ, and 1.2Δ,
respectively. Two tip speeds of
the impeller vtip1=1.70 m/s and
vtip2=0.49 m/s as indicated [Color
figure can be viewed at
wileyonlinelibrary.com]

F IGURE 10 Symbols: simulated hydrodynamic force on a sphere as a function of height at the specified Reynolds number. Lines: linear fit of
the symbols with intercept Fh, z0 and slope α. The resolution of each simulation is indicated by the number of lattice spacings Δ per particle
diameter [Color figure can be viewed at wileyonlinelibrary.com]
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coefficients h0, F0, and α contained in Equation 2 and shows how they

relate to the various experimental conditions. The experimental data

and therefore the fitting parameters come with uncertainties. Uncer-

tainties in the fitting parameters have been estimated through the

prediction bounds procedure for the fitted curve, which is provided

by a MATLAB function “predint.”37 In an absolute sense uncertainties

in α are in the range 0.02–0.11 N/m, uncertainties in F0 are of the

order of 5 × 10−5 N, and in h0 they are ~4 μm. Given that α associated

with the PMMA particle experiments is one order of magnitude

smaller than α for glass particle experiments, the relative uncertainty

in α for PMMA is much higher than for glass (at most 30% and 10%

for PMMA and glass, respectively). In what follows the data in Table 2

will be interpreted quantitatively in light of the force estimates of the

numerical simulations as well as data on the surface roughness of the

particles.

The values for h0 associated to the glass and PMMA sphere are

consistently in the range of 2 to 5 μm. The asperities on the surface of

the glass particle are given in the middle panel of Figure 7; the bottom

middle panel of Figure 7 shows that the roughness structures on the

surface cover a range of ~5 μm so that it is reasonable to associate

the h0≈ 3 μm for glass with its surface roughness. Similar results have

also presented in AFM measurement of PMMA particle; that is, h0≈

4 μm for PMMA is reasonable.

When it comes to α, in the first place we see it does not strongly

depend on the impeller speed for each of the four impeller/particle

combinations; for Rushton turbine-PMMA, disk-PMMA, Rushton

turbine-glass, and disk-glass fitted α values of ~0.14, 0.15, 1.4, and

1.3 N/m are found respectively. The three impeller speeds per impel-

ler/particle combination are relatively close to one another so that the

flow in the tank and therefore α is not expected to show much varia-

tion. The estimates for α based on the fits in Figure 11 are in line with

what was observed in the numerical simulations. For the Rushton-

glass combination, we have the most extensive set of data for the ver-

tical hydrodynamic force. At impeller speeds, 296, 316, and 336 rpm

values of α of 1.61, 1.70, and 1.79 have been derived from the simula-

tions. These values are about 1.2 times the values from fitting the

height versus time curve; their variation with impeller speed is small,

as expected. A similar picture emerges for the data of glass particle

with the spinning disk. It is, however, notable that simulated values of

α for the PMMA particle are approximately twice their fitted results.

One should realize the large relative uncertainties in the fitted values

of α in the experiments involving a PMMA particle (30%) as well as a

slight but systematic mismatch between simulation and experiment

that led us to simulate with a 7% higher Shields number (θ) as com-

pared to the experiments.14

For interpretation of F0, we include the total hydrodynamic force

at h = 0 from fitting and from the simulations: Fh, z0 = F0 + πg(ρp − ρ)

dp
3/6 in Table 2. The fitted Fh, z0 agrees with simulated results within

15%. We plot the fitted force Fh, z0 against the impeller speed in

Figure 12 on double logarithmic scales. Given the limited ranges of

impeller speeds per impeller-particle combination we cannot be that

conclusive with respect the way the force depends on the impeller

F IGURE 11 The spacing of the particle as a function of time with a logarithmic scale on the vertical axis, where α, F0, and h0 are fitted by
Equation 2. The data (from h= 0.03 to 1.0 mm) between two pink dashed lines are used to perform the nonlinear fitting. The pink point represents
h0 [Color figure can be viewed at wileyonlinelibrary.com]
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speed. Clearly Figure 12 indicates that the force increases with impel-

ler speed tentatively showing a dependency Nβ with β between 0.6

and 2.

6 | SUMMARY AND CONCLUSIONS

Suspending solid particles in a liquid is an important way of enhancing

solid–liquid mass transfer, for instance in catalytic chemical reactors

with solid particles impregnated by a catalyst. In reactors, stirring is a

common way of creating a fluid flow that is strong enough to lift parti-

cles off the bottom of the reactor. In modeling the initial stages of the

solids suspension process, lubrication force models are a useful con-

cept. This article explores—through highly-resolved visualization

experiments—the accuracy and usefulness of lubrication force models

for describing liftoff of spherical solid particles in the vicinity of a solid

surface due to a flow generated by a revolving impeller. Since lubrica-

tion forces diverge for zero spacing between the reactor bottom sur-

face and the particle, surface roughness, and thus an initial finite

spacing is an important parameter in the liftoff process.

From the visualization experiments, time series of the spacing

between the particle and the bottom surface (symbol h) were derived.

The very initial stages of liftoff show the expected linear behavior

between time and ln(h/h0) with h0 the initial spacing, confirming that

lubrication is a dominant phenomenon at liftoff. Fitting the time series

with a straight line then provides quantitative information of the verti-

cal hydrodynamic force on the particle as well as on the initial spacing.

The latter could be related to the surface roughness of the particle,

which was measured independently.

Dependent on the particle density, upward deviations from line-

arity in the time versus graphs were observed (e.g., the particle with

higher inertia), starting at spacing as small as about 0.02 times the par-

ticle diameter. This indicates that the vertical hydrodynamic force on

the particle increased strongly over a small vertical displacement of

the particle. The extent of this effect was investigated by means of

numerical simulations fully resolving the flow generated through agi-

tation as well as the flow around the particle. The simulations revealed

that the hydrodynamic force indeed increased with the spacing

between particle and bottom wall, approximately in a linear fashion. It

was shown that the pressure distribution around the particle plays an

important role in this effect. Finally, the relationship between force

and spacing (h) as derived from the simulations allowed us to quantita-

tively predict the experimental liftoff observations by solving the ordi-

nary differential equation describing the vertical component of the

equation of motion of the particle and involving a linear increase of

hydrodynamic force with h.

The results and interpretations presented in this article have sig-

nificance for designing and assessing simulations of solids suspension

processes. We conclude that small-scale variations of forces on parti-

cles play an important role in the suspension process. According to

the “base-case” results obtained in this article, future research will

focus on more complex systems, including different types of impellers

creating different types of flow, most notably systems involving multi-

ple particles where interaction between particles will have impact on

the way the solids are suspended in the liquid.
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