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Tutorial 2 

 

1. Find the equivalent stress σ  of a plane stress tensor 
1

2

0 0
0 0
0 0 0

σ
σ

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

σ . 

 
Solution: 

The deviatoric stress is 

1 2

2 1

1 2

2 0 0
3

20 0
3

0 0
3

σ σ

σ σ

σ σ

−⎡ ⎤
⎢ ⎥
⎢ ⎥

−⎢ ⎥′ =
⎢ ⎥
⎢ ⎥+⎢ ⎥−
⎣ ⎦

σ . 

 
The equivalent stress is 

2 2 2
2 21 2 2 1 1 2
1 2 1 2

3 3 2 2
2 2 3 3 3ij ij

σ σ σ σ σ σσ σ σ σ σ σ σ
⎡ ⎤− − +⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′= = + + − = + −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

. 

 
 
 

2. Initially material will yield at Yσ σ= . For the plane stress problem studied above, sketch 
the yield locus in 1σ  and 2σ  axes. 
 

Solution: 
The equation of the yield locus is 2 2 2

1 2 1 2 Yσ σ σ σ σ+ − = . 

1σ

2σ

( , )Y Yσ σ

( , )Y Yσ σ− −

Yσ− Yσ
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3. Assuming isotropic hardening. Holding 1 Yσ σ=  ( Yσ  is the initial yield stress) and increase 

2σ  from 0, describe the behaviour.  
 
Solution: 

 
 
Stage I, 2 Yσ σ≤ : 
 

1σ

2σ

Yσ

unloading

yielding

Yσ

elastic

 
 

 
Stage II, 2 Yσ σ> : 

 

1σ

2σ

Yσ

loadingSubsequent yield 
locus Y

elastic
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4. For a linear-elastic and linear plastic model, the following figure shows the stress-strain 
relation during uniaxial tension. 

 
From the above model, derive the slop, p

dYh
dε

= , of the equivalent yield stress function 

( )pY ε . 
 
Solution: 

 
For uniaxial tension, Y σ= , pd dε ε= . 

Therefore, 1 1
1 1ep p e

t

dY d dh
d dd d d d

E Ed d

σ σ
ε εε ε ε ε
σ σ

= = = = =
− −−

. 
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5. What is the plastic strain tensor when 2 2 Yσ σ= ? 
 

Solution: 
 
 
The plastic strain 0p

ijε =  when 2 Yσ σ= . The integration for 2 : 2Y Yσ σ σ→  will give the final plastic 
strain. 

 

We use the formula  2

9 1d d
4

ijp
ij kl klh

σ
ε σ σ

σ
′

′ ′=  to calculate the plastic strain increment.  

 

The deviatoric stress tensor is 
2

2

2

2 0 0
1 0 2 0
3

0 0

Y

Y

Y

σ σ
σ σ

σ σ

−⎡ ⎤
⎢ ⎥′ = −⎢ ⎥

− −⎢ ⎥⎣ ⎦

σ . 

 

⇒  2

1 0 0
dd 0 2 0

3
0 0 1

σ
−⎡ ⎤
⎢ ⎥′ = ⎢ ⎥

−⎢ ⎥⎣ ⎦

σ ,  

 

⇒  ( )2
2

2
d d

3
Y

kl kl

σ σ
σ σ σ

−
′ ′ = . 

 

 Using the formula 2

9 1d d
4

ijp
ij kl klh

σ
ε σ σ

σ
′

′ ′=  

 
( )2 2

2 2
2 2

3 2 dd
4

p Y

Y Yh
σ σ σ

σ σ σ σ
−

′=
+ −

ε σ   

 

⇒  ( )
2

2
2 22 2

2 2
2

2 0 0
2d 0 2 0 d

4
0 0

Y
p Y

Y
Y Y

Y
h

σ σ
σ σ σ σ σ

σ σ σ σ
σ σ

−⎡ ⎤
− ⎢ ⎥= −⎢ ⎥+ −

− −⎢ ⎥⎣ ⎦

ε . 
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⇒   

( ) ( )
( )
( )
( )
( ) ( )

( )

p 2 2
11 22 2

2 2

2
p 2
22 22 2

2 2

p 2 2
33 22 2

2 2

p p p
12 23 31

2 2
d d

4

2
d d

4

2
d d

4

d d d 0

Y Y

Y Y

Y

Y Y

Y Y

Y Y

h

h

h

σ σ σ σ
ε σ

σ σ σ σ

σ σ
ε σ

σ σ σ σ

σ σ σ σ
ε σ

σ σ σ σ

ε ε ε

− −⎧
=⎪ + −⎪

⎪ −⎪ =⎪ + −⎨
⎪

− +⎪ = −
⎪ + −
⎪
⎪ = = =⎩

 

 

⇒   

( ) ( )

( )

( ) ( )

2p 2 2
11 22 2

2 2
2

2p 2
22 22 2

2 2

2p 2 2
33 22 2

2 2

2 21 3d 2 ln(3) 0.14
4 2 42 3

21 d 4 0.55
4 43

21 3d 2 ln(3) 0
4 2 42 3

Y

Y

Y

Y

Y

Y

Y Y Y Y

Y Y

Y Y Y

Y Y

Y Y Y

Y Y

h h h

h h h

h h

σ

σ

σ

σ

σ

σ

σ σ σ σ π σ σε σ
σ σ σ σ

σ σ π σ σε σ
σ σ σ σ

σ σ σ σ π σε σ
σ σ σ σ

− − ⎛ ⎞= = + + =⎜ ⎟+ − ⎝ ⎠

− ⎛ ⎞= = − =⎜ ⎟+ − ⎝ ⎠
− + ⎛ ⎞= − = − − = −⎜ ⎟+ − ⎝ ⎠

∫

∫

∫
p p p
12 23 31

.69

0

Y

h
σ

ε ε ε

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪

= = =⎩

 

 
 
 

6. What is the elastic strain tensor when 2 2 Yσ σ= ? 
 

Solution: 
 

We use the formula  1e
ij ij kk ijE E

ν νε σ σ δ+
= −  to calculate the elastic strain. 

From 
1

2

0 0
0 0
0 0 0

σ
σ

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

σ   ⇒  1 2kkσ σ σ= + . 

 
Therefore, the elastic strain tensor is 

( )
( )

1 1 2

2 1 2 2 1

1 2

0 0 1 0 0 0 0
1 10 0 0 1 0 0 0

0 0 0 0 0 1 0 0

e

E E E

σ σ νσ
ν νσ σ σ σ νσ

ν σ σ

−⎡ ⎤⎡ ⎤ ⎡ ⎤
+ ⎢ ⎥⎢ ⎥ ⎢ ⎥= − + = −⎢ ⎥⎢ ⎥ ⎢ ⎥

⎢ ⎥− +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

ε . 

 
 



Theory of Plasticity – Tutorial 2  Henry Tan, Spring 2009 
 

 6

 
 

7. What is the equivalent yield stress Y when 2 2 Yσ σ= ? 
 
Solution: 

 
( ) ( )22 2 2 2 2

1 2 1 2 2 2 3Y Y Y Y YY σ σ σ σ σ σ σ σ σ= + − = + − = . 

⇒  Equivalent yield stress is 3 YY σ= . 
 
 

8. What is the equivalent yield strain pε  when 2 2 Yσ σ= ? 
 
Solution: 

 

( )3 1 3 1Y

Y

p Y

p

dd h
d

σ

σ

σε σσ
ε

= = −∫ . 

 
 
 

9. Verify that ( )2
3

p p p
ij ijε ε ε≠  when 2 2 Yσ σ= . 

 
 


