
TREES OF FUSION SYSTEMS

JASON SEMERARO

Abstract. We define a ‘tree of fusion systems’ and give a sufficient condition
for its completion to be saturated. We apply this result to enlarge an arbi-

trary fusion system by extending the automorphism groups of certain of its
subgroups.

Saturated fusion systems have come into prominence during the course of the last
two decades and may be viewed as a convenient language in which to study some
types of algebraic objects at a particular prime. The original idea is due to Puig in
[9], although our notation and terminology more closely follows that of Broto, Levi
and Oliver in [2]. The area is now well established and has attracted wide interest
from researchers in group theory, topology and representation theory. Formally, a
fusion system on a finite p-group S is a category F whose objects consist of all
subgroups of S and whose morphisms a certain group monomorphisms between
objects. Saturation is an additional property, which is satisfied by many ‘naturally
occurring’ fusion systems, including those induced by finite groups.

Recall that a tree of groups consists of a tree T with an assignment of groups
to vertices and edges, and monomorphisms from ‘edge groups’ to incident ‘vertex
groups’. The completion of a tree of groups is the free product of all vertex groups
modulo relations determined by the monomorphisms. The theory of trees of groups
is a special case of Bass–Serre theory and this paper is an attempt to extend this
theory to fusion systems (over a fixed prime p) by attaching fusion systems to
vertices and edges of some fixed tree, and injective morphisms from edge to vertex
fusion systems. As in the case for groups, the completion of a ‘tree of fusion systems’
is a colimit for the natural diagram, and we find a condition which renders this the
fusion system generated by each of those attached to a vertex.

One naturally obtains a tree of fusion systems from a tree of finite groups by
replacing each group in the tree by its fusion systems at the prime p. Two questions
arise at this point:

(1) Is the completion of this tree of fusion systems the fusion system of the
completion of the underlying tree of groups?

(2) Is it possible to prove that the completion is saturated ‘fusion theoretically,’
i.e. without reference to the groups themselves?

We answer (1) in the affirmative essentially by applying a straightforward lemma
of Robinson concerning conjugacy relations in completions of trees of groups:

Theorem A. Let (T ,G) be a tree of finite groups and write GT for the completion
of (T ,G). Let (T ,F ,S) be a tree of fusion systems induced by (T ,G) which satisfies
(H) so that there exists a completion FT for (T ,F ,S). The following hold:

(a) S(v∗) is a Sylow p-subgroup of GT .
(b) FS(v∗)(GT ) = FT .
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In particular, FT is independent of the choice of tree of fusion systems (T ,F ,S)
induced by (T ,G).

In this theorem, (H) is a condition on (T ,F ,S) which forces the existence of a
completion FT on the p-group S(v∗) associated to a fixed vertex v∗ of the underlying
tree T . To answer question (2) above, we require the introduction of some more
terminology. Alperin’s Theorem asserts that conjugacy in a saturated fusion system
F on S is determined by the ‘F-essential’ subgroups and S. Conversely a deep
result of Puig asserts that whenever conjugacy in F is determined by the ‘F-centric’
subgroups, F is saturated if the saturation axioms hold between such subgroups.
We exploit both of these facts in the proof of the following theorem:

Theorem B. Let (T ,F ,S) be a tree of fusion systems which satisfies (H) and
assume that F(v) is saturated for each vertex v of T . Write S := S(v∗) and FT for
the completion of (T ,F ,S). Assume that the following hold for each P 6 S:

(a) If P is FT -conjugate to an F(v)-essential subgroup or P = S(v) then P is
FT -centric.

(b) If P is FT -centric then RepFT
(P,F) is a tree.

Then FT is a saturated fusion system on S.

Theorem B in the case where (T ,F ,S) is induced by a tree of groups (T ,G) is
[3, Theorem 4.2], and can be deduced from Theorem B by applying Theorem A.
The novelty of our approach is the introduction of the graph RepFT

(P,F) called
the ‘P -orbit graph’ (defined for each P 6 S(v∗)) which gives detailed information
about the way in which P ‘acts’ on FT . Condition (a) ensures that conjugacy in
FT is determined by the FT -centric subgroups and (b) ensures that the saturation
axioms hold between such subgroups.

Theorem B is useful in determining fusion systems over specific (families of) p-
groups. For example, in [8], Oliver applies [3, Theorem 5.1] (which follows from [3,
Theorem 4.2]) to prove that saturated fusion systems over p-groups with abelian
subgroup of index p are uniquely determined by their essential subgroups. Our next
result is a generalisation of [3, Theorem 5.1] to arbitrary fusion systems.

Theorem C. Let F0 be a saturated fusion system on a finite p-group S. For
1 6 i 6 m, let Qi 6 S be fully F0-normalised subgroups with Qiϕ � Qj for each
ϕ ∈ HomF0

(Qi, S) and i 6= j. Set Ki := OutF0
(Qi) and choose ∆i 6 Out(Qi) so

that Ki is a strongly p-embedded subgroup of ∆i. Write

F = 〈{HomF0
(P, S) | P 6 S} ∪ {∆i | 1 6 i 6 m}〉S .

Assume further that for each 1 6 i 6 m,

(a) Qi is F0-centric (hence F-centric) and minimal (under inclusion) amongst
all F-centric subgroups; and

(b) no proper subgroup of Qi is F0-essential.

Then F is saturated.

Recall that a subgroup H of a finite group G is strongly p-embedded if H < G,
H contains a Sylow p-subgroup of G and H ∩Hg is a p′-group for each g ∈ G\H.
The proof Theorem C is similar in structure to that of [3, Theorem 5.1], but uses
less group theory.

The paper is structured as follows. In Section 1, we introduce fusion systems,
saturation, Alperin’s theorem and F-normaliser subsystems. We then introduce
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the main objects of study - trees of fusion systems - in Section 2, along with their
completions and P -orbit graphs. In Section 3, we describe the relationship between
trees of groups and trees of fusion systems and prove Theorem A. Theorem B will
be proved in Section 4 before being applied in Section 5 to prove Theorem C.

Finally, we make some important remarks regarding notation. Elements of a
finite group G typically act on the right. We reserve the superscript notation xg for
image of the conjugation action g−1xg of G on itself for each x, g ∈ G. Similarly ifH
is a subgroup of G we write Hg for the group {xg | x ∈ H}. We will also frequently
write cg for the group homomorphism induced by conjugation by g, stating the
domain where appropriate. Note that group homomorphisms will always act on
the right and composition read from left to right.

1. Background

1.1. Saturated Fusion Systems. We begin with a precise definition of what is
meant by a fusion system. For any group S and P,Q 6 S we write HomS(P,Q)
for the set of homomorphisms from P to Q induced by conjugation by elements of
S and Inj(P,Q) for the set of monomorphisms from P to Q.

Definition 1.1. Let S be a finite p-group. A fusion system on S is a category F
where Ob(F) := {P | P 6 S}, and where for each P,Q ∈ Ob(F)

(a) HomS(P,Q) ⊆ HomF (P,Q) ⊆ Inj(P,Q); and
(b) each ϕ ∈ HomF (P,Q) factorises as an F-isomorphism P −−−−→ Pϕ fol-

lowed by an inclusion ιQPϕ : Pϕ −−−−→ Q.

Given an arbitrary collection XP,Q ⊆ Inj(P,Q) of morphisms which contains
HomS(P,Q) for each P,Q 6 S, we can always construct a fusion system F on
S with XP,Q ⊆ HomF (P,Q) and where HomF (P,Q) \ XP,Q only consists of F-
isomorphisms. In particular, F is minimal (with the respect to the number of
morphisms) amongst all fusion systems G on S with the property that XP,Q ⊆
HomG(P,Q) for each P,Q 6 S. Next we define morphisms between fusion systems.

Definition 1.2. Let F and E be fusion systems on finite p-groups S and T respec-
tively. ϕ ∈ Hom(S, T ) is a morphism from F to E if for each P,R 6 S and each
α ∈ HomF (P,R), there exists β ∈ HomE(Pϕ,Rϕ) such that

α ◦ ϕ|R = ϕ|P ◦ β.

Hence ϕ induces a functor from F to E .

In particular, fusion systems form a category which we denote by Fus. The
following definition collects some important notions to which we will constantly
refer, all of which are needed to define saturation. The reader is referred to [1,
Section I.2] and [5, Section 1.5] for a more thorough introduction to these ideas.

Definition 1.3. Let F be a fusion system on a finite p-group S and let P,Q 6 S.

(a) IsoF (P,Q) denotes the set of F-isomorphisms from P to Q and AutF (P ):=
IsoF (P, P ).

(b) P and Q are F-conjugate whenever IsoF (P,Q) 6= ∅ and PF denotes the set
of all F-conjugates of P .

(c) P is fully F-normalised respectively fully F-centralised if for each R ∈ PF ,
the inequality

|NS(P )| > |NS(R)| respectively |CS(P )| > |CS(R)|
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holds.
(d) P is fully F-automised if AutS(P ) ∈ Sylp(AutF (P )).
(e) For each ϕ ∈ HomF (P, S),

Nϕ = NF
ϕ := {g ∈ NS(P ) | ϕ

−1 ◦ cg ◦ ϕ ∈ AutS(Pϕ)},

where cg ∈ AutS(P ) is the automorphism induced by conjugation by g.

There are a number of equivalent ways to define saturation and we refer the
reader to [1, Section I.9] or [5, Section 4.3] for a comparison of these. The definition
we choose is listed among the definitions in these references and also appears in [2,
Definition 1.2].

Definition 1.4. Let F be a fusion system on a finite p-group S. We say that F is
saturated if the following hold:

(a) Whenever P 6 S is fully F-normalised, it is fully F-centralised and fully
F-automised.

(b) For all P 6 S and ϕ ∈ HomF (P, S) such that Pϕ is fully F-centralised,
there is ϕ ∈ HomF (Nϕ, S) such that ϕ|P = ϕ.

We observe that a natural class of examples of saturated fusion systems is pro-
vided by groups. A finite p-subgroup S of a group G is a Sylow p-subgroup of G if
every finite p-subgroup of G is G-conjugate to a subgroup of S. Let FS(G) denote
the fusion system on S where for each P,Q 6 S, HomFS(G)(P,Q) := HomG(P,Q).

Theorem 1.5. Let G be a finite group and S be a Sylow p-subgroup of G. The
fusion system FS(G) is saturated.

1.2. Alperin’s Theorem. We now concern ourselves with ‘generation’ of satu-
rated fusion systems, starting with some more definitions:

Definition 1.6. Let F be a fusion system on a finite p-group S and let P 6 S.

(a) P is S-centric if CS(P ) = Z(P ) and P is F-centric if Q is S-centric for
each Q ∈ PF .

(b) Write OutF (P ) := AutF (P )/ Inn(P ). P is F-essential if P is F-centric
and OutF (P ) contains a strongly p-embedded subgroup.

(c) P is F-radical if Op(OutF (P )) = 1.

The following lemma concerning F-centric subgroups is extremely useful.

Lemma 1.7. Let F be a fusion system on a finite p-group S. The following hold
for each P,Q 6 S:

(a) If P is fully F-centralised then PCS(P ) is F-centric.
(b) If P 6 Q and P is F-centric, then Q is F-centric.

Proof. Writing R = PCS(P ), we see immediately that CS(R) 6 R. If ϕ ∈
HomF (R,S) then Rϕ 6 PϕCS(Pϕ) and since P is fully F-centralised, necessarily
Rϕ = PϕCS(Pϕ). Now CS(Rϕ) 6 Rϕ which proves (a). Part (b) is trivial. �

We introduce some notation which makes precise the notion of a ‘generating’ set
in our context.

Definition 1.8. Let S be a finite p-group and let C be a collection of injective
maps between subgroups of S. Denote by 〈C〉S the smallest fusion system on S
containing all maps which lie in C. If F is a fusion system on S and F = 〈C〉S then
the set C is said to generate F .
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Observe that whenever C generates F , each morphism in F can be written as a
composite of restrictions of elements of C.

Definition 1.9. A set of subgroups X of a finite p-group S to be a conjugation
family for a fusion system F on S if 〈AutF (P ) | P ∈ X〉S = F .

We may now state Alperin’s theorem for saturated fusion systems which provides
a very useful conjugation family for any saturated fusion system F .

Theorem 1.10. Let F be a saturated fusion system on a finite p-group S.

{S} ∪ {P | P is fully F-normalised and F-essential}

is a conjugation family for F .

Proof. See [1, Theorem I.3.5]. �

Proving that a fusion system F is saturated can often be a difficult task, since
there may be many subgroups for which the saturation axioms must be checked.
Fortunately, this job is occasionally made easier when an F-conjugation family is
known to exist.

Theorem 1.11. Let F be a fusion system on a finite p-group S. If F-centric
subgroups form a conjugation family then F is saturated if (a) and (b) in Definition
1.1 hold for all such subgroups.

Proof. See [9, Theorem 3.8]. �

We think of Theorem 1.11 as a partial converse to Theorem 1.10 and it is a
fundamental tool in our argument to prove Theorem B.

1.3. F-normalisers and Constrained Fusion Systems. This section intro-
duces two concepts which will be used in the proof of Theorem C. We begin with
the analogue for fusion systems of the ordinary normaliser of a subgroup of a finite
group.

Definition 1.12. Let F be a fusion system on a finite p-group S and let Q 6 S.
The F-normaliser of Q, NF (Q) is the fusion system on NS(Q) where for each
P,R 6 NS(Q), HomNF (Q)(P,R) is the set

{ϕ ∈ HomF (P,R) | ∃ ϕ ∈ HomF (PQ,RQ) s.t. ϕ|P = ϕ and ϕ|Q ∈ Aut(Q)}.

Theorem 1.13. Let F be a saturated fusion system on a finite p-group S and let
Q 6 S. If Q is fully F-normalised then NF (Q) is saturated.

Proof. See [1, Theorem I.5.5]. �

The notion of an F-normaliser naturally gives rise to the notion of a normal
subgroup of a fusion system as follows.

Definition 1.14. Let F be a fusion system on a finite p-group S and let Q 6 S.
Q is normal in F if NF (Q) = F . Write Op(F) for the maximal normal subgroup
of F .

The following lemma provides a characterisation of Op(F) for a saturated fusion
system F in terms of its fully F-normalised, F-essential subgroups.
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Lemma 1.15. Let F be a saturated fusion system on a finite p-group S and let
Q 6 S. If Q is normal in F then Q 6 R for each F-centric F-radical subgroup R
of S. Conversely, if Q 6 R for each fully F-normalised, F-essential subgroup R of
S, then Q is normal in F .

Proof. See [5, Theorem 4.61]. �

The notion of a normal subgroup can also be applied to define the analogue
for fusion systems of a p-constrained finite group. Recall that a finite group G
with Op′(G) = 1 is p-constrained if there exists a normal subgroup R ✂ G with
CG(R) 6 R.

Definition 1.16. A saturated fusion system F on a finite p-group S is constrained
if there exists an F-centric subgroup of S which is normal in F .

The final result of this section asserts that every constrained fusion system arises
as the fusion system of a p-constrained group.

Theorem 1.17. Let F be a fusion system on a finite p-group S and suppose that
there exists an F-centric subgroup R of S which is normal in F . There exists a
unique finite group G with S ∈ Sylp(G) with the properties that

F = FS(G), R✂G, OutG(R) ∼= G/R, and Op′(G) = 1.

Proof. See, for example [1, Theorem I.5.10]. �

2. Trees of Fusion Systems

In this section, we will carefully define what we mean by a tree of fusion systems
and the completion of such an object. We then find a natural condition which
ensures that the completion of a tree of fusion systems exists. We warn the reader
that from now on the symbol ‘F ’ will frequently be used to denote a functor with
values in the category of fusion systems, rather than just a single fusion system.

2.1. Trees of Groups. We begin by introducing some notation. If T is a simple,
undirected graph, write V (T ) and E(T ) for the sets of vertices and edges of T
respectively. Each edge e ∈ E(T ) is regarded as an unordered pair of vertices,
(v, w) say, and v and w are said to be incident on e. T gives rise to a category
(also called T ) where Ob(T ) is the disjoint union of the sets V (T ) and E(T ) and
where for each edge (v, w) ∈ E(T ) there exists a pair of morphisms

e −−−−→ v
y

w

in T . We denote the unique morphism in HomT (e, v) by fev and write Grp for the
category of groups and group homomorphisms.

Definition 2.1. A tree of groups is a pair (T ,G) where T is a tree and G is a functor
from T (regarded as a category) to Grp which sends fev to group monomorphism
from G(e) to G(v). The completion GT of (T ,G) is the group colim−−−→T G.

Lemma 2.2. Each tree of groups (T ,G) has a completion which is unique up to
group isomorphism.
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Let (T ,G) be a tree of groups with completion G := GT . Define G/G(−) to be
the functor from T to Set which sends each v and e ∈ Ob(T ) respectively to the
sets of left cosets G/G(v) and G/G(e) and which sends fev ∈ HomT (e, v) to the
map from G/G(e) to G/G(v) given by sending left cosets gG(e) to gG(v). Define

the orbit graph T̃ to be the space

hocolim−−−−−→TG/G(−).

Equivalently, we may think of T̃ as being a graph whose vertices and edges are
labelled by the sets {gG(v) | g ∈ G, v ∈ V (T )} and {iG(e) | i ∈ G, e ∈ E(T )}
respectively and where two vertices gG(v) and hG(w) are connected via an edge
iG(e) if and only if iG(v) = gG(v) and iG(w) = hG(w). This is obviously a graph

on which G acts by left multiplication. Denote by T̃ /G the graph with vertex set

given by the set of orbits of V (T̃ ) under the action of G on V (T̃ ) and likewise for
the edges. We have the following theorem:

Theorem 2.3. Let (T ,G) be a tree of groups with completion G := GT . Then T̃
is a tree and T̃ /G ≃ T .

Proof. See [11, I.4.5] �

2.2. Trees of Fusion Systems. Suppose that F and E are fusion systems on finite
p-groups S and T respectively. A morphism α ∈ Hom(S, T ) from F to E is injective
if it induces an injective map

HomF (P, S) −−−−→ HomE(Pα, T )

for each P 6 S.

Definition 2.4. A tree of p-fusion systems is a triple (T ,F ,S) where (T ,S) is a
tree of finite p-groups and F is a functor from T to Fus such that the following
hold:

(a) F(v) is a fusion system on S(v) and F(e) is a fusion system on S(e), and
(b) F sends fev ∈ HomT (e, v) to an injective morphism from F(e) to F(v).

Definition 2.5. Let (T ,F ,S) be a tree of p-fusion systems. The completion of
(T ,F ,S) is a colimit for F .

Of course, we need conditions on (T ,F ,S) which imply that a colimit for F ex-
ists, since this is no longer guaranteed as it was in the category of groups. Indeed,
any colimit for F must be a fusion system on the completion ST of (T ,S) and this
may not be a p-group1. The following is a very simple (and natural) condition to
impose:

Hypothesis (H): There exists a vertex v∗ ∈ V (T ) with the property that whenever
v ∈ V (T ), S(e) ∼= S(v) where e is the edge incident to v in the unique minimal
path from v to v∗.

We will say that a tree of p-fusion systems (T ,F ,S) satisfies (H) if (T ,S) sat-
isfies Hypothesis (H). Let (T ,F ,S) be a tree of p-fusion systems which satisfies
(H) and write S := S(v∗). It is clear that ST is a finite group isomorphic to S(v∗),
so that we may view S(e) and S(v) as subgroups of S(v∗) by identifying them with

1Consider, for example the amalgam C2 ∗ C2
∼= D∞ when p = 2.
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their images in the completion. Also, S(v) ∩ S(w) = S(e) in S(v∗) whenever v
and w are vertices of T incident on e. Furthermore, when v is a vertex incident
to an edge e, this identification allows us to embed each fusion system F(e) as a
subsystem of F(v) by identifying each morphism α ∈ HomF(e)(P,S(e)) with its
image under the functor from F(e) to F(v) induced by fev ∈ HomT (e, v).

Lemma 2.6. Let (T ,F ,S) be a tree of p-fusion systems which satisfies (H), set
v0 := v∗ and write S := S(v0) = ST . Define

FT := 〈HomF(v)(P,S(v)) | P 6 S(v), v ∈ V (T )〉S ,

the fusion system generated by the F(v) for each v ∈ V (T ). FT is a colimit for F
and each α ∈ HomFT

(P, S) may be written as a composite

P = P0
α0−−−−→ P1

α1−−−−→ P2
α2−−−−→ · · ·

αn−1

−−−−→ Pn = Pα

where for 0 6 i 6 n−1, Pi 6 S(vi−1)∩S(vi), αi ∈ Mor(F(vi)) for some vi ∈ V (T )
and (vi, vi+1) is an edge in T .

Proof. The fact that FT is a colimit for F follows immediately from the fact that
it is unique (up to an isomorphism of categories) amongst all fusion systems on S
which contain F(v) for each v ∈ V (T )2. To see the second statement, clearly any
such composite of morphisms lies in FT . Conversely let

P = P0
α0−−−−→ P1

α1−−−−→ P2
α2−−−−→ · · ·

αn−1

−−−−→ Pn = Pα

be a representation of α ∈ HomFT
(P, S) where αi ∈ Mor(F(vi)) for 0 6 i 6 n− 1.

If (vi−1, vi) is not an edge then let η be a minimal path in T from vi−1 to vi.
Since (T , S) satisfies (H), Pi is contained in S(w) for each vertex w ∈ η so that by
inserting identity morphisms, the above sequence of morphisms can be refined so
that (vi−1, vi) is an edge for each i. This completes the proof of the lemma. �

One observes that by Lemma 2.6, the completion FT of a tree of p-fusion systems
(T ,F ,S) which satisfies (H) is independent of where F sends the edges e of T . We
will make heavy use of this fact later in the proof of Theorem B.

2.3. The P -orbit Graph. We now turn to the definition of a certain graph con-
structed from a tree of p-fusion systems (now simply referred to as a tree of fusion
systems) and an arbitrary finite p-group P . Our discussion culminates in the proof
of an important result, Proposition 2.9, which will allow us to describe morphisms
in the completion combinatorially.

We begin by introducing some notation. Let K be a fusion system on a finite
p-group S and let P be any other finite p-group. We define an equivalence relation
∼ on the set of homomorphisms Hom(P, S) as follows. For α, β ∈ Hom(P, S) define
α ∼ β if and only if there is some γ ∈ IsoK(Pα, Pβ) such that α ◦ γ = β. The
fact that ∼ is an equivalence relation follows from the axioms for a fusion system.
Write

Rep(P,K) := Hom(P, S)/ ∼

for the set of all equivalence classes, and for each α ∈ Hom(P, S) let [α]K denote

the class of α in Rep(P,K). If K̂ is a fusion system containing K, set Rep
K̂
(P,K) :=

Hom
K̂
(P, S)/ ∼.

2More information concerning this characterisation of FT is provided by the remarks which

follow Definition 1.1
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Let (T ,F ,S) be a tree of fusion systems, and P be a finite p-group. Define
Rep(P,F(−)) to be the functor from T to Set which sends vertices v and edges e of
T respectively to Rep(P,F(v)) and Rep(P,F(e)) and which sends fev ∈ HomT (e, v)
to the map from Rep(P,F(e)) to Rep(P,F(v)) given by

[α]F(e) 7−→ [α ◦ ι
S(v)
S(e) ]F(v).

Observe that this mapping is independent of the choice of α. Using this definition
we introduce the following space.

Definition 2.7. Let P be a finite p-group and (T ,F ,S) be a tree of fusion systems.
The P -orbit graph, Rep(P,F) is the homotopy colimit

hocolim−−−−−→T Rep(P,F(−)).

Since there are no n-simplices in hocolim−−−−−→T Rep(P,F(−)) for n > 2, Rep(P,F)

can be described as the geometric realisation of a graph as follows.

Lemma 2.8. Let P be an arbitrary p-group and (T ,F ,S) be a tree of fusion sys-
tems. Then R := Rep(P,F) may be regarded as a graph with

V (R) =
⋃

v∈V (T )

Rep(P,F(v)) and E(R) =
⋃

e∈E(T )

Rep(P,F(e)),

where [α]F(v) and [β]F(w) are connected via an edge [γ]F(e) if and only if v and w
are both incident on e in T and the identities

[γ ◦ ι
S(v)
S(e) ]F(v) = [α]F(v) and [γ ◦ ι

S(v)
S(e) ]F(w) = [β]F(w)

hold.

Proof. This follows immediately from the definition of the homotopy colimit. �

If (T ,F ,S) is a tree of fusion systems which satisfies (H), then by Lemma
2.6, (T ,F ,S) has a completion which we denote by FT . Let RepFT

(P,F(−)) be
the subfunctor of Rep(P,F(−)) which sends vertices v and edges e of T respec-
tively to RepFT

(P,F(v)) and RepFT
(P,F(e)) and which sends fev to the map

from RepFT
(P,F(e)) to RepFT

(P,F(v)) given by

[α]F(e) 7−→ [α ◦ ι
S(v)
S(e) ]F(v).

(Note that this map is well-defined since FT is closed under composition with
inclusion morphisms). Let

RepFT
(P,F) := hocolim−−−−−→T RepFT

(P,F(−)).

We observe that the obvious analogue of Lemma 2.8 holds for RepFT
(P,F), and

that (for this reason) RepFT
(P,F) may be embedded as a subgraph of Rep(P,F)

in the obvious way. We end this section with an important result which provides
us with a precise description of this embedding.

Proposition 2.9. Let (T ,F ,S) be a tree of fusion systems which satisfies (H) and
let FT be its completion. Write S := S(v∗) and fix P 6 S. The following hold:

(a) The connected component of the vertex [ιSP ]F(v∗) in Rep(P,F) is isomorphic
to RepFT

(P,F).
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(b) The natural map

ΦP : π0(Rep(P,F)) −−−−→ Rep(P,FT )

which sends the connected component of a vertex [α]F(v) in Rep(P,F) to

[α ◦ ιS
S(v)]FT

is a bijection.

Proof. Since T has finitely many vertices and S(v) is finite for each v ∈ V (T ), the
graph Rep(P,F) contains finitely many vertices and edges. We may identify F(v)

and F(e) with their images in FT by Lemma 2.6. Set v0 := v∗ and α0 := ι
S(v0)
P

and let

[α0]F(v0), [α1]F(v1), . . . , [αn]F(vn)

be a path in Rep(P,F) and assume that [βi]F(ei) is an edge from [αi−1]F(v0) to
[αi]F(v1) for each 1 6 i 6 n. We need to show that each vertex [αi]F(vi) lies in
RepFT

(P,F). Clearly [α0]F(v0) ∈ RepFT
(P,F). Assume that n > 1, and that

[αi]F(vi) ∈ RepFT
(P,F) for some i < n. If [βi+1]F(ei+1) is an edge from [αi]F(vi) to

[αi+1]F(vi+1) then there exist maps

γ ∈ HomF(vi)(Pαi, Pβi+1) and δ ∈ HomF(vi+1)(Pβi+1, Pαi+1)

such that αi ◦ γ = βi+1 and βi+1 ◦ δ = αi+1. Hence γ ◦ δ ∈ HomFT
(Pαi, Pαi+1)

and [αi+1]F(vi+1) ∈ RepFT
(P,F) and by induction, [αi]F(vi) ∈ RepFT

(P,F) for all
0 6 i 6 n.

Conversely suppose that α ∈ HomFT
(P,S(v)) and that [α]F(v) is a vertex in

RepFT
(P,F). By the definition of FT , there exists a path v0, v1, . . . , vn = v in

T and for 1 6 i 6 n, maps αi ∈ HomF(vi)(Pαi−1, Pαi) with α0 = ιSP such that
α = α0 ◦ · · · ◦ αn. This implies that there exists a path in RepFT

(P,F),

[α0]F(v0), [α0 ◦ α1]F(v1) . . . , [α0 ◦ α1 ◦ · · · ◦ αn−1]F(vn−1), [α]F(vn),

and completes the proof of (a).
Next, we prove (b). It suffices to show that two vertices [α]F(v) and [β]F(w) are

connected in Rep(P,F) if and only if [α ◦ ιS
S(v)]FT

=[β ◦ ιS
S(w)]FT

in Rep(P,FT ). It

is enough to prove this when [α]F(v) and [β]F(w) are connected via a single edge
[γ]F(e).

We prove the ‘only if’ direction first. Thus we suppose that [α]F(v) and [β]F(w)

are connected via an edge [γ]F(e) in Rep(P,F) so that there exist morphisms γ1 ∈
HomF(v)(Pα, Pγ) and γ2 ∈ HomF(w)(Pβ, Pγ) with

Pαγ1 = Pγ = Pβγ2.

Then γ1γ
−1
2 ∈ HomFT

(Pα, Pβ) and [β ◦ ιS
S(w)] = [αγ1γ

−1
2 ◦ ιS

S(w)] = [α ◦ ιS
S(v)] ∈

Rep(P,FT ). Conversely, suppose that [α ◦ ιS
S(v)]FT

= [β ◦ ιS
S(w)]FT

= [δ]FT
, for

some δ ∈ HomFT
(P, S). Then [δ−1α]F(v), [δ

−1β]F(v) are vertices in RepFT
(Pδ,F)

and by part (a), this graph is connected so that there must exist a path joining
[δ−1α]F(v) to [δ−1β]F(v) in RepFT

(Pδ,F). This is easily seen to be equivalent to
the existence of a path joining [α]F(v) to [β]F(w) in Rep(P,F), completing the proof
of the lemma. �
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3. Trees of Group Fusion Systems

In this section we will give a precise description of the relationship between trees
of groups (T ,G) and trees of fusion systems (T ,F ,S) by considering what happens
when the latter is induced by the former. It will turn out that both the completion
and P -orbit graph of (T ,F ,S) have group-theoretic descriptions in this case, which
will allow us to give an entirely group theoretic interpretation of Theorem B, in
Section 4.

3.1. The Completion. We start by giving a precise explanation of the word ‘in-
duced’ above. The following lemma is a trivial consequence of Sylow’s Theorem.

Lemma 3.1. Let (T ,G) be a tree of finite groups. For any choice of Sylow p-
subgroups S(v) ∈ Sylp(G(v)) and S(e) ∈ Sylp(G(e)), there exists a tree of finite
p-groups (T ,S) and a tree of fusion systems (T ,FS(−)(G(−)),S(−)) induced by
(T ,G).

Proof. Fix a choice of Sylow p-subgroups, S(v) ∈ Sylp(G(v)) and S(e) ∈ Sylp(G(e))
for each vertex v and edge e of T . If v is incident to e then by Sylow’s Theorem
there exists an element gev ∈ G(v) such that (S(e)G(fev))

gev 6 S(v). Let S be the
functor from T to Grp which sends e and v respectively to S(e) and S(v) and fev ∈
HomT (e, v) to G(fev)◦cgev ∈ Hom(S(e),S(v)). Then fev determines a tree of finite
p-groups (T ,S). Now let FS(−)(G(−)) be the functor from T to Fus which sends
e and v respectively to FS(e)(G(e)) and FS(v)(G(v)) and fev to the homomorphism
Φev := G(fev) ◦ cgev |S(e) ∈ Hom(S(e),S(v)). Clearly Φev is a morphism of fusion
systems and hence determines a tree of fusion systems (T ,FS(−)(G(−)),S(−)), as
required. �

The proof of Lemma 3.1 shows that there may be many trees of fusion systems
(T ,FS(−)(G(−)),S(−)) induced by a tree of groups (T ,G), since a choice for the
functor S(−) is made when Sylow’s Theorem is applied. We need to show that
this choice does not interfere with the isomorphism type of the completion FT . To
do this, we first isolate precisely how conjugation takes place in GT by proving the
following lemma of Robinson ([10, Lemma 1]).

Lemma 3.2. Let T be a tree consisting of two vertices v and w with a single edge
e connecting them. Let (T ,G) be a tree of groups with completion GT and write
A := G(v), B := G(w) and C := G(e). The following hold:

(a) Any product of elements whose successive terms lie alternately in the sets
A\C and B\C, lies outside of C, and outside at least one of A and B.

(b) Each element g ∈ G\A may be written as a product g = a0ωb∞ with a0 ∈ A
and b∞ ∈ B so that either ω = 1 or

ω =
s∏

i=1

biai,

where ai ∈ A\C and bi ∈ B\C for 1 6 i 6 s.

Consequently, if X 6 A, g ∈ G\A and Xg 6 A or Xg 6 B, then writing g as a
product g = a0b1a1 . . . bsasb∞ as in (b), we have

〈X0, Xi, Yi | 1 6 i 6 s〉 6 C

where X0 = Xa0 , Y1 = Xb1
0 , X1 = Y a11 , and so on.
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Proof. To see (a), let w = g0 . . . gn be a product of elements whose successive terms
lie alternately in the sets A\C and B\C. Then w is a reduced word in GT so
if w lies in C, it is no longer reduced, (being representable by an element of C).
Observe that g0 and gn dictate where w lies. To see this, note that if g0, gn ∈ A
then w /∈ B\C, since otherwise w = b ∈ B\C implies that

1 = wb−1 = g0, . . . gnb
−1 /∈ C,

a contradiction. Similarly if g0, gn ∈ B then w /∈ A\C and in the remaining cases
(where g0 and gn lie in different sets), w /∈ (A∪B)\C. This proves (a). To see (b),
note that certainly any element g ∈ G\A may be written in the stated way, since
(by (a)) such a representation allows for all possibilities for the set in which the
element g lies. Finally, we prove the last assertion of the lemma. If b∞ ∈ C and

equals c say, then Xgc−1

= (Xg)c
−1

∈ A∪B if and only if Xg ∈ A∪B. This proves
that we may assume without loss of generality that either b∞ = 1 (if Xg 6 B) or
b∞ ∈ B\C (if Xg 6 A.) In either case, suppose that there exists u ∈ Xa0\C. Then

b−1
∞ a−1

s . . . , b−1
1 ub1 . . . asb∞

lies in A or B by assumption which contradicts (a). We obtain a similar contradic-

tion if Xb1
0 is not contained in C. Inductively, we arrive at the stated result. �

We can now apply Lemma 3.2 to prove Theorem A, relating the two ways in
which one can construct a fusion system from a tree of groups.

Theorem 3.3. Let (T ,G) be a tree of finite groups and write GT for the completion
of (T ,G). Let (T ,F ,S) be a tree of fusion systems induced by (T ,G) which satisfies
(H) so that there exists a completion FT for (T ,F ,S). The following hold:

(a) S(v∗) is a Sylow p-subgroup of GT .
(b) FS(v∗)(GT ) = FT .

In particular, FT is independent of the choice of tree of fusion systems (T ,F ,S)
induced by (T ,G).

Proof. We first prove that S := S(v∗) is a Sylow p-subgroup of GT . Let P be a

finite p-subgroup of GT and consider the image I of T̃ P in T under the composite

T̃ −−−−→ T̃ /GT
≃

−−−−→ T .

Since T̃ is a tree, T̃ P is also a tree, so that I must be connected. Let v be a
vertex in I which is of minimal distance from v∗ and assume that v 6= v∗. This
implies that there is some g ∈ GT such that gG(v) ∈ (GT /G(v))

P or equivalently
such that g−1Pg 6 G(v). Let e be the edge (v, w) incident to v in the unique
minimal path from v to v∗. Since (T ,F ,S) satisfies (H), p ∤ |G(v) : G(e)|, so by
Sylow’s Theorem there is g′ ∈ GT such that g′−1Pg′ 6 G(e). Since G(e) 6 G(w),
we also have g′G(w) ∈ (GT /G(w))

P , so that w is a vertex closer to v∗ than v in I,
a contradiction. Hence v = v∗, g

−1Pg 6 G(v∗) and by Sylow’s Theorem there is
some g′′ ∈ GT with g′′−1Pg′′ 6 S, as needed.

Next we prove that (b) holds. Observe that FT ⊆ FS(GT ) since (by definition)
each morphism in FT is a composite of restrictions of morphisms in F(v), each of
which clearly lies in FS(GT ). Hence it remains to prove that FS(GT ) ⊆ FT . We
proceed by induction on the number of vertices n := |V (T )| of T , the result being
clear in the case where n = 1. Suppose that n > 1 and fix an extremal vertex, v of T
not equal to v∗. Let T

′ be the tree obtained from T by removing v and the unique
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edge e to which v is incident. Then (T ′,G) is a graph of groups and (T ′,F ,S) is
a tree of fusion systems induced by (T ′,G) which satisfies (H). Furthermore, S ∈
Sylp(GT ′) and by induction, the completion FT ′ of (T ′,F ,S) is the fusion system
FS(GT ′). Since

GT = GT ′ ∗G(e) G(v) and FT = 〈FT ′ ,FS(v)(G(v))〉,

it will be enough to show that

FS(GT ′ ∗G(e) G(v)) ⊆ 〈FT ′ ,FS(v)(G(v))〉.

Let X 6 S and suppose that 〈X,Xg〉 6 S with g ∈ GT . If g ∈ GT ′ then we are
done, so suppose that g /∈ GT ′ and write

g = g−∞h1g1 . . . hrgrhr+1g∞

where g−∞, g∞ ∈ GT ′ , gi ∈ GT ′\G(e) and hi ∈ G(v)\G(e). Set X∗ := Xg−∞ . Then
〈X∗, (X∗)h1g1...hrgrhr+1〉 6 GT ′ so that by Lemma 3.2,

X∗, (X∗)h1 , (X∗)h1g1 , . . . , (X∗)h1g1...hrgrhr+1 6 G(e).

By Sylow’s Theorem there exists k0 ∈ G(e) such that (X∗)k0 6 S(e), l1 ∈ G(e)
such that (X∗)h1l1 6 S(e), k1 ∈ G(e) such that (X∗)h1g1k1 6 S(e), and so on.
Furthermore the sequence of elements

k0, k
−1
0 h1l1, l

−1
1 g1k1, k

−1
1 h2l2, . . . , k

−1
r hr+1lr+1, l

−1
r+1g∞

lie alternately in the groups GT ′ and G(v) and multiply to give h1g1 . . . hrgrhr+1g∞.
Now, for 1 6 i 6 r, conjugation from (X∗)h1...hili to (X∗)h1...higiki is carried out in
the fusion system of GT ′ and conjugation from (X∗)h1...higiki to (X∗)h1...gihi+1li+1

occurs in the fusion system of G(v). Lastly, conjugation from (X∗)h1...hrgrhr+1lr+1

to (X∗)h1...hrgrhr+1g∞ is carried out in the fusion system of GT ′ . Since S(e) = S(v),
the result follows. �

We end this section with a short example which illustrates how Theorem 3.3 can
be applied to produce fusion systems from group amalgams.

Example 3.4. Let H ∼= Sym(4), S ∼= D8 be a Sylow 2-subgroup of H and let V1
and V2 be the two non-cyclic non-conjugate subgroups of order 4 in S. Also, let T
be a tree consisting of two vertices v1 and v2 with a single edge e connecting them.
Form a tree of groups (T ,G) where G(v1) = G(v2) = H and G(e) = S and where
Vifev is normal in G(vi) but not normal in G(v3−i) for i = 1, 2. Let (T ,F ,S) be a
tree of fusion systems induced by (T ,G) and observe that (T ,F ,S) satisfies (H)
so that it has a completion FT by Lemma 2.6. It is well known that the group
PSL3(2) is a faithful, finite completion of (T ,G) (see, for example, [7, Theorem A])
so that by Theorem 3.3 we must have that FT is the fusion system of PSL3(2).

3.2. The P -orbit Graph. We next consider what can said about the P -orbit
graph in the special case where a tree of fusion systems (T ,F ,S) which satisfies
(H) is induced by a tree of groups (T ,G). It is shown that like the completion
FT , the isomorphism type of RepFT

(P,F) is independent of the choice of (T ,F ,S)
since it may described in terms of the orbit graph T̃ of (T ,G).

We start by introducing some more notation. If A and B are groups, let
Rep(A,B) denote the set of orbits of the action of Inn(B) on Hom(A,B) by
right composition. For each α ∈ Hom(A,B), let [α]B denote its class modulo
Inn(B). If A and B are subgroups of some group C, write RepC(A,B) for the
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set of orbits of the action of Inn(B) on HomC(A,B) ∼= NC(A,B)/CC(A) (where
NC(A,B) = {g ∈ C | Ag 6 B} and CC(A) acts on NC(A,B) via left multiplica-
tion).

Now let (T ,G) be a tree of groups and fix a vertex v∗ of T . For each P 6 G(v∗)
let Rep(P,G(−)) be the functor from T to Set which sends vertices v and edges
e respectively to Rep(P,G(e)) and Rep(P,G(e)) and which sends fev to the map
from Rep(P,G(e)) to Rep(P,G(v)) given by

[α]G(e) 7−→ [α ◦ ι
G(v)
G(e) ]G(v).

Similarly if GT is the completion of (T ,G) let RepGT
(P,G(−)) be the functor from

T to Set which sends vertices v and edges e respectively to RepGT
(P,G(v)) and

RepGT
(P,G(e)) and which sends fev to the map given by

[α]G(e) 7−→ [α ◦ ι
G(v)
G(e) ]G(v).

(Observe that this well-defined). Now define:

Rep(P,G) := hocolim−−−−−→T Rep(P,G(−)), RepGT
(P,G) := hocolim−−−−−→T RepGT

(P,G(−))

both regarded as graphs in the usual way. The next proposition allows us to com-
pare RepGT

(P,G) with T̃ .

Proposition 3.5. Let (T ,G) be a tree of finite groups. Fix a vertex v∗ of T and
a subgroup P 6 G(v∗) and write GT for the completion of (T ,G). There exists a
graph isomorphism

T̃ P /CGT
(P )

∼
−−−−→ RepGT

(P,G),

where T̃ P is the subgraph of T̃ fixed under the action of P .

Proof. Define a map
ΦP : T̃ P −−−−→ RepGT

(P,G)

by sending a vertex gG(v) to [cg]G(v) where cg ∈ HomGT
(P,G(v)) and similarly

by sending an edge gG(e) to [cg]G(e) where cg ∈ HomGT
(P,G(e)). Note that this

makes sense: if gG(v) is a vertex in T̃ P then for each x ∈ P , xgG(v) = gG(v)
which is equivalent to P g 6 G(v). The same argument works for edges. To see
that this map defines a homomorphism of graphs, note that if gG(v) and hG(w) are
connected via an edge iG(e) in T̃ P then gG(v) = iG(v) and hG(w) ∈ iG(w) so that

[cg]G(v) = [ci ◦ ι
G(v)
G(e) ]G(v) and [ch]G(w) = [ci ◦ ι

G(v)
G(e) ]G(w). It is clear from the definition

that ΦP is surjective. If [cg]G(v) = [ch]G(w) then v = w and there is some r ∈ G(v)
such that cg = ch ◦ cr ∈ HomGT

(P,G(v)). This is equivalent to the orbits of g and
hr under the action of CGT

(P ) on NGT
(P,G(v)) being equivalent so that there is

some x ∈ CGT
(P ) with xg = hr. Hence h−1xg ∈ G(v), hG(v) = xgG(v) and the

vertices hG(v) and gG(v) lie in the same CGT
(P )-orbit, as needed. �

We can now compare the graphs Rep(P,G) and Rep(P,F) when F is a choice of
functor FS(−)(G(−)) associated to a tree of finite groups (T ,G) (see Lemma 3.1).
We need the following simple consequence of Sylow’s Theorem.

Lemma 3.6. Let G be a finite group and let S be a Sylow p-subgroup of G. Then
for each p-group P , there exists a bijection

Rep(P,FS(G))
∼

−−−−→ Rep(P,G)

given by the map Ψ which sends [α]FS(G) to [α ◦ ιGS ]G for each α ∈ Hom(P, S).
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Proof. Let α, β ∈ Hom(P, S) and suppose that [α ◦ ιGS ]G = [β ◦ ιGS ]G. Then there
exists a map cg ∈ Inn(G) such that α ◦ ιGS ◦ cg = β ◦ ιGS . This implies that cg|S ∈
HomFS(G)(Pα, Pβ) and α◦ cg|S = β so that [α]FS(G) = [β]FS(G) and Ψ is injective.
To see that Ψ is surjective, let [γ]G ∈ Rep(P,G). By Sylow’s Theorem there exists
g ∈ G such that (Pγ)g 6 S. Set ϕ := γ ◦ cg ∈ Hom(P, S) and observe that
[ϕ ◦ ιGS ]G = [γ]G, as required. �

Corollary 3.7. Let (T ,G) be a tree of finite groups with completion GT and let
(T ,F ,S) be a tree of fusion systems induced by (T ,G). Fix a vertex v∗ of T and a
subgroup P 6 S(v∗). Then there exists a natural isomorphism of functors

Rep(P,F(−))
∼

−−−−→ Rep(P,G(−)),

which induces a homotopy equivalence Rep(P,F)
≃

−−−−→ Rep(P,G). Furthermore,
if (T ,F ,S) satisfies (H) and has completion FT then

RepFT
(P,F)

≃
−−−−→ RepGT

(P,G),

so that RepFT
(P,F) is independent of the choice of tree of fusion systems (T ,F ,S).

Proof. The existence of a natural isomorphism of functors

η : Rep(P,F(−))
∼

−−−−→ Rep(P,G(−))

is an immediate consequence of Lemma 3.6. By [6, Proposition IV.1.9] this natural
isomorphism induces a homotopy equivalence

hocolim(η) : Rep(P,F)
≃

−−−−→ Rep(P,G).

If (T ,F ,S) satisfies (H) then the above equivalence sends the vertex [ι
S(v∗)
P ]F(v∗)

to [ι
G(v∗)
P ]G(v∗). Clearly [ι

G(v∗)
P ]G(v∗) lies in RepGT

(P,G) (it is the image of the coset
G(v∗) under ΦP ). Since RepGT

(P,G) is connected (being the image under ΦP of

T̃ P which is connected), hocolim(η) must restrict to a homotopy equivalence

RepFT
(P,F)

≃
−−−−→ RepGT

(P,G)

by Proposition 2.9. This completes the proof. �

4. The Completion of a Tree of Fusion Systems

In this section, we prove our second main result, Theorem B, which gives condi-
tions for a tree of fusion systems (T ,F ,S) to have a saturated completion FT :

Theorem 4.1. Let (T ,F ,S) be a tree of fusion systems which satisfies (H) and
assume that F(v) is saturated for each vertex v of T . Write S := S(v∗) and FT for
the completion of (T ,F ,S). Assume that the following hold for each P 6 S.

(a) If P is FT -conjugate to an F(v)-essential subgroup or P = S(v) then P is
FT -centric.

(b) If P is FT -centric then RepFT
(P,F) is a tree.

Then FT is a saturated fusion system on S.

Conditions (a) and (b) are respectively motivated by Theorems 1.10 and 1.11.
The former condition implies that FT is generated by its FT -centric subgroups,
while the latter ensures that the saturation axioms (Definition 1.4 (a) and (b))
hold for all such subgroups. Thus the saturation of FT will ultimately follow from
Theorem 1.11. Theorem 4.1 was inspired by a theorem of Broto, Levi and Oliver
([3, Theorem 4.2]) and we will deduce their result from ours in Corollary 4.4.
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4.1. Finite Group Actions on Trees. Before embarking on the proof of Theorem
4.1, it will be important to understand the way in which the automiser AutFT

(P )
can act on the P -orbit graph RepFT

(P,F). Note that we may draw an analogy
here with the situation for trees of groups (T ,G) where there exists an action of the

completion GT on the orbit tree T̃ . We begin with two important concepts which
play a pivotal role in the proof of Theorem 4.1.

Definition 4.2. Let (T ,F ,S) be a tree of fusion systems which satisfies (H) and
write FT for the completion of (T ,F ,S).

(a) For each pair of p-groups P 6 Q define the restriction map from Q to P :

resQP : RepFT
(Q,F) −−−−→ RepFT

(P,F)

to be the map which sends a vertex [ϕ]F(v) in RepFT
(Q,F) to [ϕ|P ]F(v) in

RepFT
(P,F).

(b) For each P 6 S(v∗) the action of FT on RepFT
(P,F) is given by the

group action of AutFT
(P ) on RepFT

(P,F) which sends a vertex [ϕ]F(v) to
[ψ ◦ ϕ]F(v) for each ψ ∈ AutFT

(P ).

We quickly check that this definition make sense. Firstly, one observes that resQP
defines a homomorphism of graphs. To see this, note that if [α]F(v) is incident to
some edge [β]F(e) in RepFT

(Q,F), then there exists ψ ∈ HomF(v)(Qα,S(v)) such

that β ◦ ι
S(v)
S(e) = α ◦ ψ. Hence β|P ◦ ι

S(v)
S(e) = α|P ◦ ψ|Pα and [α|P ]F(v) is incident

to [β|P ]F(e) in RepFT
(P,F). Secondly, note the described action of AutFT

(P ) on
RepFT

(P,F) makes sense: if [ϕ]F(v) is a vertex of RepFT
(P,F) and ψ ∈ AutFT

(P ),
then ψ ◦ ϕ ∈ HomFT

(P,S(v)) so that [ψ ◦ ϕ]F(v) is also a vertex of RepFT
(P,F).

The following proposition gives conditions on (T ,F ,S) which will allow us to

calculate the image of resQP in terms of certain fixed points of the action of FT on
RepFT

(P,F).

Proposition 4.3. Let (T ,F ,S) be a tree of fusion systems which satisfies (H) and
assume that the following hold:

(a) F(v) is saturated for each vertex v of T ; and
(b) F(e) is a trivial fusion system FS(e)(S(e)) for each edge e of T .

Let P and Q be p-groups with P ✂ Q 6 S(v∗) and assume that P is FT -centric,
where FT is the completion of (T ,F ,S). If RepFT

(P,F) is a tree, then the image
of the restriction homomorphism

resQP : RepFT
(Q,F) −−−−→ RepFT

(P,F)

is equal to RepFT
(P,F)AutQ(P ).

Proof. Set K := AutQ(P ). If [α] is a vertex or edge in RepFT
(Q,F) then [α|P ] ∈

RepFT
(P,F)K since

cg ◦ α|P = α|P ◦ (α−1|Pα ◦ cg ◦ α|P )

for each g ∈ Q. It remains to prove that each vertex or edge of RepFT
(P,F)K is

the image of some vertex or edge of RepFT
(Q,F). Since RepFT

(P,F) is a tree and
K is finite, RepFT

(P,F)K is also a tree. In particular RepFT
(P,F)K is connected.

Hence to complete the proof, it will be enough to show that for each edge [β]F(e)

in RepFT
(P,F)K which is connected to the image [α|P ]F(v) of some vertex [α]F(v)

under resQP , there exists an edge [β]F(e) in RepFT
(Q,F) connected to [α]F(v) whose
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image under resQP is [β]F(e). Since [ιSQ]F(v∗) gets sent to [ιSP ]F(v∗) under resQP , we

may assume (inductively) that we have chosen e to be the edge to which v is
incident in the unique minimal path from v to v∗. In particular we may assume
that S(e) = S(v). By assumption, there exists ψ ∈ HomF(v)(Pβ, Pα) such that

β ◦ ψ = α|P . Set R := NKβ

S(e)(Pβ). Since [β]F(e) is fixed by K, Kβ 6 AutS(e)(Pβ)

so AutR(Pβ) = Kβ . Now, AutR(Pβ)
ψ = Kβψ = Kα = AutQα(Pα) and hence

Qα 6 Nψ−1 = {g ∈ NS(v)(Pα) | (cg)
ψ−1

∈ AutS(Pβ)}.

Since F(v) is saturated and Pα is F(v)-centric (and therefore fully F(v)-centralised),
ψ−1 extends to a map ρ ∈ HomF(v)(Qα,S(v)). Set β := α ◦ ρ ∈ HomF(v)(Q,S(v))

so that resQP ([β]F(e)) = [β|P ]F(e) = [β]F(e) and [α]F(v) is incident to [β]F(e) in
RepFT

(Q,F). This completes the proof. �

4.2. Proof of Theorem B. We now have all of the tools necessary to prove The-
orem B. We remind the reader that this theorem was originally conjectured based
on the corresponding statement for trees of group fusion systems, [3, Theorem 4.2],
and the proof in that case may be seen to rely on some fairly deep homotopy theory.
No deep results are required in our proof and for this reason we feel the statement is
more naturally understood in the context of trees of fusion systems. Nevertheless,
we will present [3, Theorem 4.2] as Corollary 4.4 below.

A key step in our proof is the observation that the completion FT of a tree of
fusion systems (T ,F ,S) is independent of where F sends edges e of T , provided
FS(e)(S(e)) ⊆ F(e) ⊆ F(v) (inside FT ). This means that we are able to assume
that F(e) is the trivial fusion system FS(e)(S(e)).

Proof of Theorem B. Let (T ,F ′,S) be the tree of fusion systems obtained from
(T ,F ,S) by setting F ′(v) := F(v) for each vertex v of T and F ′(e) := FS(e)(S(e))
for each edge e of T . Then (T ,F ′,S) satisfies (H) and has completion FT . Also,
since any cycle in RepFT

(P,F ′) is a cycle in RepFT
(P,F), hypothesis (b) in the

theorem remains true for (T ,F ′,S). Hence we may assume from now on that
(T ,F ,S) = (T ,F ′,S).

Since F(v) is a saturated fusion system on S(v) for each vertex v in T , by
Theorem 1.10

F(v) = 〈{AutF(v)(P ) | P is F(v)-essential } ∪ {AutF(v)(S(v))}〉S(v).

By hypothesis, each F(v)-essential subgroup and each S(v) is an FT -centric sub-
group so by the definition of FT we have

FT = 〈AutF(v)(P ) | v ∈ V (T ), P is FT -centric〉S .

Hence by Theorem 1.11 it suffices to verify that axioms (a) and (b) in Definition
1.1 hold for FT -centric subgroups.

First we prove Definition 1.1 (a) holds. Let P be a fully FT -normalised, FT -
centric subgroup of S. Then since |CS(Pϕ)| = |Z(Pϕ)| = |Z(P )| for each ϕ ∈
HomFT

(P, S), P is certainly fully FT -centralised. It remains to prove that P is
fully FT -automised. Each ϕ ∈ AutFT

(P ) acts on RepFT
(P,F) by sending a vertex

[α]F(v) to [ϕ ◦ α]F(v). Since AutFT
(P ) is finite and RepFT

(P,F) is a tree, there
exists a vertex or edge [α]F(r) in RepFT

(P,F) which is fixed under the action of
AutFT

(P ) (r ∈ V (T ) ∪ E(T )). This means that AutF(r)(Pα) = AutFT
(P )α.
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Choose β ∈ HomF(r)(Pα, S(r)) so that Pαβ is fully F(r)-normalised. Since
F(r) is saturated, AutS(r)(Pαβ) ∈ Sylp(AutF(r)(Pαβ)). Now

|AutS(P )| = |NS(P )|/|Z(P )| > |NS(Pαβ)|/|Z(Pαβ)| > |AutS(r)(Pαβ)|,

where the first inequality follows from the fact that P is fully FT -normalised. Since

|AutF(r)(Pαβ)| = |AutF(r)(Pα)| = |AutFT
(P )|,

we must have AutS(P ) ∈ Sylp(AutFT
(P )), so that P is fully FT -automised, as

needed.
Next we prove that (b) holds in Definition 1.1. Fix ϕ ∈ HomFT

(P, S) where
P is FT -centric. We need to show that there is some ϕ ∈ HomFT

(Nϕ, S) which

extends ϕ. Set K := AutNϕ
(P ) = AutS(P ) ∩ AutS(Pϕ)

ϕ−1

. If cg ∈ K then
cg ◦ ϕ = ϕ ◦ ch for some h ∈ AutS(Pϕ) and this show that the vertex [ϕ]F(v∗) in
RepFT

(P,F) is fixed by the action of K. By Proposition 4.3 applied with Q = Nϕ
there is some [ψ]F(v∗) ∈ RepFT

(Nϕ,F) with [ψ|P ]F(v∗) = [ϕ]F(v∗). This implies
that there is ρ ∈ IsoF(v∗)(Pϕ, Pψ) such that ψ|P = ϕ ◦ρ. Since F(v∗) is saturated,

ρ−1|Pψ = (ψ|P )
−1 ◦ ϕ extends to a map χ ∈ HomF(v∗)((Nϕ)ψ, S). To see this,

observe that (Nϕ)ψ 6 Nρ−1 since for g ∈ Nϕ, (cgψ)
ρ−1

= (cg)
ϕ ∈ AutS(Pϕ) =

AutS(Pψρ
−1). Hence we set ϕ := ψ ◦ χ ∈ HomF (Nϕ, S) so that ϕ extends ϕ, as

needed. This completes the proof of (b) in Definition 1.1 and hence the proof of
the theorem. �

Corollary 4.4. Let (T ,G) be a tree of groups with completion GT and assume that
there exists a vertex v∗ of T for which the following is true: for each v ∈ V (T )
not equal to v∗, p ∤ |G(v) : G(e)| where e is the to which v is incident in the unique
minimal path from v to v∗. Write S := S(v∗) and assume that for each P 6 S,

(a) if P is GT -conjugate to an FS(v)(G(v))-essential subgroup then P is FS(GT )-
centric; and

(b) if P is FS(GT )-centric then T̃ P /CGT
(P ) is a tree.

Then FS(GT ) is saturated.

Proof. Let (T ,F ,S) be a tree of fusion systems induced by (T ,G). The hypothesis
of the corollary implies that (T ,F ,S) satisfies (H), so there exists a completion FT

of (T ,F ,S) by Lemma 2.6. By Theorem 3.3, FT
∼= FS(GT ), so it suffices to verify

conditions (a) and (b) in Theorem 4.1 hold. Clearly (a) holds by assumption and
(b) holds by Proposition 3.5 and Corollary 3.7. �

Example 4.5. Let (T ,F ,S) be the tree of fusion systems constructed in Ex-
ample 3.4. Clearly (a) holds in the statement of Theorem 4.1 since S, V1 and
V2 are the only FT -centric subgroups. It remains to check that (b) holds for
these subgroups. Firstly, we show that |RepFT

(Vi,F(e))| = 3. To see this, for
i = 1, 2 write Z(S) = 〈z〉, choose xi such that Vi = 〈z, xi〉 and notice that
Viϕ = Vi for each ϕ ∈ HomFT

(Vi, S). Since AutF(e)(Vi) interchanges xi and xiz,
the class of ϕ is determined by which of xi, z and xiz gets mapped to z under
ϕ yielding exactly 3 classes of embeddings. By similar arguments the facts that
AutF(vi)(Vi)

∼= Sym(3) and AutF(v3−i)(Vi)
∼= C2 imply that |RepFT

(Vi,F(vi))| = 1
and |RepFT

(Vi,F(v3−i))| = 3 respectively for i = 1, 2. Since 4 = 3 + 1, the Euler
characteristic of RepFT

(Vi,F) is 0 for i = 1, 2 so this graph is a tree. In fact, we can
see directly that RepFT

(Vi,F) is a 3 pointed star. Finally, the graph RepFT
(S,F)
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obviously consists of a single vertex and so the saturation of FT follows from The-
orem 4.1.

5. Attaching p′-automorphisms to Fusion Systems

In this section, we apply Theorem B to prove Theorem C which is a general pro-
cedure for extending a fusion system by p′-automorphisms of its centric subgroups.
Theorem C is a generalisation of [3, Proposition 5.1] to arbitrary saturated fusion
systems.

5.1. Extensions of p-constrained Groups. We appeal to some cohomological
machinery which will allow us to prove a lemma which gives conditions for a p-
constrained group to be extended by a p′-group of automorphisms of a normal
centric subgroup. First recall the following characterisation of extensions of non-
abelian groups.

Theorem 5.1. Let G and N be finite groups. Each homomorphism

ψE : G −−−−→ Out(N)

determines an obstruction in H3(G,Z(N)) which vanishes if and only if there exists
an extension

1 −−−−→ N −−−−→ E −−−−→ G −−−−→ 1

which gives rise to ψE via the conjugation action of E on N . Furthermore, the group
H2(G,Z(N)) acts freely and transitively on the set of (suitably defined) equivalence
classes of such extensions.

Proof. See [4, Theorems IV.6.6 and IV.6.7]. �

When H 6 G, there is a restriction map

Hn(G,M)
resGH−−−−→ Hn(H,M)

for each G-module M and n > 0 (see [4, Section III.9]). Each g ∈ G induces a
well-defined map Hn(H,M)

g
−−−−→ Hn(Hg,M) and we define z ∈ H∗(H,M) to

be G-invariant if

resHH∩Hgz = resH
g

H∩Hgzg

for each g ∈ G. The following result characterises G-invariant elements when M is
an FpG-module for some prime p.

Theorem 5.2. Let G be a finite group, p be prime and M be an FpG-module. For
each H 6 G with p ∤ |G : H| and n > 0, resGH maps Hn(G,M) isomorphically onto
the set of G-invariant elements of Hn(H,M).

Proof. This follows from [4, Theorem III.10.3]. �

As an immediate consequence we have:

Corollary 5.3. Let G be a finite group andM be an FpG-module. If H is a strongly
p-embedded subgroup of G then resGH induces an isomorphism

H∗(G,M)
resGH−−−−→ H∗(H,M).

Theorem 5.1 and Corollary 5.3 may be applied to prove the following result
which is a key ingredient in the proof of Theorem C.
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Lemma 5.4. Let H be a finite group with Op′(H) = 1 and let Q be a normal p-
subgroup of H with CH(Q) 6 Q. Assume ∆ 6 Out(Q) is chosen such that OutH(Q)
is a strongly p-embedded subgroup of ∆. There exists a finite group G containing
H as a p′-index subgroup with Q✂G and OutG(Q) ∼= ∆.

Proof. Write K := OutH(Q). Since K is strongly p-embedded in ∆ and Z(Q)
may be regarded as an Fp∆-module, Corollary 5.3 implies that Hj(∆;Z(Q)) ∼=
Hj(K;Z(Q)) for each j > 0. Since this holds when j = 3, there exists a finite
group G which fits into a diagram

1 −−−−→ Q −−−−→ G −−−−→ ∆ −−−−→ 1
∥∥∥

x
x

1 −−−−→ Q −−−−→ H −−−−→ K −−−−→ 1,

by Theorem 5.1. Since H2(∆;Z(Q)) ∼= H2(K;Z(Q)) acts freely and transitively
on the set of all such extensions of Q by ∆, we may choose G such that H 6 G. In
particular, ∆ ∼= G/Q = OutG(Q), as required. �

5.2. Proof of Theorem C. Let F0 be a saturated fusion system on a finite p-group
S. Our goal is to apply Lemma 5.4 to find conditions for there to exist a saturated
fusion system F containing F0 with the property that AutF0

(Q) is a strongly p-
embedded subgroup of AutF (Q) whenever Q 6 S is F-essential. The technique we
use will involve the construction of a star of fusion systems (T ,F(−),S(−)) with F0

associated to the central vertex and the fusion systems of certain p′-extensions of
constrained models of the NF0

(Q) associated to the outer vertices. The saturation
of the completion of (T ,F(−),S(−)) will follow from Theorem 4.1.

Theorem 5.5. Let F0 be a saturated fusion system on a finite p-group S. For
1 6 i 6 m, let Qi 6 S be fully F0-normalised subgroups with Qiϕ � Qj for each
ϕ ∈ HomF0

(Qi, S) and i 6= j. Set Ki := OutF0
(Qi) and choose ∆i 6 Out(Qi) so

that Ki is a strongly p-embedded subgroup of ∆i. Write

F = 〈{HomF0
(P, S) | P 6 S} ∪ {∆i | 1 6 i 6 m}〉S .

Assume further that for each 1 6 i 6 m,

(a) Qi is F0-centric (hence F-centric) and minimal (under inclusion) amongst
all F-centric subgroups, and

(b) no proper subgroup of Qi is F0-essential.

Then F is saturated.

Proof. Since Qi is fully F0-normalised and F0-centric, NF0
(Qi) is a constrained

fusion system. Hence by Theorem 1.17 there exists a unique finite group Hi

with Qi ✂ Hi, CHi
(Qi) 6 Qi and NF0

(Qi) = FNS(Qi)(Hi). Since OutF0
(Qi) =

OutHi
(Qi), Lemma 5.4 implies that there is some finite group Gi containing Hi

with p ∤ |Gi : Hi| and which satisfies OutGi
(Qi) = ∆i. Now let T be the star formed

by a central vertex v0 and m vertices vi each incident to a unique edge ei = (v0, vi)
for 1 6 i 6 m. Let (T ,F(−),S(−)) be the tree of fusion systems formed by set-
ting F(v0) := F0, F(vi) := FNS(Qi)(Gi) and F(ei) := FNS(Qi)(Hi) = NF0

(Qi) for
1 6 i 6 m. Then (T ,F(−),S(−)) satisfies (H), FT = F by Lemma 2.6 and it
suffices to verify that conditions (a) and (b) of Theorem 4.1 hold.

Suppose that P = S(vi) or P is F-conjugate to an F(vi)-essential subgroup.
We need to show that P is F-centric. In the first case, since Qi is F-centric (by
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assumption), P = NS(Qi) is also F-centric by Lemma 1.7 (b). In the second case,
there exists some ϕ ∈ HomF (P, S) such that Pϕ 6 S(vi) is F(vi)-essential. If
i 6= 0 then since Qi ✂ F(vi), Lemma 1.15 implies that Qi 6 Pϕ so that since Qi is
F-centric also Pϕ (and hence P ) is F-centric by Lemma 1.7 (b) again. If i = 0 then
since Pϕ is not contained in Qi (by condition (b) in the theorem) for all 1 6 i 6 m
and Pϕ is F0-centric, Pϕ is also F-centric, by the definition of FT .

It remains to prove that (b) holds in Theorem 4.1. It will be enough to show
directly that the connected component of the vertex [ιSP ]F(v0) in RepFT

(P,F(−))
is a tree for each FT -centric subgroup P 6 S. Suppose [β]F(v0) is connected to
[β′]F(vi) via an edge [α]F(ei) in RepFT

(P,F(−)). If [β′]F(vi) is incident to an-
other edge [α′]F(ei) then there exists ρ ∈ IsoF(vi)(Pα, Pα

′) such that α′ = α ◦ ρ.
Since Qi ✂F(vi), ρ extends to a map ρ ∈ HomF(vi)((Pα)Qi, (Pα

′)Qi) with ρ|Qi
∈

AutF(vi)(Qi). Set χ := [ρ|Qi
] ∈ OutF(vi)(Qi) = ∆i for the class of ρ|Qi

in ∆i and
note that χ /∈ Ki, since otherwise [α]F(ei) = [α′]F(ei). Now

χ−1 ◦Out(Pα)Qi
(Qi) ◦ χ = Out(Pα′)Qi

(Qi) 6 Ki

and
Out(Pα)Qi

(Qi) 6 Ki ∩ χ ◦Ki ◦ χ
−1,

which is a p′-group by hypothesis. Since Qi is F-centric, we have Out(Pα)Qi
(Qi) ∼=

(Pα)Qi/Qi so that Pα 6 Qi. But P is F-centric and Qi is minimal amongst all
F-centric subgroups (by assumption) and so Pα = Qi. Furthermore since Qi is not
F0-conjugate to Qj for i 6= j, this must occur for some unique i.

Setting β = ιSP in the previous paragraph we see that either RepFT
(P,F(−)) is

a tree or P is F0-conjugate to a unique Qi. Suppose we are in this latter situation
and let Γ0 ⊂ RepF (P, T ) be the connected subgraph consisting of all vertices of the
form [β]F(v0) or [β′]F(vi) and edges of the form [α]F(ei). If [γ]F(vj) is a vertex not
in Γ0 then j 6= i and a minimal path from [γ]F(vj) to Γ0 must consist of a single
edge [δ]F(ej), otherwise by the argument in the previous paragraph, we would have
that P is F0-conjugate to Qj , a contradiction (see Figure 4.1 below). Hence Γ0 is a
deformation retract of RepFT

(P,F(−)) and it is enough to prove that Γ0 is a tree.
In fact we prove that Γ0 is a star. Suppose that a vertex [β]F(v0) ∈ Γ0 is incident to
two (different) edges [α]F(ei) and [α′]F(ei). The argument in the previous paragraph
shows that α, α′ ∈ IsoF(ei)(P,Qi) and there exists ρ ∈ AutF(vi)(Qi) = ∆i such that
α ◦ ρ = α′. Hence [α]F(ei) = [α′]F(ei) and each [α]F(v0) ∈ Γ0 is incident to a unique
edge. This establishes the claim, and finishes the proof of the theorem. �
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