Minimal resolutions of algebras

by M.C.R. Butler & A.D. King

Abstract. A method is described for constructing the minimal projective resolution of an algebra considered as a bimodule over itself. The method applies to an algebra presented as the quotient of a tensor algebra over a separable algebra by an ideal of relations which is either homogeneous or admissable (with some additional finiteness restrictions in the latter case). In particular, it applies to any finite dimensional algebra over an algebraically closed field. The method is illustrated by a number of examples, viz. truncated algebras, monomial algebras and Koszul algebras, with the aim of unifying existing treatments of these in the literature.

1991 Mathematics Subject Classification. Primary: 16E99, 18G10. Secondary: 16D20, 16E40, 16G20, 16W50.

1. Introduction A projective resolution of an algebra Λ, considered as a bimodule over itself, is fundamental in governing the homological properties of the algebra. Such a resolution may be used to compute Hochschild homology and cohomology, to provide functorial projective resolutions of one-sided modules and to compute the derived functors of Hom_Λ(−, −) and − ⊗_Λ −. Any two such resolutions are homotopic, but, when Λ admits a minimal resolution, then this resolution is unique up to isomorphism and should give the most natural and efficient method for making the computations already mentioned. Of course, the minimal resolution should also be an inherently interesting invariant of Λ. It is easy to see, for example, that the length of the minimal resolution is precisely the global dimension of Λ.

The primary aim of this paper is to construct the minimal projective bimodule resolution of an algebra Λ which is presented as a quotient of a tensor algebra over a separable algebra. The principal motivating example of such a tensor algebra is the path algebra of a quiver. However, the general formalism of tensor algebras provides a broader and more natural context for our results. Hence, throughout the paper, we fix a base field k, a k-separable algebra S and an S, S-bimodule X. We let Γ be the tensor algebra of X over S and J be the augmentation ideal in Γ generated by X. Without loss of generality, all quotient algebras Λ = Γ/I will be taken over ideals I ⊆ J^2. Almost all spaces we encounter will be at least S, Sbimodules, which form a semi-simple category, precisely because S is separable. This category also has tensor products and the symbol ⊗ without a subscript will always denote tensor product over S.

Eilenberg’s general theory of perfect categories [10] provides us with two classes of quotient algebras Λ = Γ/I for which minimal bimodule resolutions exist: firstly, semi-primary algebras for which the relation ideal I is ‘admissable’, that is, contains a power of J; and, secondly, graded algebras for which I is homogeneous, with respect to the obvious grading of Γ by the tensor powers of X. We will restrict our attention to algebras in one or other of these classes.

The individual terms in the minimal resolution are known (see for example [12] §1.5 when Λ is finite dimensional). Indeed, a slight refinement of Eilenberg’s original theory identifies the m-th term as

Λ ⊗ Tor^Λ_m(S, S) ⊗ Λ

where S is regarded as a Λ-module on either side via the augmentation map Λ → S with kernel J/I. Furthermore, we may obtain a description in terms of the ideals I and J in Γ using the formulae (cf. [7])

Tor^Λ_{2n}(S, S) ∼= I^n ∩ JI^{n−1}J JI^n + I^nJ Tor^Λ_{2n+1}(S, S) ∼= JI^n ∩ I^nJ I^{n+1} + JI^nJ

(1.1)

Our main objective is to describe the maps in the resolution in terms of data associated to Γ and in a manner compatible with (1.1).

This objective can readily be achieved at the beginning of the resolution, which is known to have the form 0 → I/I^2 c−→ Λ ⊗ X ⊗ Λ d−→ Λ ⊗ Λ e−→ Λ → 0 (1.2) The maps d and e are the reductions modulo I (on both sides) of the corresponding maps d_Γ and e_Γ in the basic structure sequence for any tensor algebra (see [9] Prop. 2.2.6)

0 → Γ ⊗ X ⊗ Γ d_Γ −→ Γ ⊗ Γ e_Γ −→ Γ → 0 (1.3)

Explicitly, e_Γ is the multiplication map and d_Γ : 1 ⊗ x ⊗ 1 → x ⊗ 1 − 1 ⊗ x. The connecting map c in (1.2) is induced by the restriction to I of the universal derivation

Δ : Γ → Γ ⊗ X ⊗ Γ : x_1 · · · x_r → r∑ i=1 x_1 · · · x_{i−1} ⊗ x_i ⊗ x_{i+1} · · · x_r

The basic strategy of the paper involves the construction of a series of four term exact sequences 0 → I^{n+1} I^{n+2} c_n −→ Λ ⊗ JI^n ∩ I^nJ JI^nJ ⊗ Λ d_n −→ Λ ⊗ I^n JI^n + I^nJ ⊗ Λ e_n −→ I^n I^{n+1} → 0 (1.4)

of which (1.2) is the case n = 0. The sequences (1.4) can then be spliced together to form a projective resolution of Λ, which we shall refer to as the ‘spliced resolution’. Comparing (1.4) to (1.1), it is clear that this resolution is not necessarily minimal, but that the terms are closely related to the required minimal terms. The excess summands occur in naturally isomorphic pairs across the splicing Λ ⊗ I^n I^n ∩ JI^{n−1}J ⊗ Λ ∼= Λ ⊗ I^n + JI^{n−1}J JI^{n−1}J ⊗ Λ and an important requirement thus imposed on the construction of the sequences (1.4) is that these excess summands may be readily excised, thereby yielding the minimal resolution.

The main technical idea of the paper is that the construction of (1.2) described above should be generalised to give a construction of a four term sequence 0 → IL ∩ LI ILI c−→ Λ⊗ JL ∩ LJ JLJ ⊗Λ d−→ Λ⊗ L JL + LJ ⊗Λ e−→ L IL + LI → 0 (1.5)

defined for any Γ, Γ-bimodule L which is ‘left-right projective’, that is, projective both as a left Γ-module and as a right Γ-module. The case L = Γ gives (1.2), while L = I^n gives (1.4).

If we make the assumption that either J is nilpotent or L is graded, then L itself has a minimal projective resolution as a Γ, Γ-bimodule and we will show (Proposition 4.2) that this has the special form

0 → Γ ⊗ JL ∩ LJ JLJ ⊗ Γ d_Γ −→ Γ ⊗ L JL + LJ ⊗ Γ e_Γ −→ L → 0 (1.6) where e_Γ is a minimal projective cover, determined by the choice of an S, Sbimodule complement U to JL + LJ in L and d_Γ is determined by the choice of an S, S-bimodule complement V to JLJ in JL ∩ LJ, together with the choice of a left Γ-module section l_Γ of e_Γ and a right Γ-module section r_Γ of e_Γ. Explicitly, for u ∈ U and v ∈ V ,

e_Γ(1 ⊗ u ⊗ 1) = u d_Γ(1 ⊗ v ⊗ 1) = l_Γ(v) − r_Γ(v)

We will call such a sequence (1.6) a ‘standard presentation’ of L, determined by data (U, V, l_Γ, r_Γ). Note that (1.3) is the special case L = Γ, with U = S and V = X. We will then see (Theorem 5.2) that reducing a standard presentation (1.6) modulo I on both sides yields a sequence of the form (1.5) with certain special properties. In particular, as in (1.2), the map c is induced by a ‘bimodule derivation’ associated to (1.6). We encapsulate these special properties in the definition of a ‘standard presentation’ of L/(IL + LI). These properties will, in particular, enable us to excise the excess summands from the spliced resolution to obtain the minimal resolution.

Unfortunately, the assumptions above are too strong to cover the case L = I^n for an arbitrary admissable ideal I in, for example, the path algebra of a quiver with oriented cycles. Therefore, we shall need a further existence result for standard presentations of L/(IL + LI) to cover cases where we do not know whether a standard presentation of L exists. The abstract existence of a sequence of the form of (1.5) will be proved (Theorem 6.2) in the degree of generality appropriate to the paper, that is, under the assumption that either I is admissable or L is graded. However, this proof is non-constructive and to actually construct (1.5) as a standard presentation we need some additional finiteness assumptions. Thus our final existence result (Theorem 6.3) is somewhat more awkward than we would like. On the other hand, it does cover the important case L = I^n for any admissable ideal I in the path algebra of a finite quiver.

To appreciate the problems involved in constructing (1.6) when J is not nilpotent and L is not graded, it is sufficient to consider the case where Γ is the free associative algebra in at least two variables and L is an arbitrary admissable ideal in Γ. We do not even know, in this case, whether a map of the form e_Γ necessarily exists, that is, whether L may be generated by a complement to JL + LJ. It also appears to still be an open question whether, in this case, all projective bimodules are free.

The structure of the paper is as follows. Sections 2 and 3 are preparatory. In Section 2, we recall the material needed from Eilenberg’s paper [10] and establish formulae for the terms of minimal resolutions. In Section 3, we define bimodule derivations, explain how they are associated to left-right split short exact sequences such as (1.6) and show that they may be used to induce connecting morphisms such as the map c in (1.5). Sections 4,5 & 6 contain the main technical part of the paper, that is, the definitions of and existence theorems for standard presentations, as already outlined. In Section 5 we are able to give, as an example, the minimal resolution of a truncated algebra Λ = Γ/J^t, because in this special case the spliced resolution coincides with the minimal resolution. Section 7 completes the main aim of the paper by showing how, in general, the excess summands may be excised from the spliced resolution to yield the minimal resolution. We formulate the final result for any left-right projective bimodule L for which IL = LI, although the case of most interest is L = Γ. Sections 8 & 9 discuss some aspects of the construction in detail in the case of monomial algebras and Koszul algebras, and the relationship to what is already known in these two cases. The paper ends with an Appendix containing a structure theorem, used in Section 6, for one-sided projective modules over tensor algebras. The result may not be familiar in the degree of generality stated here, although it is certainly well-known in special cases.

Additional notation and conventions.

All ideals are two-sided unless otherwise specified. An ideal in Γ denoted by I will always be contained in J^2 and the corresponding quotient algebra will always be denoted by Λ. We will not distinguish between Λ-modules and Γmodules that are annihilated by I. Thus, if L is a left Λ-module, then we will write just JL rather than (J/I)L, with similar conventions for right modules and bimodules. Furthermore, S will be regarded interchangeably as a subring of Γ with complement J, or as a subring of Λ with complement J/I, or as a Γ, Γ bimodule (or one sided module) via the augmentation Γ → S with kernel J, or as a Λ, Λ-bimodule (or one-sided module) via the augmentation Λ → S with kernel J/I. When we consider Γ as a graded algebra, it will always be with respect to the obvious grading given by the tensor powers of X. Hence, by a graded Γ, Γ-bimodule L we mean one equipped with an S, S-bimodule decomposition L = ⨁ n≥0 L[n], such that XL[n] + L[n]X ⊆ L[n + 1]. A graded morphism f : M → L is one for which f(M[n]) ⊆ L[n], and a tensor product of graded modules is graded by the usual convention (A ⊗ B)[n] = ⨁ i+j=n A[i] ⊗ B[j]. We will use the adjective “left-right” to describe a property that is satisfied by bimodules as one-sided modules on both sides. Thus a left-right projective bimodule is one that is projective as a left module and also projective as a right module. Similarly, a left-right split short exact sequence of bimodules is one that is split as a sequence of left modules and also as a sequence of right modules.

Acknowledgement. Most of the work on this paper, including several early versions, was carried out at the University of Liverpool, where the second author was supported by a grant from the SERC/EPSRC. We also thank the SFB 343 at the University of Bielefeld for its hospitality during the preparation of the final version. We are particularly grateful to Lutz Hille for enlightening discussions about Koszul algebras, which enabled us to write Section 9, and to Wolfgang Soergel and Mike Bardzell for sending us their preprints [5] and [4], respectively.

2. Projective covers of bimodules We gather some basic facts about minimal projective covers and minimal resolutions of bimodules over quotients of tensor algebras. We note first that the separability of S enables us to identify a large class of projective bimodules.

Lemma 2.1. Let Ω_1 and Ω_2 be k-algebras. Let P be an Ω_1, S bimodule, which is projective as a left Ω_1-module, and Q an S, Ω_2-bimodule, which is projective as a right Ω_2 module. Then for any S, S-bimodule W the Ω_1, Ω_2-bimodule P ⊗ W ⊗ Q is projective.

Proof. This follows immediately from the equivalence of functors

Hom_{Ω1,Ω2} (P ⊗ W ⊗ Q, −) ∼= Hom_{S,S} ( W, Hom_{Ω1} ( P, Hom_{Ω2} (Q, −) ))

and the fact that every S, S-bimodule is projective, because S is separable.

The main application of this lemma is that, for any quotients Λ_1 and Λ_2 of Γ and for any S, S-bimodule W , the induced Λ_1, Λ_2-bimodule Λ_1 ⊗ W ⊗ Λ_2 is projective. In particular, Γ itself has dimension one, in the sense of Hochschild cohomology, because the basic sequence (1.3) is a projective bimodule resolution. Hence Γ is left and right hereditary and so all ideals in Γ are left-right projective. The lemma also has the following important consequence, which shows that these ideals are also projective as Γ, S- and S, Γ-bimodules.

Corollary 2.2. Any Ω_1, S bimodule P that is projective as a left Ω_1-module is projective as an Ω_1, S-bimodule.

Proof. Apply Lemma 2.1 with Ω_2 = Q = W = S.

To ensure the existence and uniqueness (up to isomorphism) of minimal resolutions of Λ, Λ-bimodules (or equivalently of left modules over the enveloping algebra Λ^{ev} = Λ ⊗_k Λ^{op}), we shall work in a perfect category, as axiomatised by Eilenberg ([10] §2 Axioms 1–5 & §4 Axiom 6). Strictly speaking, Eilenberg uses the term “perfect” to describe a category of modules satisfying just the first five axioms, which are sufficient only to ensure the existence and uniqueness of minimal projective covers (called ‘minimal epimorphisms’ in [10]). Axiom 6 is required to ensure that a perfect category is closed under taking kernels, so that the process of taking covers can be iterated to produce minimal resolutions. Therefore we shall require that our perfect categories also satisfy this axiom.

Using [10] §6 Proposition 15, we may identify two examples of perfect categories of bimodules, which are the two main examples considered in this paper. If I is admissable, and hence Λ is semi-primary, we take the category of all Λ, Λbimodules; while if I is homogeneous, and hence Λ is graded, we take the category of graded Λ, Λ-bimodules and graded morphisms. It is then appropriate in both cases to refer to S^{ev} as the semisimple ‘top’ of Λ^{ev} (because S is separable) and to rad(Λ^{ev}) = rad Λ ⊗_k Λ^{op} + Λ ⊗_k rad Λ^{op}

as the ‘radical’, where rad Λ = J/I. The ‘top’ of a Λ, Λ-bimodule L is then taken to be the S, S-bimodule

T (L) = L rad(Λ^{ev})L = L JL + LJ = S ⊗_Λ L ⊗_Λ S (2.1)

Now [10] §3 Proposition 3 shows that every bimodule L has a minimal projective cover P → L, which is unique up to isomorphism and which is characterised (amongst all maps from a projective to L) by the condition that the induced map T (P) → T (L) is an isomorphism. In our restricted context of quotients of tensor algebras, we may construct minimal projective covers in a more explicit manner than was available to Eilenberg. The key additional feature is that Λ and, consequently, Λ^{ev} split over their radicals. Therefore, for any S, S-bimodule W we have an induced Λ, Λ-bimodule P(W ) = Λ ⊗ W ⊗ Λ (2.2)

which is projective by Lemma 2.1 and clearly has top T (P(W )) = W . We may thus reformulate Eilenberg’s existence and uniqueness result as follows, writing π : L → T (L) for the canonical projection.

Lemma 2.3. If W is an S, S-bimodule and σ : W → L an S, S-morphism such that πσ : W → T (L) is an isomorphism, then the induced map σ̂ : Λ ⊗ W ⊗ Λ → L is a minimal projective cover. If, in addition, L is projective then σ̂ is an isomorphism.

This does indeed produce explicit minimal projective covers for any L, because S is separable and so we may choose for W any S, S-complement of JL + LJ in L, and thus obtain, as the required cover, the map P(W ) → L : a ⊗ w ⊗ b → awb.

Finally, the usual iterative procedure yields a construction of a minimal projective resolution of L in which the mth term is P ( T_m(L) ) , where, by [10] §4 Proposition 10, T_m(L) ∼= Tor^{Λev}_m (S^{ev}, L). (2.3) The Λ, Λ-bimodules of most interest in this paper are those such as L = I^n/I^{n+1}, which have the special form L = L/LI, where L is a left-right projective Γ, Γ-bimodule and IL = LI. For these special bimodules we may find other formulae for the Tor groups in (2.3), which give the formula T_m(Λ) ∼= Tor^Λ_m(S, S) and the ideal quotient formulae (1.1) in the case L = Γ.

Proposition 2.4. Let L be a left-right projective Γ, Γ-bimodule for which IL = LI. Then L = L/LI is a left-right projective Λ, Λ-bimodule and, for all m ≥ 0, T_m(L) ∼= Tor^Λ_m(S, L ⊗_Λ S). (2.4) Furthermore, for all n ≥ 0,

T_{2n}(L) ∼= LI^n ∩ JLI^{n−1}J JLI^n + LI^nJ T_{2n+1}(L) ∼= JLI^n ∩ LI^nJ LI^{n+1} + JLI^nJ (2.5)

Proof. Since L/IL = Λ ⊗_Γ L, we see that L is left projective and, by a symmetric argument, it is also right projective. To prove (2.4), we calculate Tor^{Λev}_∗ (S^{ev}, L) using a projective Λ, Λ-bimodule resolution P_∗ of L. Now S^{ev} ⊗_Λev P_∗ = S ⊗_Λ ( P_∗ ⊗_Λ S ) (2.6) and, since L is right projective, P_∗ is split acyclic as a complex of right modules. Hence P_∗ ⊗_Λ S is a projective left Λ-module resolution of L⊗_Λ S and the homology of the right hand side of (2.6) is precisely Tor^Λ_∗ (S, L ⊗_Λ S).

To get from (2.4) to (2.5), we first note that L ⊗_Λ S = (L/LI) ⊗_Γ (Γ/J) = L/LJ. Then we compute Tor^Λ_∗ (S, L ⊗_Λ S) using the following projective right Λ-module resolution of S (cf. [11] §1 Proposition 3) · · · → JI^n JI^{n+1} → I^n I^{n+1} → JI^{n−1} JI^n → · · · → J JI → Λ → S → 0 (2.7)

Here the three general terms are in degrees 2n + 1, 2n and 2n − 1, and the maps are induced by the chain of inclusions · · · ⊆ JI^{n+1} ⊆ I^{n+1} ⊆ JI^n ⊆ I^n ⊆ JI^{n−1} ⊆ · · · ⊆ I ⊆ J ⊆ Γ Now L is flat as a left Γ-module, and so, for any ideal H ⊆ Γ, the multiplication map H ⊗_Γ L → HL is an isomorphism and further induces an isomorphism H H^′ ⊗_Γ L L^′ ∼= HL H^′L + HL^′ for any ideal H^′ ⊆ H and any submodule L^′ ⊆ L. Using this formula, we may apply the functor − ⊗_Γ (L/LJ) to the resolution (2.7) to obtain the complex · · · → JLI^n JLI^nJ → LI^n LI^nJ → JLI^{n−1} JLI^{n−1}J → · · · → JL JLJ → L LJ which clearly has the required homology groups.

Remark 2.5. The formulae (2.5), especially when L = Γ, are analogues of Gruenberg’s formulae in [15] for group homology H_∗(G) = TorZ^G_∗ (Z, Z). The proof here is modelled on his proof, with (2.7) playing the role of the resolution of Z given in [14].

3. Bimodule derivations In this paper, a key technical tool is the association of a bimodule derivation to a left-right split short exact sequence of bimodules. In this section, we explain how this association is made and how it is used.

Definition 3.1. Let Ω_1 and Ω_2 be k-algebras, and L and N be Ω_1, Ω_2-bimodules. A bimodule derivation δ : L → N is a k-linear map such that δ(azb) = δ(az)b − aδ(z)b + aδ(zb) (3.1) for all a ∈ Ω_1, b ∈ Ω_2 and z ∈ L. Clearly these derivations form a k-linear subspace of Hom_k(L, N) and include both left Ω_1-morphisms and right Ω_2-morphisms. We call δ an inner derivation if it may be written as the difference of a left Ω_1- morphism and a right Ω_2-morphism.

Given a left-right split short exact sequence of Ω_1, Ω_2-bimodules 0 → N g −→ M f −→ L → 0, (3.2) one associates to it a bimodule derivation by choosing for f a left Ω_1-splitting l : L → M and a right Ω_2-splitting r : L → M. There is then a unique k-linear map δ : L → N such that gδ = l − r and this map is a bimodule derivation. One may readily check that two derivations that are associated to the same sequence by different choices of splittings differ by an inner derivation.

Now suppose that H_i ⊆ Ω_i are two ideals. If δ is a bimodule derivation associated to (3.2), then it determines a connecting morphism ~δ : H^1L ∩ LH^2 H_1LH_2 −→ N H_1N + NH_2

by setting ~δ(w +H_1LH_2) = δ(w)+(H_1N +NH_2). The defining property (3.1) of a derivation ensures that ~δ is well-defined and in fact a morphism of (Ω_1/H_1), (Ω_2/H_2)- bimodules. Note that the domain is indeed such a bimodule, because

H_1(H_1L ∩ LH_2) + (H_1L ∩ LH_2)H_2 ⊆ H_1LH_2.

Note further that adding an inner derivation to δ does not change ~δ. Hence ~δ only depends on the left-right split sequence (3.2). The choice of the left and right splittings is only needed for explicit calculation. The use of the term “connecting morphism” is justified by the following result which plays a key role in the rest of the paper.

Proposition 3.2. As above, let (3.2) be a left-right split sequence of Ω_1, Ω_2- bimodules, let δ : L → N be an associated bimodule derivation and let H_i ⊆ Ω_i be ideals. Then there is an exact sequence of (Ω_1/H_1), (Ω_2/H_2)-bimodules H_1M ∩ MH_2 H_1MH_2 ~f −→ H_1L ∩ LH_2 H_1LH_2 ~δ −→ ~δ −→ N H_1N + NH_2 ~g −→ M H_1M + MH_2 ~f −→ L H_1L + LH_2 → 0 (3.3)

where ~f and ~g are the naturally induced morphisms. If M is a projective bimodule, then H_1M ∩ MH_2 = H_1MH_2 and (3.3) reduces to a four-term exact sequence.

Proof. Since (3.2) is left-right split, the sequences H_1(3.2) and (3.2)H_2 are both exact. Hence we may take the natural addition map from the direct sum of these two sequences to (3.2) and apply the Snake Lemma to obtain the following exact commutative diagram of Ω_1, Ω_2-modules

0 0 0 ↓ ↓ ↓ 0 → H_1N ∩ NH_2 g −→ H_1M ∩ MH_2 f −→ H_1L ∩ LH_2 γ −→ (1, −1) 0 → H_1N ⊕ NH_2 g ⊕ g −→ H_1M ⊕ MH_2 f ⊕ f −→ H_1L ⊕ LH_2 → 0 0 → N g −→ M f −→ L → 0 π_N γ −→^N_{H1N+NH2} ~g −→^M_{H1M+MH2} ~f −→^L_{H1L+LH2} → 0 ↓ ↓ ↓ 0 0 0

If l : L → M and r : L → M are left and right splittings of f with gδ = l − r, then l ⊕ r is a k-linear splitting of f ⊕ f and so γ = π_N δ. The exact sequence (3.3) is obtained immediately from the six term exact sequence that makes up the top and bottom rows of the above diagram, because H_1LH_2 = f(H_1MH_2). Finally, the equality H_1M ∩ MH_2 = H_1MH_2 clearly holds for M = Ω_1 ⊗_k Ω_2 and hence for all free bimodules and their summands, that is, all projective bimodules.

Remark 3.3. The ideas above can be interpreted in terms of the relative homological algebra for Ω_1, Ω_2-bimodules determined by the subfunctor Ext^1_{lr} ⊆ Ext^1 consisting of left-right split sequences. The relative projectives in this case are direct sums of summands of induced modules A ⊗_k Ω_2 or Ω_1 ⊗_k B, for any left Ω_1-module A or right Ω_2-module B. There is a relative projective resolution of any bimodule L which starts

P_2 p_2 −→ P_1 p_1 −→ P_0 p_0 −→ L → 0 with terms P_0 = ( L ⊗_k Ω_2 ) ⊕ ( Ω_1 ⊗_k L ) P_1 = Ω_1 ⊗_k L ⊗_k Ω_2 P_2 = Ω_1 ⊗_k Ω_1 ⊗_k L ⊗_k Ω_2 ⊗_k Ω_2

and differentials

p_0(z_1 ⊗ 1, 1 ⊗ z_2) = z_1 + z_2 p_1(1 ⊗ z ⊗ 1) = (z ⊗ 1, −1 ⊗ z) p_2(1 ⊗ a ⊗ z ⊗ b ⊗ 1) = 1 ⊗ azb ⊗ 1 − 1 ⊗ az ⊗ b + a ⊗ z ⊗ b − a ⊗ zb ⊗ 1 Applying Hom(−, N) to this resolution, one sees immediately that Ext^1_{lr}(L, N) is naturally isomorphic to the space of bimodule derivations L → N modulo inner derivations.

Furthermore, since the functor M → H_1M ∩ MH_2 H_1MH_2

is zero on relative projectives, we may interpret (3.3) as the beginning of a relative Tor sequence. If (and only if) L is left-right projective, then there is a left-right split sequence (3.2) with M projective. Hence, in this case, the relative Tor is absolute. In the special case Ω_1 = Ω_2 = Γ and H_1 = H_2 = I, we thus obtain

Tor^{Γev}_1 (Λ^{ev}, L) ∼= IL ∩ LI ILI (3.4)

Remark 3.4. If L is a left-right projective Γ, Γ-bimodule, then Lemma 2.1 shows that L ⊗ (1.3) is a projective bimodule resolution of L and, thus, that L has projective dimension at most one. Now, the special case I = J of (3.4) is

Tor^{Γev}_1 (S^{ev}, L) ∼= JL ∩ LJ JLJ and hence, if L has a minimal projective Γ, Γ-bimodule resolution, then Section 2 shows that this will have the form

0 → Γ ⊗ JL ∩ LJ JLJ ⊗ Γ −→ Γ ⊗ L JL + LJ ⊗ Γ −→ L → 0 (3.5) We will see in the next section how such a minimal resolution may be constructed more explicitly.

4. Standard presentations over tensor algebras We give the definition of a standard presentation of a left-right projective bimodule L over the tensor algebra Γ. In circumstances where Eilenberg’s theory of perfect categories (cf. Section 2) implies that L has a minimal resolution, we prove that L has a standard presentation. It follows immediately from Remark 3.4 that a standard presentation is, in particular, a minimal resolution.

Definition 4.1. Let L be a left-right projective Γ, Γ-bimodule. A standard presentation of L is an exact sequence of Γ, Γ-bimodules

0 → Γ ⊗ V ⊗ Γ d_Γ −→ Γ ⊗ U ⊗ Γ e_Γ −→ L → 0 (4.1) determined by data (U, V, l_Γ, r_Γ) as follows:

i) U is an S, S complement of JL + LJ in L and for u ∈ U

e_Γ(1 ⊗ u ⊗ 1) = u (4.2)

ii) l_Γ : L → Γ ⊗ U ⊗ Γ is a Γ, S-splitting of e_Γ,

r_Γ : L → Γ ⊗ U ⊗ Γ is an S, Γ-splitting of e_Γ, V is an S, S-complement of JLJ in JL ∩ LJ and for v ∈ V

d_Γ(1 ⊗ v ⊗ 1) = l_Γ(v) − r_Γ(v). (4.3)

Proposition 4.2. If the ideal J ⊆ Γ is nilpotent, then every left-right projective Γ, Γ-bimodule admits a standard presentation. On the other hand, for arbitrary Γ, every graded left-right projective Γ, Γ-bimodule admits a standard presentation.

Proof. We start with the first case and suppose that L is an arbitrary left-right projective Γ, Γ-bimodule. Choose any S, S-complement U of JL + LJ in L. By Lemma 2.3, the induced Γ, Γ-morphism e_Γ : Γ ⊗ U ⊗ Γ → L defined by (4.2) is surjective and provides the first part of the standard presentation. Now take the kernel of e_Γ to obtain a short exact sequence 0 → N g −→ Γ ⊗ U ⊗ Γ e_Γ −→ L → 0 (4.4) By Corollary 2.2, we see that L is Γ, S-projective and, similarly, S, Γ-projective. Hence for l_Γ and r_Γ we may choose any Γ, S-splitting and any S, Γ-splitting of e_Γ.

Let δ_Γ : L → N be the bimodule derivation given by gδ_Γ = l_Γ − r_Γ and note that δ_Γ is an S, S-morphism. Applying Proposition 3.2 to (4.4) with Ω_i = Γ, H_i = J and δ = δ_Γ, we see that ~δ_Γ is an isomorphism, because ~e_Γ is. Hence, if we choose any complement V of JLJ in JL ∩ LJ, then the restriction of δ_Γ maps V isomorphically to a complement of JN + NJ in N. But N is projective, because L has projective dimension at most 1 as a bimodule (Remark 3.4), and so Lemma 2.3 implies that the map Γ ⊗ V ⊗ Γ → N induced by δ_Γ is an isomorphism. In other words, the map d_Γ : Γ ⊗ V ⊗ Γ → Γ ⊗ U ⊗ Γ defined by (4.3) is an injection onto the kernel of e_Γ, as required.

This completes the proof of the first case. However, the same proof works when L is graded, without the restriction on Γ, because we may choose the data (U, V, l_Γ, r_Γ) to be graded, so that δ_Γ is also graded and both applications of Lemma 2.3 remain valid. More explicitly, writing L = ⨁ n L[n] for the graded decomposition of L, we may choose U[n] to be an S, S-complement of XL[n − 1] + L[n − 1]X in L[n] and V [n] to be an S, S-complement of XL[n − 2]X in XL[n − 1] ∩ L[n − 1]X. Further note that X ⊗ L[n − 1] → L[n] is injective, because L is left projective (Appendix: Proposition A.1(a)). Hence, l_Γ may be defined unambiguously on XL[n − 1] and extended by choosing any S, S-complement to XL[n − 1] in L[n] and any S, S-lift of this complement to (Γ ⊗ U ⊗ Γ)[n]. The choice of r_Γ is made similarly.

Remark 4.3. Observe that in the proof of Proposition 4.2, the data (U, V, l_Γ, r_Γ), that determines the standard presentation, may be chosen arbitrarily subject to the conditions of Definition 4.1, and the additional requirement that it is graded when L is graded.

5. Standard presentations over quotient algebras I We now generalise Definition 4.1 to bimodules over any quotient algebra Λ = Γ/I and prove that a standard presentation of a Γ, Γ-bimodule L induces a standard presentation of the induced Λ, Λ-bimodule L/(IL + LI). When Λ is a ‘truncated’ algebra, that is, Λ = Γ/J^t for some t ≥ 2, this is sufficient to enable us to describe the minimal resolution of Λ.

Definition 5.1. Let L be a left-right projective Γ, Γ-bimodule and L = L/(IL + LI) the induced Λ, Λ-bimodule. Let π : L → L be the canonical projection. A standard presentation of L is an exact sequence of Λ, Λ-bimodules 0 → IL ∩ LI ILI c−→ Λ ⊗ V ⊗ Λ d−→ Λ ⊗ U ⊗ Λ e−→ L IL + LI → 0 (5.1)

determined by data (U, V, l, r, Δ) as follows:

i) U is an S, S-complement of JL + LJ in L and for u ∈ U

e(1 ⊗ u ⊗ 1) = π(u) (5.2)

ii) l : L → Λ ⊗ U ⊗ Λ is a Γ, S-morphism with el = π,

r : L → Λ ⊗ U ⊗ Λ is an S, Γ-morphism with er = π, V is an S, S-complement of JLJ in JL ∩ LJ and for v ∈ V

d(1 ⊗ v ⊗ 1) = l(v) − r(v) (5.3)

iii) Δ : L → Λ ⊗ V ⊗ Λ is a bimodule derivation and an S, S-morphism such that dΔ = l − r. In addition, Δ(v) = 1 ⊗ v ⊗ 1 for all v ∈ V and for w ∈ IL ∩ LI

c(w + ILI) = Δ(w) (5.4)

Note that Δ(ILI) = 0, because Δ is a bimodule derivation, so that c is well-defined by (5.4). It is also easy to check that c is a Λ, Λ-morphism and that dc = 0.

Theorem 5.2. Let L be a left-right projective Γ, Γ-bimodule and I an ideal in Γ. Then a standard presentation of L canonically determines a standard presentation of L/(IL + LI). Proof. Let Δ_Γ be the bimodule derivation determined by d_ΓΔ_Γ = l_Γ − r_Γ. Applying Proposition 3.2 to the standard presentation (4.1), with Ω_i = Γ, H_i = I and δ = Δ_Γ, we obtain the exact sequence (5.1) as the sequence (3.3). The spaces U and V are unchanged, as they do not depend on I. The maps l, r and Δ are the composites of l_Γ, r_Γ and Δ_Γ with the canonical projections π_U : Γ⊗U ⊗Γ → Λ⊗U ⊗Λ and π_V : Γ ⊗ V ⊗ Γ → Λ ⊗ V ⊗ Λ.

Example 5.3. For any s ≥ 0, there is a short exact sequence

0 → Γ ⊗ X^{s+1} ⊗ Γ d_Γ −→ Γ ⊗ X^s ⊗ Γ e_Γ −→ J^s → 0 (5.5)

with

d_Γ : 1 ⊗ x_0x_1 · · · x_s ⊗ 1 → x_0 ⊗ x_1 · · · x_s ⊗ 1 − 1 ⊗ x_0x_1 · · · x_{s−1} ⊗ x_s

which generalises (1.3). The exactness of (5.5) is easily verified by restricting attention to each component of fixed total degree. This sequence is the standard presentation of L = J^s with U = X^s, V = X^{s+1} and left and right splittings l_Γ : x_1 · · · x_n → x_1 · · · x_{n−s} ⊗ x_{n−s+1} · · · x_n ⊗ 1 r_Γ : x_1 · · · x_n → 1 ⊗ x_1 · · · x_s ⊗ x_{s+1} · · · x_n

The associated bimodule derivation Δ_Γ is then given by

Δ_Γ(x_1 . . . x_n) = n−s∑ i=1 x_1 . . . x_{i−1} ⊗ x_i . . . x_{i+s} ⊗ x_{i+s+1} . . . x_n = ∑ p ⊗ v ⊗ q where p, v, q run over all triples such that x_1 . . . x_n = pvq with v ∈ V . In particular, Δ_Γ(u) = 0 for u ∈ U and Δ_Γ(v) = 1 ⊗ v ⊗ 1 for v ∈ V .

As already remarked, the case s = 0 of (5.5) is the exact sequence (1.3), which is a standard presentation of Γ itself. Applying Theorem 5.2 with L = Γ, we then obtain (1.2) as the standard presentation of Λ = Γ/I.

As a second application, we find an explicit minimal resolution of any truncated algebra Λ = Γ/J^t for any t ≥ 2. For each n ≥ 0, apply Theorem 5.2 with I = J^t and L = J^{nt}, with standard presentation given by (5.5), to obtain standard presentations 0 → J^{(n+1)t} J^{(n+2)t} c_n −→ Λ ⊗ X^{nt+1} ⊗ Λ d_n −→ Λ ⊗ X^{nt} ⊗ Λ e_n −→ J^{nt} J^{(n+1)t} → 0

We may splice these together to obtain a resolution · · · −→ Λ ⊗ X^{nt+t} ⊗ Λ ∂_{2n+2} −→ Λ ⊗ X^{nt+1} ⊗ Λ ∂_{2n+1} −→ Λ ⊗ X^{nt} ⊗ Λ −→ · · · · · · ∂_1 −→ Λ ⊗ Λ e_0 −→ Λ → 0 with differentials ∂_{2n+1} = d_n and ∂_{2n+2} = c_ne_{n+1} or, more explicitly, ∂_{2n+1}(1 ⊗ x_1 · · · x_{nt+1} ⊗ 1) = x_1 ⊗ x_2 · · · x_{nt+1} ⊗ 1 − 1 ⊗ x_1 · · · x_{nt} ⊗ x_{nt+1}

∂_{2n+2}(1 ⊗ x_1 · · · x_{nt+t} ⊗ 1) = t∑ i=1 x_1 · · · x_{i−1} ⊗ x_i · · · x_{nt+i} ⊗ x_{nt+i+1} · · · x_{nt+t} Now, one easily calculates that I^n ∩ JI^{n−1}J JI^n + I^nJ ∼= X^{nt} JI^n ∩ I^nJ I^{n+1} + JI^nJ ∼= X^{nt+1} and so, by Proposition 2.4 and its preceding discussion, the above resolution is the minimal resolution of Λ.

Liu & Zhang [16] found a special case of this resolution when Γ is the path algebra over k of a quiver consisting of a single oriented cycle with r vertices. In this case, it is clear that the 2nth syzygy I^n/I^{n+1} is isomorphic to Λ if and only if r divides nt. Hence the minimal resolution is periodic with period 2λ/t, where λ = l.c.m(r, t). 6. Standard presentations over quotient algebras II We construct standard presentations of L/(IL + LI) in the case when L does not have one itself. Thus throughout this section I is an admissable ideal in Γ. We first establish the existence of an exact sequence with the terms of (1.5). We will make use of the following technical lemma.

Lemma 6.1. Let σ : Q → P be a quasi-invertible morphism in an abelian category, that is, there is a morphism τ : P → Q such that στσ = σ and τστ = τ. If d is a second morphism Q → P such that d − σ is in the radical of the category, then there is an exact sequence of the form 0 → Ker d → Ker σ → Coker σ → Coker d → 0.

Proof. With respect to the decompositions Q = Im τ ⊕Ker σ and P = Im σ ⊕Ker τ we may write σ = ( s 0 0 0 ) τ = ( t 0 0 0 ) d = ( θ ϕ ψ χ ) . where s and t are mutually inverse isomorphisms between Im τ and Im σ. Then, since d − σ is in the radical, the map

1_Q + τ(d − σ) = ( tθ tϕ 0 1 )

is an automorphism and hence θ is an isomorphism. This implies that the kernel and cokernel of d are isomorphic to those of χ − ψθ^{−1}ϕ : Ker σ → Ker τ, and thus the proof is completed by observing that Ker τ ∼= Coker σ.

Theorem 6.2. Let L be a left-right projective Γ, Γ-bimodule and I an admissable ideal in Γ. Then there is a presentation of L/(IL + LI) of the form 0 → IL ∩ LI ILI −→ Λ ⊗ JL ∩ LJ JLJ ⊗ Λ −→ Λ ⊗ L JL + LJ ⊗ Λ −→ L IL + LI → 0 (6.1) Proof. Since the exact sequence (1.3) is left split, it remains exact after applying the functor L⊗_Γ −. Since L is right projective, Proposition A.1(a) in the Appendix (transposed for right modules) implies that the multiplication map L ⊗ X → LJ is an isomorphism. Hence, we may write L ⊗_Γ (1.3) as 0 → LJ ⊗ Γ d_Γ −→ L ⊗ Γ e_Γ −→ L → 0 (6.2) where d_Γ : zx ⊗ 1 → zx ⊗ 1 − z ⊗ x for z ∈ L and x ∈ X. Reducing this map modulo J on both sides, the term z ⊗ x does not contribute and we obtain the map σ_S : LJ JLJ −→ L JL induced by the inclusion of LJ in L. Choosing isomorphisms LJ ∼= Γ ⊗^{LJ}_{JLJ} and L ∼= Γ ⊗^L_{JL} as in Theorem A.4 in the Appendix, we write (6.2) as

0 → Γ ⊗ LJ JLJ ⊗ Γ d_Γ −→ Γ ⊗ L JL ⊗ Γ e_Γ −→ L → 0 (6.3) and note that the image of d_Γ − 1 ⊗ σ_S ⊗ 1 is contained in J ⊗^L_{JL} ⊗ Γ + Γ ⊗^L_{JL} ⊗ J.

Lemma 2.1 implies that (6.3) is a projective bimodule resolution of L and, since L is left-right projective, we may apply Proposition 3.2 to obtain 0 → IL ∩ LI ILI −→ Λ ⊗ LJ JLJ ⊗ Λ d−→ Λ ⊗ L JL ⊗ Λ −→ L IL + LI → 0 (6.4)

Writing σ = 1 ⊗ σ_S ⊗ 1, we see that

Im(d − σ) ⊆ rad Λ ⊗ L JL ⊗ Λ + Λ ⊗ L JL ⊗ rad Λ

and so d − σ is in the radical of the category of Λ, Λ-bimodules. The required result then follows from Lemma 6.1 and the fact that

Ker σ ∼= Λ ⊗ JL ∩ LJ JLJ ⊗ Λ, Coker σ ∼= Λ ⊗ L JL + LJ ⊗ Λ and σ is quasi-invertible as a Λ, Λ-morphism, because S is separable and so σ_S is quasi-invertible as an S, S-morphism.

We now show that, with some finiteness restrictions, the sequence (6.1) may be constructed as a standard presentation.

Theorem 6.3. Let Γ be a finitely-generated tensor algebra over S, that is, X is finitely-generated as an S, S-bimodule. Let L be a finitely-generated left-right projective Γ, Γ-bimodule and let I be an admissable ideal in Γ. Suppose further that there exist admissable ideals I^′_1, I^′_2 ⊆ I such that I^′_1L = LI^′_2 ⊆ ILI. (6.5) Then there is a standard presentation of L/(IL + LI), in which U and V may be chosen arbitrarily.

Remark 6.4. Suppose that L is an ideal in Γ which contains a power of J. Then J^m ⊆ ILI ⊆ I for some m ≥ 2, and I^′_1 = (LJ)^m and I^′_2 = (JL)^m satisfy the condition (6.5). Thus the theorem applies to all such ideals in the path algebra of a finite quiver. On the other hand, under the condition IL = LI, which is of most importance in this paper, we may simply choose I^′_1 = I^′_2 = I^2.

Proof. As usual we define the quotient algebras Λ = Γ/I, Λ^′_1 = Γ/I^′_1 and Λ^′_2 = Γ/I^′_2, and introduce the notation L = L IL + LI L^′ = L I^′_1L = L LI^′_2 for the reductions of L to a Λ, Λ-bimodule and a Λ^′_1, Λ^′_2-bimodule respectively, and π : L → L and π^′ : L → L^′ for the canonical projections. A crucial observation is that L^′, being isomorphic to both Λ^′_1 ⊗_Γ L and L ⊗_Γ Λ^′_2, is a left-right projective Λ^′_1, Λ^′_2-bimodule. It is this which will enable us to choose the maps l, r and Δ required by Definition 5.1.

We start by choosing arbitrary S, S complements U of JL + LJ in L and V of JLJ in JL ∩ LJ and setting

P(U) = Λ ⊗ U ⊗ Λ P^′(U) = Λ^′_1 ⊗ U ⊗ Λ^′_2

and P(V ) and P^′(V ) similarly. In addition, let π_U : P^′(U) → P(U) be the reduction map modulo I/I^′_1 on the left and I/I^′_2 on the right, and π_V similarly. We may also identify U with a complement of JL + LJ in L and of JL^′ + L^′J in L^′, and hence, by Lemma 2.3, obtain minimal projective covers e : P(U) → L and e^′ : P^′(U) → L^′.

Because L^′ is left-right projective, we may choose for e^′ a Λ^′_1, S-section l^′ : L^′ → P^′(U) and an S, Λ^′_2-section r^′ : L^′ → P^′(U). We define l, r : L → P(U) to be the composite maps l = π_U l^′π^′ r = π_U r^′π^′

and also define

d^′ : P^′(V ) → P^′(U) : 1 ⊗ v ⊗ 1 → l^′π^′(v) − r^′π^′(v) d : P(V ) → P(U) : 1 ⊗ v ⊗ 1 → l(v) − r(v) so that π_U d^′ = dπ_V , e^′d^′ = 0, ed = 0 and el = π = er.

Let K^′ = Ker(e^′), so that we have a short exact sequence

0 → K^′ i^′−→ P^′(U) e^′−→ L^′ → 0 (6.6)

and let Δ^′ : L^′ → K^′ be the unique map such that i^′Δ^′ = l^′ −r^′. Note that d^′ = i^′q^′ where q^′ : P^′(V ) → K^′ : 1 ⊗ v ⊗ 1 → Δ^′π^′(v) We show first that q^′ is onto by applying Proposition 3.2 to (6.6) with Ω_i = Λ^′_i, H_i = J/I^′_i, δ = Δ^′. For in this case ~e^′ : U → L^′/(JL^′ + L^′J) is an isomorphism, so we may deduce that ~Δ^′ : JL^′ ∩ L^′J JL^′J → K^′ JK^′ + K^′J is an isomorphism. Since ~π^′ : JL ∩ LJ JLJ → JL^′ ∩ L^′J JL^′J is also an isomorphism, we see that Δ^′π^′ maps V isomorphically to a complement of JK^′ + K^′J in K^′ and hence, by Lemma 2.3, q^′ is a minimal projective cover.

Now let π_K : K^′ → K = K^′ IK^′ + K^′I be the canonical projection from K^′ to its Λ, Λ-bimodule reduction K, and let q : P(V ) → K and i : K → P(U) be the reductions of q^′ and i^′ respectively, so that iq = d, π_U i^′ = iπ_K and π_Kq^′ = qπ_V . Note that q is still epi, but i need not be mono and K need not be Ker(e).

Applying Proposition 3.2 to (6.6) with Ω_i = Λ^′_i, H_i = I/I^′_i, δ = Δ^′, we obtain the four term exact sequence 0 → IL^′ ∩ L^′I IL^′I ~Δ^′ −→ K i−→ P(U) e−→ L → 0 (6.7) and we further observe, from (6.5), that π^′ induces an isomorphism ~π^′ : IL ∩ LI ILI → IL^′ ∩ L^′I IL^′I . Comparing (6.7) with (6.1) we see that K and P(V ) have the same finite composition length as S, S-bimodules and hence q : P(V ) → K, which is already known to be epi, is actually an isomorphism. Thus we obtain an isomorphism of exact sequences 0 →^{IL∩LI}_{ILI} c−→ P(V ) d−→ P(U) e−→ L → 0 π̃′ q ‖ ‖ ‖ ‖ 0 →^{IL0 ∩L0I}_{IL0 I} ~Δ^′ −→ K i−→ P(U) e−→ L → 0 where c is induced by the map Δ : L → P(V ) defined by

Δ = q^{−1}π_KΔ^′π^′.

We finally show that Δ satisfies the requirements of Definition 5.1, namely that dΔ = iπ_K Δ^′π^′ = π_U i^′Δ^′π^′ = π_U (l^′ − r^′)π^′ = l − r and that, for v ∈ V , Δ(v) = q^{−1}π_KΔ^′π^′(v)

= q^{−1}π_Kq^′(1 ⊗ v ⊗ 1) = π_V (1 ⊗ v ⊗ 1) = 1 ⊗ v ⊗ 1 This completes the proof of Theorem 6.3.

7. Minimal resolutions We now complete the main objective of the paper by showing how standard presentations are used to construct minimal resolutions. Therefore we must work with sufficient conditions on the tensor algebra Γ, the ideal I and the left-right projective Γ, Γ-bimodule L to ensure that L = L/(IL + LI) does admit a standard presentation and a minimal resolution. To be precise, we assume that either (i) J ⊆ Γ is nilpotent and I and L are arbitrary, or (ii) Γ is arbitrary, I is homogeneous and L is graded, or (iii) Γ and L are finitely generated, I is admissable and condition (6.5) holds. Hence we may apply Theorem 5.2 or Theorem 6.3 and, writing N = (IL ∩ LI)/ILI, obtain a standard presentation 0 → N c−→ P(V ) d−→ P(U) e−→ L → 0 (7.1) determined by data (U, V, l, r, Δ) as in Definition 5.1. Furthermore, writing L_+ = IL ∩ LI, we may choose a complement U_+ of JL_+ + L_+J + ILI in L_+ to obtain, by Lemma 2.3, a minimal projective cover e_+ : P(U_+) → N : 1 ⊗ u ⊗ 1 → u + ILI. and thus a three term projective resolution of L

P(U_+) ce_+ −→ P(V ) d−→ P(U) e−→ L → 0 (7.2) By construction, e : P(U) → L is a minimal projective cover, but, since d(1 ⊗ v ⊗ 1) = l(v) − r(v), it is easy to see that the summand P(V ∩ L_+) of P(V ) is contained in Ker(d), so that d is not necessarily a minimal projective cover of Ker(e). This summand must also occur in N and P(U_+), from where it is mapped isomorphically by c and e_+. Hence it is possible to ‘excise’ this summand from the map ce_+ and reduce (7.2) to a smaller resolution. We will now show that there is an optimal choice of V such that this excision leaves us with the first three terms of a minimal resolution.

To optimise the choice of V , we consider the following lattice of submodules of L. JLJ ↙ ↖ JL ∩ LJ ←− L_+ + JLJ L_+ ∩ JLJ ←− JL_+ + L_+J + ILI ↖ ↙ L_+ (7.3) We then choose S, S-complements

Z of L_+ ∩ JLJ in L_+, T_1 of L_+ + JLJ in JL ∩ LJ, T_2 of JL_+ + L_+J + ILI in L_+ ∩ JLJ.

(7.4)

Note that Z is also a complement of JLJ in L_+ + JLJ, and so, in constructing (7.2), we may choose V = Z ⊕ T_1 U_+ = Z ⊕ T_2. (7.5)

It is important to note at this stage that, under the assumptions (i), (ii) or (iii) above, there is no restriction on the choices of complements U and V that go into the standard presentation (see Remark 4.3 or Theorem 6.3), and, similarly, no restriction on the choice of complement U_+ that determines the cover of N . Hence, in particular, there is no obstruction to making the choices in (7.5).

The restriction of ce_+ to the summand P(Z) ⊆ P(U_+) is given by

ce_+(1 ⊗ z ⊗ 1) = Δ(z) = 1 ⊗ z ⊗ 1

for z ∈ Z ⊆ V , where the second equality is part of Definition 5.1(iii). Hence, with respect to the direct sum decompositions induced by (7.5),

ce_+ = ( 1 ∗ 0 ∂_2 ) d = ( 0 ∂_1 ) .

We may now excise the common summand P(Z) from P(U_+) and P(V ) and obtain

Proposition 7.1. The complex

P(T_2)

∂_2 −→ P(T_1) ∂_1 −→ P(U) e−→ L → 0 (7.6) is the beginning of a minimal resolution of L. The maps in (7.6) are given by e : 1 ⊗ u ⊗ 1 → u + (IL + LI) ∂_1 : 1 ⊗ t ⊗ 1 → l(t) − r(t) ∂_2 : 1 ⊗ t ⊗ 1 → (1 ⊗ p_1 ⊗ 1)Δ(t)

(7.7)

where p_1 : V → T_1 is the canonical projection associated to the decomposition (7.5).

Proof. It is already clear that the sequence (7.6) is exact. To show that it is a minimal resolution, we need to show, by (2.3), that T_i ∼= Tor^{Λev}_i ( S^{ev}, L ) for i = 1, 2.

Let M = Ker(e) and split (7.1) into the two short exact sequences 0 → N c−→ P(V ) −→ M → 0 0 → M −→ P(U) e−→ L → 0 Reducing these modulo J on both sides and replacing N /(JN + N J) by U_+ using the isomorphism ~e_+ induced by e_+, we obtain the exact sequences

0 → Tor^{Λev}_2 ( S^{ev}, L ) −→ U_+ ~ce_+ −→ V −→ M JM + MJ → 0 (7.8a)

0 → Tor^{Λev}_1 ( S^{ev}, L ) −→ M JM + MJ −→ U ~e−→ L JL + LJ → 0 (7.8b)

Now for t ∈ T_2 ⊆ JLJ

ce_+(1 ⊗ t_2 ⊗ 1) = Δ(t_2) ∈ JP(V ) + P(V )J

and so, with respect to the decompositions (7.5),

~ce_+ = ( 1 0 0 0 ) . The exactness of (7.8a) implies that T_2 ∼= Tor^{Λev}_2 ( S^{ev}, L ) and that ∂_1 induces an isomorphism of T_1 with the top of M. Since ~e is an isomorphism, the exactness of (7.8b) then shows that T_1 ∼= Tor^{Λev}_1 ( S^{ev}, L ) . From Proposition 7.1 we may obtain the following formulae for the Tor-groups T_i(L) = Tor^{Λev}_i (S^{ev}, L), for general L = L/(IL + LI).

T_1(L) = JL ∩ LJ (IL ∩ LI) + JLJ T_2(L) = IL ∩ LI ∩ JLJ J(IL ∩ LI) + (IL ∩ LI)J + ILI

From the growing complexity of these formulae, we are rather pessimistic about the possibility of explicitly extending (7.6) to a full resolution for general L. However, if we add to the assumptions (i), (ii) or (iii) the condition IL = LI, then the situation improves considerably. To start with we may omit (6.5) from (iii) because this new condition implies (6.5) (see Remark 6.4). Furthermore, Proposition 2.4 provides nice formulae for all the Tor groups that induce the terms in the minimal resolution. More importantly, one of the assumptions (i), (ii) or (iii) will also apply with L replaced by LI^n for all n ≥ 0, and thus there will exist standard presentations 0 → LI^{n+1} LI^{n+2} c_n −→ Λ ⊗ V_n ⊗ Λ d_n −→ Λ ⊗ U_n ⊗ Λ e_n −→ LI^n LI^{n+1} → 0 (7.9)

determined by data (U_n, V_n, l_n, r_n, Δ_n), as in Definition 5.1, in which the complements U_n and V_n may be chosen as in (7.5) so that

U_n = Z_n ⊕ T_{2n} V_n = Z_{n+1} ⊕ T_{2n+1} (7.10)

where

Z_n is an S, S-complement of LI^n ∩ JLI^{n−1}J in LI^n, T_{2n} is an S, S-complement of JLI^n + LI^nJ in LI^n ∩ JLI^{n−1}J, T_{2n+1} is an S, S-complement of LI^{n+1} + JLI^nJ in JLI^n ∩ LI^nJ.

(7.11)

Hence we may splice together the sequences (7.9) to obtain a projective Λ, Λbimodule resolution · · · d_{n+1} −→ P(U_{n+1}) c_ne_{n+1} −→ P(V_n) d_n −→ · · · d_0 −→ P(U_0) e_0 −→ L/LI → 0 (7.12) As in the discussion leading to Proposition 7.1, each projective summand P(Z_n) may be excised from the map c_ne_{n+1} and we thereby obtain

Theorem 7.2. The standard presentations (7.9) together with their associated data determine a minimal resolution of L/LI · · · −→ P(T_m) ∂_m −→ · · · −→ P(T_1) ∂_1 −→ P(T_0) ε−→ L/LI → 0 (7.13) The maps in (7.13) are given by

∂_{2n}(1 ⊗ t ⊗ 1) = (1 ⊗ p_{2n−1} ⊗ 1)Δ_{n−1}(t) ∂_{2n+1}(1 ⊗ t ⊗ 1) = (1 ⊗ p_{2n} ⊗ 1)(l_n − r_n)(t)

(7.14)

where p_{2n−1} : V_{n−1} → T_{2n−1} and p_{2n} : U_n → T_{2n} are the canonical projections associated to the decompositions (7.10).

Proof. As with Proposition 7.1, it is already clear that (7.13) is exact. The fact that it is a minimal resolution follows by comparing (7.11) with Proposition 2.4.

As a special case, we have achieved the aim of the paper.

Corollary 7.3. Let Λ = Γ/I and suppose that either (i) the augmentation ideal J ⊆ Γ is nilpotent, or (ii) I is homogeneous, or (iii) Γ is finitely-generated and I is admissable. Then Λ has a minimal projective Λ, Λ-bimodule resolution · · · −→ P(T_m) ∂_m −→ · · · −→ P(T_1) ∂_1 −→ P(T_0) ε−→ Λ → 0 where the spaces T_m and maps ∂_m are as described above in (7.9)–(7.14) with L = Γ.

8. Monomial algebras In this section, we restrict to the case where Γ is the path algebra of a quiver over a field k. Hence Γ has a canonical basis consisting of all paths in the quiver, which we shall call monomials. Furthermore, we shall work entirely with monomial subspaces of Γ, that is, subspaces spanned by monomials. Under sums and intersection, such subspaces form a complemented lattice, which is also closed under products. The set of monomials which form the basis for a monomial subspace U will be denoted U^♭. For any monomial u, its length (as a path in the quiver) is denoted |u|. As usual, the idempotents in Γ corresponding to the vertices of the quiver are monomials of length zero.

We shall show that a monomial ideal L has a canonical standard presentation and, if I ⊆ J^2 is another monomial ideal such that IL = LI, then the minimal projective bimodule resolution of L/LI over the monomial algebra Λ = Γ/I may be described uniquely in terms of the monomial bases of its terms. In the specific case L = Γ, we obtain an explicit minimal resolution of Λ itself.

We begin by introducing some additional terminology. A monomial subspace U is called elementary if it does not contain a pair of monomials u, v such that u is a proper factor of v. The main way in which these will arise is as follows: if B ⊆ A are monomial ideals and JA + AJ ⊆ B, then the monomial subspace complement to B in A, that is, the subspace spanned by A^♭ − B^♭, is elementary.

Let U be an elementary monomial subspace of Γ. Then to each monomial w ∈ Γ^♭ we may associate its U-factorisation, namely, the finite ordered list of its distinct factorisations

w = p_1u_1q_1 = p_2u_2q_2 = · · · = p_ru_rq_r (8.1)

with u_i ∈ U^♭ and p_i, q_i ∈ Γ^♭. The ordering is determined by the condition that |p_1| < |p_2| < · · · < |p_r| or, equivalently, that |q_1| > |q_2| > · · · > |q_r|. Clearly, this list will be empty precisely when w is not in the monomial ideal generated by U.

Let L be a monomial ideal. Since it is graded by the length function, Proposition 4.2 implies that it has a standard presentation

0 → Γ ⊗ V ⊗ Γ d_Γ −→ Γ ⊗ U ⊗ Γ e_Γ −→ L → 0 (8.2)

We may — and shall — choose U and V to be the elementary monomial subspace complements of the monomial ideals JL+LJ in L and JLJ in JL∩LJ respectively. Observe that U^♭ is the minimal set of monomial generators of L as a two-sided ideal, and V^♭ consists of all monomials in L^♭ whose U-factorisation has the form v = u_1q_1 = p_2u_2. In addition, there are canonical choices for the splittings l_Γ and r_Γ of e_Γ, which then determine d_Γ and Δ_Γ. To be precise, if w ∈ L^♭ has U-factorisation as in (8.1), then

l_Γ(w) = p_r ⊗ u_r ⊗ q_r r_Γ(w) = p_1 ⊗ u_1 ⊗ q_1

(8.3)

Thus, for v ∈ V^♭,

d_Γ(1 ⊗ v ⊗ 1) = l_Γ(v) − r_Γ(v) = p_2 ⊗ u_2 ⊗ 1 − 1 ⊗ u_1 ⊗ q_2. (8.4)

For those w ∈ L^♭ whose U-factorisation contains precisely one term, we have l_Γ(w) = r_Γ(w) and so Δ_Γ(w) = 0. Otherwise, the U-factorisation (8.1) of w determines a non-empty V -factorisation

w = p_1v_1q_2 = p_2v_2q_3 = · · · = p_{r−1}v_{r−1}q_r, (8.5)

with v_i ∈ V^♭, and it may easily be verified that setting

Δ_Γ(w) = r−1∑ i=1 p_i ⊗ v_i ⊗ q_{i+1}, (8.6)

gives the required equalities d_ΓΔ_Γ = l_Γ − r_Γ, and Δ_Γ(v) = 1 ⊗ v ⊗ 1 for v ∈ V .

We now introduce a monomial algebra Λ = Γ/I, where I ⊆ J^2 is a monomial ideal with IL = LI. By Theorem 5.2, the standard presentation (8.2), with additional data (l_Γ, r_Γ, Δ_Γ) given by (8.3) and (8.6), determines a standard presentation of L = L/LI with additional data (l, r, Δ). Replacing L by L_+ = LI, we may also obtain a standard presentation of LI/LI^2 and splice these two together to give

P(V_+) d_+ −→ P(U_+) ce_+ −→ P(V ) d−→ P(U) e−→ L → 0 (8.7) Following the excision procedure of Section 7, we will make the direct sum decompositions V = Z ⊕ T_1 U_+ = Z ⊕ T_2 V_+ = Z_+ ⊕ T_3 (8.8)

where all the summands are elementary monomial subspaces, because all the ideals in the lattice (7.3) are monomial. We will now prove, amongst other things, that the maps in (8.7) are diagonal with respect to these decompositions.

Proposition 8.1.

a) If v ∈ V^♭ has U-factorisation v = u_1q_1 = p_2u_2, then either q_1, p_2 ∈ I^♭ and v ∈ Z^♭ or q_1, p_2 ∈ J^♭ − I^♭ and v ∈ T^♭_1 .

b) Let t_2 ∈ T^♭_2 have U-factorisation t_2 = p_1u_1q_1 = · · · = p_ru_rq_r, which determines its V -factorisation t_2 = p_1v_1q_2 = · · · = p_{r−1}v_{r−1}q_r. Then r ≥ 3, p_1 ∈ S^♭ p_2, . . . , p_{r−1} ∈ J^♭ − I^♭ p_r ∈ I^♭ − JI^♭ q_1 ∈ I^♭ − IJ^♭ q_2, . . . , q_{r−1} ∈ J^♭ − I^♭ q_r ∈ S^♭ and v_1, . . . , v_{r−1} ∈ T^♭_1 . Hence ce_+ is diagonal.

c) In the U_+-factorisation t_3 = u_1q_1 = p_1u_2 of t_3 ∈ T^♭_3 , the U_+-factors u_1, u_2 are both in T^♭_2 and hence the map d_+ is diagonal.

Proof. For (a), suppose that q_1 ∈ I so that v ∈ LI = IL. Then v = p_2u_2 and u_2 ∉ JL, so p_2 ∈ I. Hence, the only possibilities are q_1, p_2 ∈ I^♭ or q_1, p_2 ∈ J^♭ − I^♭. Since by definition Z ⊆ LI, the first occurs when v ∈ Z^♭ and the second otherwise.

For (b), note first that t_2 ∈ IL^♭ − (JIL + ILJ)^♭, hence p_r ∈ I^♭ − JI^♭ and q_r ∈ S^♭. Similarly, q_1 ∈ I^♭ − IJ^♭ and p_1 ∈ S^♭. But now t_2 ∈ JLJ implies that r ≥ 3, and t_2 ∉ (JLI + ILJ)^♭ implies that p_i, q_i ∈ J^♭ − I^♭ for 1 < i < r. Finally, since t_2 ∉ JLI + LIJ we see that v_i ∉ LI, and hence v_i ∈ T_1 (as in (a)).

For (c), observe from (a) that q_1 ∉ I, but u_1q_1 = p_2u_2 ∈ JLI and hence u_1 ∈ JLJ ∩ U_+ = T_2. Similarly, p_2 ∉ I implies that u_2 ∈ T_2.

As in Section 7, the partial resolution (8.7) may be extended to the full ‘spliced resolution’ (7.12), which in this case is uniquely determined by the assumption that all choices respect the monomial bases. Hence the superfluous summands may be excised to give the minimal projective resolution · · · −→ P(T_m) ∂_m −→ · · · −→ P(T_1) ∂_1 −→ P(T_0) ε−→ L/LI → 0 (8.9) where the T_m’s are the unique elementary monomial subspaces satisfying (7.11). In fact, this resolution may be constructed in the following algorithmic way, involving no reference to the spliced resolution.

Theorem 8.2. The terms T_m in the resolution (8.9) may be constructed inductively by letting T^♭_0 be the elementary set of monomial generators of L and then, for n ≥ 0, setting

T^♭_{2n+1} = [ T^♭_{2n} ( J^♭ − I^♭ ) ∩ ( J^♭ − I^♭ ) T^♭_{2n} ] − [( J^♭ − I^♭ ) T^♭_{2n} ( J^♭ − I^♭ )] T^♭_{2n+2} = [( J^♭ − I^♭ ) T^♭_{2n} ( J^♭ − I^♭ ) ∩ T^♭_{2n} ( I^♭ − IJ^♭ ) ∩ ( I^♭ − JI^♭ ) T^♭_{2n} ]

− [( J^♭ − I^♭ ) T^♭_{2n} ( I^♭ − IJ^♭ ) ∪ ( I^♭ − JI^♭ ) T^♭_{2n} ( J^♭ − I^♭ )] (8.10) The maps ∂_m : Λ ⊗ T_m ⊗ Λ → Λ ⊗ T_{m−1} ⊗ Λ are determined as follows:

∂_{2n+1}(1 ⊗ v ⊗ 1) = p_2 ⊗ u_2 ⊗ 1 − 1 ⊗ u_1 ⊗ q_1 where v = u_1q_1 = p_2u_2 is the T_{2n}-factorisation of v ∈ T_{2n+1}, and

∂_{2n+2}(1 ⊗ w ⊗ 1) = r−1∑ i=1 p_i ⊗ v_i ⊗ q_{i+1}

where w = p_1v_1q_2 = · · · = p_{r−1}v_{r−1}q_r is the T_{2n+1}-factorisation of w ∈ T_{2n+2}.

Recall that, in the last formula of the theorem, the T_{2n+1}-factorisation is determined by the T_{2n}-factorisation (8.1) and has the special properties stated in Proposition 8.1(b).

Proof. Parts (a) and (b) of Proposition 8.1 with L replaced by LI^n show that the two formulae in (8.10) are true with T_{2n} replaced by U_n = Z_n ⊕ T_{2n}. In the case n = 0, we actually have T_0 = U_0 and thus the formulae are true. For n ≥ 1, Proposition 8.1(c) with L replaced by LI^{n−1} shows that the U_n-factors of w ∈ T^♭_{2n+1} are all in T_{2n}. Hence the LHS of the first formula is contained in the RHS, and it only remains to prove that T^♭_{2n} ( J^♭ − I^♭ ) ∩ ( J^♭ − I^♭ ) T^♭_{2n} ∩ ( J^♭ − I^♭ ) Z^♭_n ( J^♭ − I^♭ ) = ∅ In fact, the argument used in the proof of Proposition 8.1(c) shows that ( J^♭ − I^♭ ) U^♭_n ∩ ( J^♭ − I^♭ ) Z^♭_n ( J^♭ − I^♭ ) = ∅. Similarly, Proposition 8.1(b) shows that the LHS of the second formula is contained in the RHS, and equality follows from the fact that U^♭_n ( I^♭ − IJ^♭ ) ∩ ( J^♭ − I^♭ ) Z^♭_n ( I^♭ − IJ^♭ ) = ∅ ( I^♭ − JI^♭ ) U^♭_n ∩ ( I^♭ − JI^♭ ) Z^♭_n ( J^♭ − I^♭ ) = ∅ The formulae for the maps ∂_m come from (7.14),(8.4) and (8.6) together with the fact from Proposition 8.1 that the maps ce_+ and d_+ are diagonal, so the extra projections in (7.14) are not required.

Remark 8.3. In the case L = Γ, that is, L/LI = Λ, the monomials in T^♭_m are well-known in the literature under the name ‘(m − 1)-chains’ or ‘associated paths’ ([1], [2], [3], [13]). As such, they are defined by a recursion which is somewhat simpler than (8.10), but which is apparently one sided. They were originally used to construct the minimal resolution of S as a one-sided Λ-module, but the two-sided resolution of Λ, with maps exactly as in Theorem 8.2, has now been constructed directly by Bardzell [4], who shows in particular (loc. cit. Lemma 3.1) that the two one-sided recursions are equivalent.

Example 8.4. Let Λ be a monomial algebra in which the relation ideal I is generated by a single monomial. In most cases Λ has global dimension two, because T^♭_3 is empty. However, this fails precisely when the generator of I has the form

(yz)^ty with t ≥ 1, where y is a monomial of length ≥ 1 and z is a monomial of length ≥ 0 such that yz is a basic cycle, that is, a path with the same initial and final vertex which is not a power of a shorter cycle. In this case, Λ has infinite global dimension and the projectives P(T_m) in the minimal resolution are all isomorphic for m ≥ 2, although they have different natural gradings. More precisely, T^♭_{2n} = { (yz)^{nt+n−1}y } T^♭_{2n+1} = { (yz)^{nt+n}y } so that T_m is isomorphic to the S, S-bimodule generated by y. Using this isomorphism, so that P(T_m) = Λ⊗⟨y⟩⊗Λ, the minimal resolution is periodic after P(T_2) of period two, with differentials ∂_{2n+1} : 1 ⊗ y ⊗ 1 → yz ⊗ y ⊗ 1 − 1 ⊗ y ⊗ zy ∂_{2n+2} : 1 ⊗ y ⊗ 1 → ∑ p+q=t (yz)^p ⊗ y ⊗ (zy)^q

Example 8.5. One way of building up more complicated examples is to take coproducts. More explicitly, let Λ be a monomial algebra and suppose that the arrow set Q_1 of the underlying quiver is the disjoint union of two subsets Q^′_1 and Q^{′′}_1 in such a way that each minimal monomial relation is a path consisting entirely of arrows that lie in one or other of these two subsets. Then Λ is the coproduct over S of the monomial algebras Λ^′ and Λ^{′′} which are the obvious quotients of the path algebras of the smaller quivers with arrow sets Q^′_1 and Q^{′′}_1 respectively. If we denote by T_m, T^′_m and T^{′′}_m the S, S-bimodules that induce the mth term in the minimal projective resolution of Λ, Λ^′ and Λ^{′′} respectively, then it is easy to see that T_m = T^′_m ⊕ T^{′′}_m (8.11)

for m ≥ 1. This is true by construction for m = 1, 2 and follows inductively from the observation that, for m ≥ 3, any element t ∈ T^♭_m has a pair of factorisations t = t_1q = pt_2 with t_1, t_2 ∈ T^♭_{m−1}, and p, q ∈ J^♭ − I^♭ so that t_1 and t_2 must have at least one arrow in common. Furthermore, the differentials in the resolution (8.9) for Λ are the direct sums of the corresponding differentials for Λ^′ and Λ^{′′}.

9. Koszul algebras.

In this final section, we discuss one class of algebras, Koszul algebras, for which minimal projective bimodule resolutions are essentially already in the extensive literature. For an up-to-date and detailed treatment of the theory, we refer the reader to [5] §2. We recall the definition and some basic properties of Koszul algebras and discuss their relationship to the point of view of this paper.

To be Koszul, an algebra Λ = Γ/I should be graded and the left Λ-module S should have a projective resolution whose mth term is generated in degree m, that is, by its component in degree m. Since such a resolution must necessarily be minimal, this is equivalent to requiring that Tor^Λ_m(S, S) should be purely of degree m, and thus also equivalent to requiring that Λ should have a (necessarily minimal) projective bimodule resolution whose mth term is generated in degree m. Now, if Λ is Koszul, then it is necessarily quadratic, that is, the ideal I is generated by an S, S-submodule R ⊆ X^2 = X ⊗ X. We will show that, in this more general case, it is possible to identify the degree m component of Tor^Λ_m(S, S), and also to write down explicitly a complex, which will give the minimal resolution of Λ, when Λ is Koszul. Define, as in [5] §2.6, the sequence of S, S-submodules K_m ⊂ X^m by K_0 = S, K_1 = X and for m ≥ 2

K_m = ⋂ p+q=m−2 X^pRX^q (9.1)

Proposition 9.1. The natural graded isomorphisms (1.1) identify K_m with the m-th graded part of Tor^Λ_m(S, S).

Proof. Suppose first that m = 2n + 2. Since JI^{n+1} + I^{n+1}J starts in degree m + 1, the degree m part of Tor^Λ_m(S, S) is identified by (1.1) with the degree m part of I^{n+1} ∩ JI^nJ. Clearly the degree m parts of I^{n+1} and JI^nJ are R^{n+1} and XR^nX respectively. Thus what we need to show is that

K_{2n+2} = R^{n+1} ∩ XR^nX.

A similar argument shows that the case m = 2n + 1 reduces to K_{2n+1} = XR^n ∩ R^nX. Both of these formulae follow immediately from the fact that for all n ≥ 0

R^{n+1} = ⋂ p+q=n X^{2p}RX^{2q} (9.2)

which we prove by induction, starting from the trivial case n = 0. Given the formula for R^n, we may write the right-hand-side of (9.2) as X^{2n}R∩R^nX^2. Choosing a direct sum decomposition X^2 = R ⊕ R^′, we have R^nX^2 = R^{n+1} ⊕ R^nR^′. The result then follows because R^{n+1} ⊆ X^{2n}R, while

X^{2n}R ∩ R^nR^′ ⊆ X^{2n}(R ∩ R^′) = 0.

Note that in this proof we have made repeated use of Proposition A.1(b).

It is then clear that Koszul algebras are precisely those quadratic algebras for which Tor^Λ_m(S, S) = K_m, that is, those which have a resolution whose mth term is P(K_m) = Λ ⊗ K_m ⊗ Λ.

In fact, we can generalise [5] Theorem 2.6.1 to show that, whenever Λ is quadratic, there is a ‘bimodule Koszul complex’ ( P(K_∗), d ) which is exact precisely when Λ is Koszul. The differential d is made by combining the differentials from the left and right module Koszul complexes, whose terms are Λ ⊗ K_∗ and K_∗ ⊗ Λ respectively. More precisely, the inclusions i_l : K_m → X ⊗ K_{m−1} i_r : K_m → K_{m−1} ⊗ X which give the differentials in the left and right module Koszul complexes, may be used to define

d_l : P(K_m) → P(K_{m−1}) : 1 ⊗ z ⊗ 1 → i_l(z) ⊗ 1 d_r : P(K_m) → P(K_{m−1}) : 1 ⊗ z ⊗ 1 → (−1)^m ⊗ i_r(z)

We then define d = d_l + d_r and observe that d is a differential, because d_l and d_r are differentials and d_ld_r + d_rd_l = 0.

Now, it is clear that applying the functor − ⊗_Λ S to either of the complexes ( P(K_∗), d ) or ( P(K_∗), d_l ) gives the left module Koszul complex, which provides a resolution of S when Λ is Koszul, and further that ( P(K_∗), d ) ⊗_Λ S ⊗ Λ ∼= ( P(K_∗), d_l ) . (9.3)

There are, of course, analogous statements for right modules.

Theorem 9.2. The quadratic algebra Λ is a Koszul algebra if and only if its bimodule Koszul complex defined above is exact.

Proof. The first differential d : P(K_1) → P(K_0) is precisely the map d occurring in (1.2), whose cokernel is Λ. Hence, if the bimodule Koszul complex is exact, that is, exact at all P(K_m) with m ≥ 1, then it is a resolution of Λ whose mth term is generated in degree m. Hence, by the remarks at the beginning of this section, Λ is a Koszul algebra. To see this another way, if the bimodule Koszul complex is exact, then it is split exact as a complex of right modules and so, applying the functor − ⊗_Λ S, we deduce directly that the left module Koszul complex is exact.

Conversely, if Λ is Koszul, then the left module Koszul complex is exact by [5] Theorem 2.6.1 and hence, by (9.3), the complex ( P(K_∗), d_l ) is exact. To deduce that the complex ( P(K_∗), d ) is exact, we first observe that the differentials d_l and d_r, as well as d, all preserve the grading of P(K_∗) by total degree. Hence it is sufficient to prove the exactness of each finite subcomplex of fixed total degree N, whose mth term is

P(K_m)[N] = ⨁ m+p+q=N Λ[p] ⊗ K_m ⊗ Λ[q] where Λ[p] denotes the pth graded component of Λ. Now, each such subcomplex is the total complex of a finite double complex . . . . · · · Λ[p] ⊗ K_m ⊗ Λ[q] d_l −→ Λ[p + 1] ⊗ K_{m−1} ⊗ Λ[q] · · · d_r d_r · · · Λ[p] ⊗ K_{m−1} ⊗ Λ[q + 1] d_l −→ Λ[p + 1] ⊗ K_{m−2} ⊗ Λ[q + 1] · · · . . . . The rows of this double complex are exact at every term Λ[p] ⊗ K_m ⊗ Λ[q] with m ≥ 1 and hence, by a familiar argument (see for example the proof of [17] Lemma 2.7.3) the total complex is exact at every term with m ≥ 1.

Remark 9.3. If Λ is the coproduct over S of two Koszul algebras Λ^′ and Λ^{′′}, then the explicit construction of T_m as K_m enables us to prove (8.11) in this case as well, and deduce that Λ is also Koszul. We would expect that (8.11) holds for coproducts over S of any quotients of tensor algebras considered in this paper and further that the maps in the minimal resolution are also direct sums as in Example 8.5.

Appendix The main purpose of this appendix is to prove the structure theorem (Theorem A.4) for projective Γ, S-bimodules that was used in the proof of Theorem 6.2. However, this result is a simple modification of a one-sided structure theorem (Theorem A.3) for projective modules over a tensor algebra over any semisimple artinian ring, and this appears to be the natural degree of generality for the result. Therefore, up to and including the proof of Theorem A.3, we will assume only that S is a semisimple artinian ring. As usual, X is any S, S-bimodule, Γ is the tensor algebra of X over S, and ⊗ denotes tensor product over S.

We will show that the projective left Γ-modules are precisely the induced modules, that is those of the form F = Γ ⊗ Y , where Y is an S-module. Since S is semisimple any such Y is projective over S, and hence any such F is certainly projective over Γ. On the other hand, any projective Γ-module P is isomorphic to a summand of an induced module: for example, by choosing a splitting of the epimorphism Γ ⊗ P → P : a ⊗ p → ap Therefore, it will be more than sufficient to show that any submodule of an induced module is induced.

The fact that projective modules are induced is well-known in special cases. There are several proofs that, if Γ is a free associative algebra over a field, then projective Γ-modules are free. The elegant proof in [8] Theorem 11.5.1 uses Schreier sets, as in one of the well-known proofs that subgroups of free groups are free.

This proof is readily adapted to show that projective modules over the path algebra of a quiver with finite vertex set are induced. Alternatively, this quiver algebra case may be obtained, albeit rather artifically, as an application of the coproduct theory in [6]. The proof we give below uses what appears to be a new method, which applies to tensor algebras in general.

We start with two fundamental properties of an induced module F .

Proposition A.1.

a) For any S-submodule U ⊆ F , the multiplication map μ_U : X ⊗ U → XU : x ⊗ u → xu is an isomorphism.

b) For any pair of S-submodules U, V ⊆ F , X(U ∩ V ) = XU ∩ XV. Proof. (a) Observe first that μ_F : X⊗F → XF is an isomorphism by the definition of multiplication in the tensor algebra. Since S is semisimple, the functor X ⊗ − is exact. Hence, applying this functor to the inclusion U ⊆ F yields an inclusion X ⊗ U ⊆ X ⊗ F and the result follows.

(b) Consider the diagram of inclusions U ∩ V j_U −→ U j_V i_U V i_V −→ F and the associated exact sequence 0 → U ∩ V (j_U , j_V ) −→ U ⊕ V (i_U , −i_V ) −→ F (A.1) Applying the exact functor X ⊗ −, we obtain 0 → X ⊗ (U ∩ V ) −→ X ⊗ U ⊕ X ⊗ V −→ X ⊗ F Now, by (a), the multiplication maps provide an isomorphism of this exact sequence with 0 → X(U ∩ V ) −→ XU ⊕ XV −→ XF in which the components of the maps are inclusions, as in (A.1). The exactness of this sequence at XU ⊕ XV is the required result.

Corollary A.2. Let L be any Γ-submodule of F . If Z is an S-submodule of L such that Z ∩ XL = 0, then the multiplication map Γ ⊗ Z → L is injective.

Proof. By iterating Proposition A.1(b), we see that X^nZ ∩ X^{n+1}L = 0 for all n. Hence the sum ∑ n≥0 X^nZ is direct. By iterating Proposition A.1(a), we see that the multiplication maps X^{⊗n} ⊗ Z → X^nZ are isomorphisms, which completes the proof.

Theorem A.3. Let L be any Γ-submodule of F . Then there is an S-complement Z of XL in L such that the Γ-morphism π : Γ ⊗ Z → L : a ⊗ z → az is an isomorphism. Thus, submodules of induced modules are induced.

Proof. Corollary A.2 shows that π is injective for any S-complement Z. The problem is to show that there is a complement for which π is surjective. It is easy to see that π is not surjective for all complements: for example, L = Γ = k[x] and Z = k⟨1 + x⟩. Consider the ‘degree’ filtration of F with terms

F (n) = ⨁ p≤n X^{⊗p} ⊗ Y and let L(n) = F (n) ∩ L be the induced filtration of L. Clearly, L(n) ⊆ L(n + 1), because F (n) ⊆ F (n + 1), for all n ≥ 0, and L is the union of the L(n)’s, because F is the union of the F (n)’s. The key point is that this filtration of L inherits a further property from the degree filtration of F : namely, for all n ≥ 0 L(n) ∩ XL = XL(n − 1). (A.2) To see this, we make the S-module decomposition F = F (n) ⊕ X^{n+1}F and let p_n : F → X^{n+1}F be the canonical projection, so that L(n) = Ker ( p_n|_L ) . Now consider the commutative diagram X ⊗ L 1 ⊗ i_L −→ X ⊗ F 1 ⊗ p_{n−1} −→ X ⊗ X^nF μ_L μ_F μ_{XnF} XL i_{XL} −→ XF p_n|_{XF} −→ X^{n+1}F in which i_L and i_{XL} are inclusion maps, and the three vertical maps are multiplication maps and hence isomorphisms by Proposition A.1(a). The commutativity of the second square is clear, because F is induced. Using, once more, the fact that X ⊗ − is an exact functor, the kernel of the composite of the top row is X ⊗ L(n − 1), and so its image under the multiplication map is XL(n − 1). On the other hand, the kernel of the composite of the bottom row is L(n) ∩ XL and so we have proved (A.2).

Now let Z = ∑ n≥0 Z[n], where Z[n] is an S-complement of L(n − 1) + XL(n − 1) in L(n). An easy induction shows that L(n) = ∑ p+q≤n X pZ[q]. Hence π : Γ⊗Z → L is surjective, as required. It remains to show that Z is a complement to XL, that is,that Z ∩ XL = 0, since the surjectivity of π already implies that Z + XL = L. Let z = z_n + z_{n−1} + · · · + z_0 ∈ Z with z_i ∈ Z[i]. If also z ∈ XL, then z ∈ L(n) ∩ XL = XL(n − 1), by (A.2). But z − z_n ∈ L(n − 1), so z_n ∈ Z[n] ∩ ( L(n − 1) + XL(n − 1) ) and hence z_n = 0. Repeating the argument, we find that z_{n−1} = · · · = z_0 = 0, and so z = 0 as required.

In the proof of Theorem 6.2, we actually need the following two sided result, for which we must bring back the assumption that S is separable.

Theorem A.4. Let L be a left projective Γ, S-bimodule. Then there exists a Γ, S-isomorphism Γ ⊗ L JL → L whose reduction modulo J on the left is the identity on L/JL.

Proof. By Corollary 2.2 and the observation at the beginning of the Appendix, L may be identified with a Γ, S-submodule of an induced module F = Γ ⊗ Y , where Y is an S, S-bimodule. One may easily see that the complement Z in Theorem A.3 may be chosen to be an S, S-submodule of L and so π is a Γ, S-isomorphism as required.

References

[1] D.J. Anick, On the homology of associative algebras, Trans. Amer. Math.

Soc. 296 (1986) 641–659 [2] D.J. Anick & E.L. Green, On the homology of quotients of path algebras, Comm. in Algebra 15 (1987) 309–341 [3] J. Backelin, La série de Poincaré-Betti d’une algèbre graduée de type fini à une relation est rationnelle, C.R. Acad. Sci. Paris (Série A) 287 (1978) 843–846 [4] M.J. Bardzell, The alternating syzygy behaviour of monomial algebras, preprint 1995 [5] A. Beilinson, V. Ginsburg & W. Soergel, Koszul duality patterns in representation theory, J. Amer. Math. Soc. 9 (1996) 473–527 [6] G.M. Bergman, Modules over coproducts of rings, Trans. Amer. Math. Soc.

200 (1974) 33–87 [7] K. Bongartz, Algebras and quadratic forms, J. London Math. Soc. 28 (1983) 461–469 [8] P.M. Cohn, Algebra: Vol. 2 (Second Edition), Wiley (1989) [9] P.M. Cohn, Algebra: Vol. 3 (Second Edition), Wiley (1991) [10] S. Eilenberg, Homological dimension and syzygies, Ann. of Math. 64 (1956) 328–336 [11] S. Eilenberg, H. Nagao & T. Nakayama, Dimensions of residue rings of hereditary rings, Nagoya Math. J. 10 (1956) 87–95 [12] D. Happel, Hochschild cohomology of finite dimensional algebras, Springer Lecture Notes in Mathematics 1404 (1989) 108–126 [13] E.L. Green, D. Happel & D. Zacharia, Projective resolutions over Artin algebras with zero relations, Illinois J. of Math. 29 (1985) 180–190 [14] K.W. Gruenberg, Resolutions by relations, J. London Math. Soc. 35 (1960) 481–494

[15] K.W. Gruenberg, The universal coefficient theorem in the cohomology of groups, J. London Math. Soc. 43 (1968) 239–241 [16] S.X. Liu & P. Zhang, Hochschild homology of truncated algebras, Bull. London Math. Soc. 26 (1994) 427–430 [17] C.A. Weibel, An introduction to homological algebra, Cambridge University Press (1994)

Addresses MCRB: Department of Mathematical Sciences, University of Liverpool, P.O. Box 147, Liverpool L69 3BX, U.K.

E-mail: mcrb@liv.ac.uk

ADK: 8 Bassett Court,

Bassett Avenue, Southampton SO16 7DR, U.K.

E-mail: ak@maths.soton.ac.uk