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Abstract:

Let F be a field. For a finite group G, let F(G) be the purely transcendental extension of F
with transcendency basis {xg: g T G}. Let F(G)® denote the fixed field of F(G) under the
action of G. Let w be a primitive (p-1)st root of 1, and let | be the ideal (p, w-a) in Z[w]
where a is a primitive (p-1)st root of 1 mod p. We show that if G be the semi-direct
product of a cyclic group of order p by a cyclic group of order prime to p, if I is principal,
and if F contains a primitive pth root of 1, then F(G)® is stably rational over F. It is not
known whether the set of primes p for which | is principal is finite or infinite. We also
show that if p is an odd prime and G is a non abelian group of order p?, then F(G)® is

stably rational over F provided that F contains a primitive p>th root of 1.*
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Introduction:

Let F be a field, let G be a finite group G, and let F(G) denote the purely transcendental
extension of F with transcendency basis {x,: g T G}. Let F(G)® denote the fixed field of
F(G) under the action of G. The question asked by Emmy Noether was: For which F and
G is F(G)C rational over F? This question has been answered in various cases. If G is
abelian of exponent n and F contains a primitive nth root of 1, then Fischer, [F], showed
that F(G)® is rational over F. In [SR], Swan constructed the first example for which
F(G)® is not rational over F, namely when G is the cyclic group of order 47 and F is the
field of rational numbers. Endo, Miyata, Lenstra and VVoskresenskii have classified the
abelian groups G and fields F for which F(G)® is rational over F, [EM1], [L], [V]. In
[SD], Saltman constructs p-groups G, such that F(G)C is not rational over F, where F is
an algebraically closed field of characteristic prime to p. In [H], Hajja has shown that if
F is an algebraically closed field of characteristic 0, and if G has an abelian normal
subgroup N such that G/N is cyclic of order n and the nth cyclotomic field has class

number 0, then F(G)® is rational over F.

Let p be a prime, and let F be a field. Let G be the semi-direct product of a cyclic
group of order p by a cyclic group of order prime to p. Let w be a primitive (p-1)st root
of 1, and let I be the ideal (p, w-a) in Z[w] where a is a primitive (p-1)st root of 1 mod p.
We show that if | is principal, and if F contains a primitive pth root of 1, then F(G) is
stably rational over F, Theorem 1.4. It is not known whether the set of primes p for
which | is principal is finite or infinite, however it was proved in [L, Corollary 7.6] that it
has Dirichlet density 0. We also show that if p is an odd prime and G is a non abelian
group of order p®, then F(G)® is stably rational over F, provided that F contains a
primitive p-th root of 1, Theorem 2.3. Some of these groups arose in our study of the

stable rationality of the center of the division ring of generic matrices.

Section 1:

Let G be a finite group and let M be a ZG-lattice. We will denote by F(M) the quotient
field of the group algebra, F[M], of the abelian group M written multiplicatively. Under
this notation F(G) is F(ZG).



Definition:

Let G be a finite group. A ZG-lattice M is said to be permutation if there exists a Z-basis
for M which is permuted by G. A ZG-module is said to be invertible if it is a direct
summand of a permutation module. A ZG-module M is said to be stably permutation, if

there exist permutation modules P and P’ such that M A P @P’.

Definition:
Let L and K be fields on which a finite group G acts. We say that L and K are
isomorphic (stably isomorphic) as G-fields if they are isomorphic (stably isomorphic) and

the isomorphism respect their G-actions.

Notation:

Throughout this article we will use the following notation unless otherwise specified.

F will be a field.

w = primitive (p-1)st root of 1.

a = primitive (p-1)st root of 1 mod p.

| = ideal (p, w-a) in Z[w].

S = set of primes p for which I is principal.

For any finite group G and any ZG-lattice M, M will denote the p-adic completion of
M, and for any prime g, Mq will denote the localization of M at q.
H = cyclic group of order p.

C = cyclic group of order prime to p.

H will be generated by h and C by c.

G = H><C will be the semi-direct product of H by C.

The following lemma has been proved in the literature in different forms, we include it

for the reader’s convenience.



Lemma 1.1:

Let G be a finite group, and let V be a finitely generated G-faithful FG-module. Let
F+(V) denote the function field of the symmetric algebra of V. Then for any G-faithful
ZG-permutation lattice P, F+(V) and F(P) are stably isomorphic as G-fields.

Proof:

Let Vi be the vector space FP=FAzP. Then F(P) @F.(V1). Set L = F«(V) and L;=
F.(V1). Then F.(V A Vi) @L+(LV1) @L1+(L1V). By Speizer's Lemma, see e.g. [W],
LV contains an L-basis for LV, say {yi,..., Vi}, and L1V® contains an L;-basis for L;V,

say {zi,..., zi}. Thus
F+(V A V1) @_(yl,..., yr) @_1(21,..., Zt),

hence

F+(V)(Yl'---, Yr) @:(P)( Z1y.eny Zt)

and so F(P) and F.(V) are stably isomorphic.

Remark:
Let G = H~<C be as defined above, and assume that C=Aut(H) so its order is p-1.

Since ZG/H @ZC @Z[x]/(x**-1) as ZG-lattices, the decomposition of ZG/H into

indecomposables is given by

where g is a primitive (p-1)st root of 1 in Z which is congruent to a mod p, and Zy is the
trivial ZG-module of Z-rank 1 with trivial H action, and such that cl=g. We set
Xi=Zi/pZy, s0 Xp.1= X the trivial Z G-module of p elements.

We also have ZG/C @ZH where the H-action on ZH is the obvious one and the C-action

is given by ch = h®.  We will denote by A and A’ the ZG-lattices ZH(h-1) and ZH(h-1)?

respectively.



Proposition 1.2:
Let G = H>~<C be the semi-direct product of a group H of order p by a cyclic group C
equal to Aut(H). The ZG-lattice A is ZC-free, and if pl S, then the ZG-lattice A’ is

stably permutation as a ZC-lattice.

Proof:

As above we let h generate H and ¢ generate C. A Z-basis for A = ZH(h-1) is {h' - 1:
i=1,..., p-1}, and we have c(h'-1) = h¥-1. Thus C permutes the basis elements, and there
is a ZC-isomorphism from A to ZC given by (h-1) ® c. Now there exists a ZG-exact

sequence

0® A°® A® X;® 0

with the map A = ZH(h-1) ® X given by h'(h-1) ® 1.

Since X; is of order p, its localization of at any prime g * pis 0, thus A’q @A,. Therefore
A’ is ZC-cohomologically trivial. By [BK, Theorem 8.10, Chapter VI], this implies that
A’ is ZC-projective.

Let | be the ideal (p, w-a) in Z[w], as defined. Since Z[w] @Z[x]/(f (x)) where f (X) is the
(p-1)st cyclotomic polynomial, there exist a ring map ZC ® Z[w] given by 1zc ® 1z
Thus Z[w] is a ZC-module where ¢ acts by multiplication by w. Futhermore the map of
ZC-modules Z[w]® X; has kernel I. We have the following commutative diagram of

ZC-modules.
0 0
OPRA'® A ® X3®0

0PAA ® M ® Z[Ww]® 0

I I
0 0

where M is the pullback of the maps A ® X; and Z[w] ® X;.



For a ZC-lattice E, let E* = Homz(E,Z) be its dual. Since A’ is ZC-projective, so is A’*,
therefore M* @A’* A Z[w]*, and we have

M@A Azwl@Al@zCAlL

IfpT S, Iis principal, and therefore it is isomorphic to Z[w] as a ZC-module. By [EMS3,

Theorem 4.2], this implies that A' is stably permutation as a ZC-lattice.

Theorem 1.3:

LetpbeaprimeinS. Let G=H>=<C’ be the semi-direct product of a group H of order p
by a cyclic group C’ contained in Aut(H). Then F(G)C is stably rational over F provided
that F contains a primitive pth root of 1.

Proof:
Let C = Aut(H), so C is of order p-1. Consider the ZC-exact sequence of Proposition 1.2,
namely

0® A°® A® X;® 0.

Restricting to C, and using the fact that A @ZC by Proposition 1.2, we get the ZC-

sequence
0® A°® ZC® X1 ® 0.

Let F* be the multiplicatice group of F, and let Y = Hom(X;, F*) be the character group
of X;. By Galois theory there is a linear action of Y =< C on F(ZC) such that
F(zC) "< @F(A)°
and for any subgroup K of C
F(zC) " <K @r(Aa”)~.
In particular
F(zC) "~ <% @F(A")"



Now as a group G @Y >«C’. Let V the FG-module with F-basis {X,...,X,-1} where G
acts on x; as on ¢ for i=1,...,p-1. Then V is G-faithful and F(ZC) @.(V). By Lemma
1.1, F(G) is G-stably isomorphic to F(ZC), hence F(G)® is stably isomorphic to F(A*)".
Since A’ is ZC’-stably permutation by Proposition 1.2, F(A’) is stably isomorphic to
F(ZC) as a C’-field by [B, Lemma 2.1]. The result now follows by [F] since C’ is

abelian.

Theorem 1.4:

Let G be the semi-direct product of a group H of order p, by a group C of order prime to
p. Letw be a primitive (p-1)st root of 1, and let | be the ideal (p, w-a) in Z[w], where a is
a primitive (p-1)st root of 1 mod p. If I is principal then F(G)® is stably rational over F

provided that F contains a primitive pth root of 1.

Proof:
Let G = H~<«C. Let C’ = Ker(C ® Aut(H)), then C’ is normal in G. By Lemma 1.1,
F(G) is stably isomorphic as a G-field to F.(V) for any faithful FG-lattice V. Let
V =FA,ZGICA W
where W is a one dimensional faithful representation of C, with trivial H-action. Then
F+(V)® = ((F+(V)9)*C.
It is immediate that F.(V)® is stably isomorphic to F(ZG/C) as a G/C’-field. Thus F(G)®
is stably isomorphic to F(ZG/C)®®'. But G/C’ @H =<K, where K = C/C’ is a subgroup
of Aut(H). The result then follows by Theorem 1.3.

Section 2:

Let p be an odd prime. In this section we show that if G is a non-abelian group of order
p°, then F(G)® is stably rational over F. By [G, Theorem 5.1, Chapter 5] there exists, up
to isomorphism, two groups satisfying these conditions. They are the semi-direct
products of a group of order p® by a group of order p. The group of order p? is cyclic in

one case and p-elementary in the other.



Proposition 2.1:
Let H be a cyclic group of order p, with generator h. There exists an exact sequence
0® ZH(M-1)’AZ® ZH® D® 0

where D is a ZH-module of order p? and exponent p.

Proof:
Let X denote the trivial ZH-module Z/pZ. We have the following exact sequence of ZH-
modules

0® ZHh-1)AZ® ZHEX®0
where the map ZH(h-1) A Z® ZH is inclusion of ZH(h-1) and sends 17 to the norm of H,
and

0® ZH(h-1)>® ZH(h-1) ® X ® 0
where the map ZH(h-1)? ® ZH(h-1) is inclusion.
Combining these 2 sequences we get

0® ZH(Mh-1)’AZ® ZH®D®0 (3)
where D is given by the extension

0® X® D®X®0.
So D is of order p?. We will prove that D has exponent p.
The map ZH(h-1)> A Z ® ZH in sequence (3) is inclusion on ZH(h-1)? and sends 1 to
the norm of H. The ZH-module D @ZH/( ZH(h-1)*> A Z) is generated by the classes of
1and h of 1and h, with h? =2h - 1. Let N be the norm of H. Then

Bt Bl B &
aih(th-1)+N=gih™-agih+ah =

i=1 i=1 i=1 i=1
5(1-1)h1-éjh1+§h1=
j=2 j=1 j=1

p-l . . .
AlG-0 - jh +h]+(p- 2, - h+h+1,=p

j=2



p:1 - _
and we have p(h-1)= a ih(h- 17. Therefore pl1=ph, and since N= 0, we get
i=1

p?1=p?h=0. So the exponent of D is either p or p>. It follows directly from
h? =2h - 1, that for k=1,...,p-1, h* = kh - (k- 1)1. Therefore we have

-1

O

0=N=3 Knh-(k-1D +1
k=1
equivalently
-1 opl_ p-1_ _
@wh=aki-@i-i1
k=1 k=1 k=1

(172)p(p-1)h = (1/2)p(p-1) 1- p1

(1/2)p(p-1)h = _p(p-3) 1
Since pl=ph and p?1= p?h=0, we get 2ph =0 thus ph=p 1=0. Thus D is generated
by
1and h withp1= ph =0, and hence it is of exponent p. Clearly the H-action on D is

not trivial.

Notation:
For all n in Z, for any finite group G and ZG-module M, H"(G,M) will denote the nth

Tate cohomology group of G with coefficients in M.

Proposition 2.2:
Let G be a group of order p® having a cyclic subgroup K’ of index p. Let H=G/K’, and let
K=Hom(K’,F*). Then there exists a ZH-exact sequence

0O® ZH® ZH® K® 0.

Proof:
By [G, Theorem 5.1, Chapter 5] there exists, up to isomorphism, a unique group of order
p® having a cyclic subgroup of index p. It is the semi-direct product of this cyclic group
of order p? by a group of order p. Therefore K @K’ as ZH-modules, and G @K’ =<H.
Let X be the trivial ZH-module with p elements. There is a ZH-exact sequence

0® ZH® ZHh-1)AZ® X® 0 (1)



where the map ZH ® ZH(h-1) A Z sends 1 to (h-1) + 1z. It is easily checked that the the
map is injective and that its cokernel is X.
Now consider the ZH-exact sequence

0® ZHh-DAZ® ZH® X® 0 (2
where the map ZH(h-1) A Z® ZH is inclusion on ZH(h-1) and sends 17 to the norm of
H which we denote by N. Combining these two sequences we get

0® ZH® ZH® T® 0 (3)
where T is given by the following ZH-exact sequence

0® X®T® X® 0 4)
We will show that T @K as ZH-modules.
We know that T is of order p? and that there is a map from H to Aut(T). Again, by [G,
Theorem 5.1, Chapter 5], there exists, up to isomorphism, two non abelian groups of
order p*, one of which is of exponent p. Therefore there exists, up to isomorphism, two
non-trivial ZH-modules of order p?, one of which is the group D of Proposition 2.1. So it
suffices to show that the map form H to Aut(T) is non trivial, and that T is not isomorphic
to K.
We first show that T"1 T which will imply that the map H® Aut(T) is not trivial.
From the ZH-sequence

0%® ZAE®RZFU® X F®0
we get that H'(H,X) = Z/pZ. From sequence (4) we get
0@ X® T"® X® H'HX)® H'HT)® ...

Now T is cohomologically trivial by sequence (3), so T" =X 1 T.
Consider the ZH-sequence of Proposition 2.1, namely

0® ZH(h-1)*’AZ® ZH® D® 0.
We have H'(H,D) = H(ZH(h-1)> A Z) = Z/pZ. Therefore D is not cohomologically

trivial and hence cannot be isomorphic to K. Thus T @K, which proves the result.
Theorem 2.3:

Let p be an odd prime. Let G be an abelian group of order p*, and let F be a field

containing a primitive p?-th root of 1. Then F(G)® is stably rational over F.
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Proof:

Let H, K and D be as in Propositions 2.1 and 2.2. Let K’ = Hom(K, F*) and D’ =
Hom(D, F*) be the character groups of S and D respectively. By [G, Theorem 5.1,
Chapter 5] G is isomorphic to either K’ ~<H or to D’ =<H.

Case 1: G @K’ >=<H.
By Proposition 2.2, we have a ZH-exact sequence
0® ZH® ZH® K® 0.

By Galois theory F(ZH)® @F(ZH)", which is rational over F, by [F]. Therefore F(ZH)®
is stably rational over F. By Lemma 1.1, F(G)® is stably isomorphic to F(ZH)® which

proves the result.

Case 2: G @D’ ~<H.
By Proposition 2.1 there exists a ZH-exact sequence

0® ZH(h-1A Z® ZH®D ®O0.
By Galois theory F(ZH(h-1)?AZ)" @ (ZH)®. Now ZH(h-1) and ZH(h-1)? are isomorphic
as ZH-modules and the isomorphism is given by

hith-1) ® h'(h-1)°.
Thus F(ZH(h-1)2A2)" @F(ZH(h-1)AZ)". We have a ZH-exact sequence

0® ZH(h-1)® ZH® Z® 0,
and by [B, Lemma 1.2] F(ZH(h-1)AZ) and F(ZH) are isomorphic as H-fields. Therefore
F(ZH)® and F(ZH)" are stably isomorphic and the argument now is the same as in Case
1.
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