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Motivation

Why should we study random spaces?

I Modeling of systems governed by a large number of parameters. In the
spirit of the central limit theorem can we predict geometrical/topological
properties of spaces determined by many independent random param-
eters?

I The probabilistic method. Random spaces often can be tuned to have
highly non-trivial features with positive probability.Positive probability
implies existence.

I Topological phase transitions. Random simplicial complexes exhibit
intriguing topological phase transitions. The topology of a random
complex changes abruptly once the probabilistic parameters cross cer-
tain critical levels.
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One Dimensional Random Spaces

The Erdős-Rényi model for generating random graphs with n vertices is the
probability space G (n, p) of all simple graphs on n vertices, with distribu-
tion law induced by adding each of the

(
n
2

)
possible edges with independent

probability p.
Formally the probability mass function on graphs with n vertices is

P(G ) = pe(G)(1− p)(n
2)−e(G)

A property P is said to be satisfied asymptotically almost surely (a.a.s.) if

P(G ∈ P)
n→∞−→ 1,
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Connectivity phase transition

A classical example in stochastic topology is the connectivity of random
graphs.

Theorem (Erdős-Rényi ’59)
Let ω(n)→∞ as n→∞. Then

I If p = log(n)−ω(n)
n then G ∈ G (n, p) is disconnected a.a.s.

I If p = log(n)+ω(n)
n then G ∈ G (n, p) is connected a.a.s.

A phase transition happens at p ∼ log(n)
n ; this is a threshold for the con-

nectivity of Erdős-Rényi random graphs.
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In the pioneering paper ”On the evolution of random graphs” by Erdős
and Rényi one can find the following quote:

It seems to us further that it would be worth while to consider
besides graphs also more complex structures from the same point
of view, i.e. to investigate the laws governing their evolution in
a similar spirit. This may be interesting not only from a purely
mathematical point of view. In fact, the evolution of graphs
may be considered as a rather simplified model of the evolution
of certain communication nets (railway, road or electric network
systems, etc) of a country or some other unit.
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Some landscape of random spaces:

I Random graphs;

I Random simplicial surfaces;

I Random 3-manifolds;

I Configuration spaces of random linkages;

I Random groups;

I Random clique complexes;

I Linial-Mesulham random complexes;

Several topological and geometric properties have been established for the
random spaces listed above.
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Clique (aka flag) complexes

A clique in a graph Γ is a set of vertices such that any two of them are
connected by an edge of Γ.
The family of cliques in a graph Γ forms an abstract simplicial complex XΓ,
the clique complex of Γ; it is also known as the flag complex of Γ. Note
that by definition,

X
(1)
Γ = Γ.

Clique (and independence) complexes are common objects in topological
combinatorics.
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Figure: A clique complex.
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Linial-Meshulam complexes

We say that X is a Linial-Meshulam k-complex if

∆(k−1)
n ⊂ X ⊂ ∆(k)

n

where ∆n is an abstract simplex on n vertices.
Very sparse LM complexes are close to being a wedge of (k−1)-dimensional
spheres and very dense LM complexes are close to being a wedge of k-
spheres.
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Figure: Linial-Meshulam 2-complex with n = 5.
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Two models of single-parameter random simplicial
complexes

The two constructions we have just seen have random counterparts:

I by a random clique complex we mean a clique complex over a Erdős-
Rényi random graph G ∼ G (n, p). Random clique complexes were
introduced and studied by M. Kahle in 2009.

I by a random Linial-Meshulam k-complex we mean a Linial-Meshulam
k-complex where k-dimensional simplices are added iid with probabil-
ity p. Original paper by Linial and Meshulam published in 2006.

Several topological invariants of these spaces are now well understood; eg
Betti numbers, fundamental group, etc.

I Both models are controlled by a single probability parameter p.
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A multi-parameter model

Consider the following process of generating a random simplicial complex
X :

0) Start with X (0) = {1, . . . , n} and a positive integer r ≤ n − 1;

1) Include each of the possible edges of X (0) with iid probability p1 to
obtain X (1);

2) Include each of the possible 2-simplicies of X (1) with iid probability
p2 to obtain X (2);

. . .

r) Include each of the possible r-simplicies of X (r−1) with iid probability
pr to obtain X = X (r);

The probability parameters form a vector p = (p1, . . . , pr ) = (p1(n), . . . , pr (n)),
the multi-parameter probability vector . Both random clique complexes
and Linial-Meshulam complexes are particular cases.
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A multi-parameter model

Formally we have a sequence of probability spaces Ωr
n of subcomplexes of

∆n with probability law

Pr (X ) =
r∏

i=1

p
fi (X )
i

r∏
i=1

(1− pi )
ei (X ), X ∈ Ωr

n

where ei (X ) denotes the number of i-simplices exterior to X . An i-
dimensional simplex σ is exterior to X if σ 6⊂ X but ∂σ ⊂ X .
Clearly ei (X ) is equal to the number of boundaries of i-simplices minus
fi (X ). In particular two complexes with the same face numbers do not
have necessarily the same probability of being generated.

60 / 91



A multi-parameter model

Formally we have a sequence of probability spaces Ωr
n of subcomplexes of

∆n with probability law

Pr (X ) =
r∏

i=1

p
fi (X )
i

r∏
i=1

(1− pi )
ei (X ), X ∈ Ωr

n

where ei (X ) denotes the number of i-simplices exterior to X . An i-
dimensional simplex σ is exterior to X if σ 6⊂ X but ∂σ ⊂ X .

Clearly ei (X ) is equal to the number of boundaries of i-simplices minus
fi (X ). In particular two complexes with the same face numbers do not
have necessarily the same probability of being generated.

61 / 91



A multi-parameter model

Formally we have a sequence of probability spaces Ωr
n of subcomplexes of

∆n with probability law

Pr (X ) =
r∏

i=1

p
fi (X )
i

r∏
i=1

(1− pi )
ei (X ), X ∈ Ωr

n

where ei (X ) denotes the number of i-simplices exterior to X . An i-
dimensional simplex σ is exterior to X if σ 6⊂ X but ∂σ ⊂ X .
Clearly ei (X ) is equal to the number of boundaries of i-simplices minus
fi (X ). In particular two complexes with the same face numbers do not
have necessarily the same probability of being generated.

62 / 91



The dimension of a random simplicial complex can be determined by ap-
plying the following containment theorem.

Theorem (C., Farber)
Let S be a finite simplicial complex and Y ∈ Ωr

n a random simplicial
complex.

I Suppose that

n · min
T⊂S

r∏
i=0

p
fi (T )

f0(T )

i → 0

Then Y does not contain S as a subcomplex a.a.s..

I Suppose that for any subcomplex T ⊂ S one has

nf0(T ) ·
r∏

i=0

p
fi (T )
i →∞.

Then Y contains a subcomplex isomorphic to S a.a.s..
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Dimension of a random complex

Figure: Dimension for p1 = n−α1 , p2 = n−α2 and pi = 1 otherwise
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Consider the linear functions

ψk(α) =
r∑

i=1

(
k

i

)
αi ,

where αi = − log pi/ log n. For simplicity assume that αi are constant.
It is easy to see that

ψ1(α) ≤ ψ2(α) ≤ . . . ≤ ψr (α)

and thus we can define the domains

Dk = {α ∈ Rr
+ : ψk(α) < 1 < ψk+1(α)}
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Homological domination

Theorem (C., Farber)
Suppose pi = n−αi and α = (α1, . . . , αr ) ∈ Dk . Then

1. For a random complex Y ∈ Ωr
n with Betti numbers βi we have

E(βk) & ncαE(βj), j 6= k

where cα is a positive constant depending on the limit of α.

2. The dominant Betti number satisfies

βk ∼ fk ∼
nk+1−

∑k
i=0 ψi (α)

(k + 1)!
.
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Dominant homological dimension

Figure: p1 = n−α1 , p2 = n−α2 and pi = 1 otherwise
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Conditioned to the random complex having dimension d , we see that there
are several possible dominant dimensions.

However if we restrict to the
clique complex model (ie αi = 0 except for α1) then a complex with
dimension d has dominant dimension k = bd/2c. In fact one can even say
more.

Theorem (Kahle)
For ”generic” α = α1 a random clique complex a.a.s. satisfies

βi ∼ fi , i = bd/2c
βi = 0, i 6= 0, bd/2c
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The mistery of the wedge of spheres

Wedge of spheres are proeminent in topological combinatorics.

A possible
explanation (for clique complexes) is the following conjecture:

Conjecture (Kahle ’07)
Conditioned to having dimension d ≥ 6 a random clique complex is
homotopy equivalent to a wedge of bd/2c-dimensional spheres, a.a.s..

There seems to be enough evidence to support the following conjecture.

Conjecture (C., Farber)
Conditioned to having dominant dimension k ≥ 3 a multi-parameter
random complex is a.a.s. homotopy equivalent to a wedge of spheres of
possibly several dimensions ≥ k.
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Random Groups (Gromov’s model)

A closely related research area is Random Group Theory. There Gromov’s
density model plays a central role.

Roughly one fixes a number m of generators and adds relations of length
` i.i.d. The number of relations added is controlled by a parameter d and
`→∞.

Theorem (Gromov ’93)

I If d < 1/2, then G is infinite, hyperbolic, torsion-free of geometric
dimension 2 a.a.s..

I If d > 1/2, then a.a.s. G is e or Z2.

By taking the fundamental group π1(Y ) of the random simplicial complex
model Y we obtain a random group model with some similar features
to Gromov’s density model. However there are some key differences as
well; eg torsion only appears in Gromov’s model when the group is finite,
contrary to the π1(Y ) model.
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On the fundamental group of random complexes

As is the case of random Linial-Meshulam complexes and of clique com-
plexes, multi-parameter random complexes have hyperbolic fundamental
groups:

Theorem (C., Farber)
Let Y ∈ Ωr

n be a multi-parameter random complex with pi = n−αi .

I if α0, α1, α2 satisfy
α0 + 3α1 + 2α2 < 1

then Y has trivial fundamental group a.a.s.

I conversely if α0, α1, α2 satisfy

α0 + 3α1 + 2α2 > 1

and α1 < 1 then π1(Y ) is Gromov-hyberbolic and nontrivial a.a.s.
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Torsion in the fundamental group

Theorem (C., Farber)
Let Y ∈ Ωr

n be a multi-parameter random complex with pi = n−αi .

I if

α0 +
5

2
α1 +

5

3
α2 > 1

then the fundamental group π1(Y ) has geometric dimension ≤ 2 and
in particular is torsion-free.

I if α2 6= 0,

α0 + 3α1 + 2α2 > 1 and α0 +
5

2
α1 +

5

3
α2 < 1

then the fundamental group π1(Y ) has 2-torsion a.a.s.

I let m ≥ 3 be a fixed prime and α0 + 3α1 + 2α2 > 1 then π1(Y ) has
no m-torsion.
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Thank you for your attention!
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