
 
 
UNIVERSITY OF ABERDEEN   SESSION 2004-2005 
 
Examination in CS4018  (Formal Models of Computation) 
 
SOLUTIONS 
 
Answer TWO questions. 
Use a separate answer book for each question. 
Each question is worth 25 marks; the marks for each part of a question are shown in brackets. 
 

 TURN  OVER 
 

1. (a)  Taking into account the following equivalences 
t ≡ λxy.x              f ≡ λxy.y          i ≡ λabc.((a)b)c 

  You should obtain the normal form of the λ-expression below, if it has one: 
 

(((i)f)2) ((((i)t)3)4) 
 

  Show the conversion sequence used to obtain the above normal form, indicating which conversion 
rule you applied at each step of the sequence.  

 
               (Assume the usual definition for numbers and pay special attention to the parentheses)  (8) 

 
Solution: Lambda-expressions and their manipulation have been studied in this course as a sound 

mathematical foundation for a precise definition of computation. In this item, students have to recall the 
process of lambda-conversion and how to use it in a specific scenario. In the solution of this item, 
students must use the normal order conversion, in which at each step, the leftmost, outermost element of 
the expression is the one to be converted. A possible solution is given by the following sequence of steps 
(the components manipulated are in boldface): 

 
(((i)f)2) ((((i)t)3)4) →  (((λabc.((a)b)c) (λxy.y))2) ((((i)t)3)4)   [equivalence] 
(((λabc.((a)b)c) (λλλλxy.y))2) ((((i)t)3)4) →β ((λbc.((λxy.y)b)c)2) ((((i)t)3)4) [β-conversion] 
((λbc.((λxy.y)b)c)2) ((((i)t)3)4) →β (λc.((λxy.y)2)c) ((((i)t)3)4)  [β-conversion] 
 
At this point, let’s make m ≡ ((((i)t)3)4) to make our expression simpler, thus we have: 
 
(λc.((λxy.y)2)c)m →β ((λxy.y)2)m      [β-conversion] 
((λxy.y)2)m →β (λy.y)m        [β-conversion] 
(λy.y)m →β m         [β-conversion] 
 
Now let’s use our previous equivalence m ≡ ((((i)t)3)4) to carry on the conversion: 
 
((((i)t)3)4) →  (((λabc.((a)b)c) (λxy.x))3)4     [equivalence] 
(((λabc.((a)b)c) (λλλλxy.x))3)4 →β ((λbc.((λxy.x)b)c)3)4    [β-conversion] 
((λbc.((λxy.x)b)c)3)4 →β (λc.((λxy.x)3)c)4     [β-conversion] 
(λc.((λxy.x)3)c)4 →β  ((λxy.x)3)4      [β-conversion] 
((λxy.x)3)4 →β  (λy.3)4        [β-conversion] 
(λy.3)4 →β  3         [β-conversion] 
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(b) Give the type definitions for the following Haskell functions f  and g:    (6) 
 
 
 
 

 
 

 
Solution: The type definitions for the functions above are: 
 
 
 

(c) Explain the computation performed by the Haskell program below, where l engt h is a built-in 
function to compute the size of a list. You should illustrate your explanation with an example 
showing how the program runs.        (6) 

 
 

 
Solution: The program counts the number of occurrences of a in list xs , as in, e.g., 

m ' a'  " abr acadabr a"  � 5 
   

(d) Explain (i) what algebraic types in Haskell are, and (ii) how they are defined; iii) provide examples 
of definitions and instances of the algebraic type definitions; (iv) explain how pattern matching 
works on algebraic types.         (5) 

 
Solution: The course covered algebraic types in Haskell. They are defined generically as 
 

dat a TypeName = Constructor1 Type[1,0] ... Type[1,k1] | … | Constructorn Type[n,0] ... Type[n,k n] 
   

 An example of an algebraic type definition is: 
   

dat a Peopl e = Per son Name Age 
t ype Name = [ Char ]  
t ype Age = I nt  

   

 Some examples of instances of the previous algebraic type definition are: 
   

Peopl e " Mar y Poppi ns"  34 
Peopl e " Sommer set  Maughan"  54 

   

   Pattern matching is used to manipulate algebraic types – the constructors are employed on the left-
hand side of the function definitions, thus the particular format (syntax) of the type is explicitly 
addressed. 

 
2. (a)  Give three possible reasons for studying “concepts of programming languages”  and comment on 

them.            (5)  
 

Note: Part of the course was dedicated to a comparative study of programming languages. In this question, 
students must show their understanding of the importance of this study. 

 
Solution: Some of the reasons are (any three could be selected): 

1. Increased capacity to express ideas – what we can think about is a function of the language we use to 
express our ideas. If we know different languages we have more choices to express our ideas. 

2. Improved background for choosing appropriate languages – if we know about different languages or 
families of languages we can make informed decisions as to which language to use for a given task. 

3. Increased ability to learn new languages – by learning fundamental concepts, it is easier to learn 
particular instances of languages that incorporate them. 

4. Better understanding of the significance of implementation – if we learn how a language was 
implemented then we shall be able to use it as it was intended (thus getting more efficient programs). 

f  : :  . . .  
f  1 g x = g x 
f  ( n+1)  g x = ( g. ( f  n g) )  x 

g : :  . . .  
g p [ ]  = [ ]  
g p ( ( x, y) : xys)   
  |  ( p x y)    = x: ( g p xys)  
  |  ot her wi se = y: ( g p xys)  

m a xs = l engt h [ y |  y <-  xs,  y = = a]  

f  : :  I nt  - > ( a - > a)  - > a - > a g : :  ( a - > a - > Bool )  - > [ ( a, a) ]  - > [ a]  
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(b) “The Algol 60 report was an extremely important document in the evolution of programming 

languages.”  Discuss this statement and identify the positive and negative aspects of the arising from 
the report and the process leading to its production.      (10) 

 

Solution: The Algol 58 report was indeed very important for the future of programming languages as it set the 
agenda for imperative languages pretty much since the 1960’s. Answers should provide a discussion on 
the production, reception and effects of the report. 

 

Positives:  
 It introduced BNF 
 It introduced  structural features that descended to languages such as Pascal, Ada, Java etc 
 Its development affected machine architecture, eg Burroughs B6000 
Negatives: 
 It did not pass into widespread use 
 It was too flexible 
 BNF was initially difficult for most people to understand. 

 
(c) Describe short-circuit evaluation and discuss when its use may be dangerous.   (5) 

 
Solution: This occurs in Boolean operations where one need only evaluate one operand if it has a particular 

value. For example if the first operand of an & operation is false there is no need to evaluate the 
second. This improves efficiency. Its use could be dangerous in situations where the second operand 
had a side effect that the program made use of. 

 
(d) Identify the advantage of precedence rules and state how the same effect could be achieved if they 

did not exist.           (5) 
 

Solution: Precedence rules are advantageous in that they allow the programmer, certain circumstances, to write 
expressions and have them evaluate correctly without having to worry about parentheses. On the other 
hand, even if they did not exist the same effect could be achieved by the judicious use of parentheses. 

 
3. This question is about Computability and Complexity. You can choose any two of the three items I, II 

or III below. 
 

I    Consider the following sketch of a (purported) proof for the proposition P, which states that the set Q 
of all fractions is uncountable. The proof is a variant of Cantor’s diagonal method. The (purported) 
proof of P is as follows: 

      

“Suppose Q could be enumerated. Focus on those elements of Q that are larger than 0 and smaller 
than 1. Each of these can be represented as an infinite sequence of digits. (For example, 1/10 is 0.1 
followed by countably many occurrences of 0;  1/3 is 0.3 followed by countably many occurrences of 
3.)  Cantor’s method allows us to construct a number N that does not occur in the enumeration. 
Therefore, the enumeration must be incomplete.”  

   

You should answer: 
 

1. Precisely how may the number N be constructed?      (3.5) 
2. Is P true? Why? If P is not true, why not?       (3.5) 
3. Is the proof of P correct? Explain any flaws in it.      (5.5) 

 

Solution:  
1. The enumeration of fractions and the number N can be constructed as in Cantor's original proof, 

making pure that (for every integer i) the i-th digit of N differs from the  i-th digit of the i-th 
number in the enumeration. For example, the number can be defined as follows:  if A i is the i-th 
number in the enumeration, then the i-th digit of N equals the i-th digit of A i plus 1. 

2. P is false, as is proven by another argument of Cantor's (presented during the lectures), which 
achieves an enumeration of all fractions, represented as pairs of integers arranged in a two-
dimensional grid. 
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3. The proof is very similar to Cantor's original diagonal proof, but the difference is that (unlike the 
numbers in the enumeration) the number N is not guaranteed to be an element of Q (whereas it is 
an element of R). This means that the method fails to show that nocomplete  enumeration of Q is 
possible. (In fact a complete enumeration is possible, see (2).) 

 
II     Consider the following problems: 
 

(a) Determine, for every program/input pair (P,I), whether P terminates when applied to I. 
(b) Determine, for every program P, whether P terminates for every input I. 
(c) Determine, for a given program/input pair (P,I), whether P terminates for input I. [Hint: You 

may want to distinguish between the case that P terminates for I and the case that it does not.] 
 

1.  State which of the problems described above (and denoted as a, b and c respectively) is the 
hardest one and which is easiest one in terms of their formal computability.   (5) 

 

2. Motivate your answer. (Formal proofs are not necessary.) Do these formal computability results 
match your intuitive judgment of how difficult each problem is?    (7.5) 

 

Solution:  
1. In terms of formal computability, (b) is hardest and (c) easiest.  
2. (a) (Discussed in class, at length) This is the Halting problem, which is partially decidable. (It's 

undecidable, but if (P,I) halts then this is discovered in finite time by letting P run on I.) 
(b) (Mentioned in class) This is the AlwaysHalt problem (also called the Totality Problem), which 
is even harder than the halting problem, because it's not partially decidable. 
(c) (Other solutions are possible.) If P(I) terminates then the following algorithm is correct with 
respect to the problem: “ If TRUE then P(I) terminates” . If P(I) does not terminate then the 
following algorithm is correct with respect to the problem: “ If TRUE then P(I) does not 
terminate”  
Problem (c) shows that formal computability is only meaningful if a problem has infinitely many 
possible inputs. If there are only finitely many inputs (or none at all), then every problem 
computable. 

   
III   In the Generation of Referring Expressions, there is a problem of finding a ‘minimal’  distinguishing 

description for a given target referent r. (Recall that a set of properties { P1,..,Pn}  is a distinguishing 
description (DD) of r iff the intersection of their extensions equals { r} . The DD is minimal if there 
does not exist a description using fewer than n properties.) 

  

 Consider the following argument: 
  

 “Let the cardinality of the set of properties in the language be n. Then there exist 2n possible 
conjunctions of properties. Hence, the problem of finding a minimal DD (for every domain, set of 
properties, and target referent) must be exponential.”  

  

1. Is the proposition that this argument purports to prove true?     (2) 
2. Is it true that, with n properties, there are 2n possible conjunctions of properties?  (2.5) 
3. Is the proof correct? Explain any flaws that you may find in it.    (4) 
4. Is there an algorithm for finding the minimal DD? If no, then explain why not. If yes, then sketch 

one such algorithm.         (4) 
 

Solution:  
1. Yes. The problem of finding a minimal DD is exponential.  
2. Basically Yes, except that we can disregard the property whose extension is the empty set (i.e., 

which  is true of none of the objects in the domain), leading to 2n - 1 combinations. 
3.  No, the proof is incorrect. The fact that the search space has a certain size (in this case, 2n) does 

not mean that every node in that space needs to be checked  by an algorithm. (For example, once a 
property P is discarded because it is false of the target r, then any subset of P may also be 
disregarded.) Thus, this was a flawed proof of a true proposition 

4.  Algorithms solving this problem do exist. An example is Dale's Full Brevity Algorithm: 
(Discussed during class; alternatives are possible)  
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- List all individual properties: P1,..,Pn. 
  Go through the list.  If one of its elements is a DD then you're done. 
- List all conjunctions of 2 properties. 
  Go through the list. If one of its elements is a DD then you're done. 
- ... 
- List all conjunctions of n properties. 
  Go through the list. If one of its elements is a DD then you're done. 
           
[If no minimal DD is found then no DD exists]  

 
 
 

 


