Question 6a

Here is one TM that recognises the set of bitstrings that contain more 0 than 1. Other solutions are possible. Below we present answers at three different levels of precision. Note that even if you’re aiming for a precise description (as in 3 below), it may be a good idea to start with a high-level description.

=====================================================================

1. A super-high level description. This description would be good enough for about half the marks in the exam:

You read the string a number of times. On each run, you get rid of one 0 and one 1 (if you can find them) by replacing them with appropriate other symbols. Once you’ve found (and replaced) a 0 and a 1, you return to the start of the string. At some point you'll either discover that the number of 0’s is equal to the number of 1’s (Reject), or that there is at least one 1 left (Reject), or that there is at least one o left (Accept).

=====================================================================

2. High-level (i.e., informal) description. This more elaborate description would get you close to full marks in the exam:

You read the string a number of times. On each run, you get rid of one 0 and one 1 (if you can find them) by replacing them with appropriate other symbols. Once you’ve found (and replaced) a 0 and a 1, you return to the start of the string. At some point you'll either discover that the number of 0’s is equal to the number of 1’s (Reject), or that there is at least one 1 left (Reject), or that there is at least one o left (Accept).

(Note that our brand of TMs does not have any B(lanks)  at the start of the tape, so it will be best to replace the first number encountered in the string by B, and the second by another symbol, for example x. This way you'll be able to find the start of the string: more precisely, the start of that part of the string that you haven’t processed yet.)

In more detail:

-- Go through the string repeatedly, each time "crossing off" a 0 against a 1, then going back to the leftmost edge of the string and the Start state. 
-- Use two different trajectories: one in which you read 1 first, and one in which you find 0 first.
-- You need a Start state, an Accept and Reject state, a state in which you’ve found more 0 than 1, a state in which you’ve found more 1 than 0, and a state in which you’ve found an equal number of 0 and 1 (and crossed them off against each other).
-- Arrange it so that each time you're in Start, you have found an equal number of 0's and 1's and you’re reading the start of the string. Therefore, from Start, if you read B then Reject.
-- Each time you're in the state where you've found more 1 than 0, if you read B then Reject.
-- Each time you're in the state where you've found more 0 than 1, if you read B then Accept.

======================================================================

3. Formal description of the TM. This would give you full marks, even if one or two minor details are incorrect (e.g. you forget to say what happens when you read an x.) As usual, some choices are arbitrary (e.g. whether to move L or R when you reach Accept.) 

You can also present this TM using a diagram.

-- States: Start=q0, Accept=qa, Reject=qr, q1, q2, q3.

-- Transitions (plus a few explanatory comments):

q0=Start says "found equally many 1 as 0, crossed them off against each other and reading the start of the string"

d(q0,B)=qr,B,R (The string is empty and therefore rejected)
d(q0,x)=q0,x,R
d(q0,0)=q2,B,R (This is the trajectory where you find a 0 before you find a 1; B marks the start of the string)
d(q0,1)=q1,B,R (This is the trajectory where you find a 1 before you find a 0; B marks the start of the string)

q2 says "found more 0 than 1"

d(q2,B)=qa,B,R (Found the end of the string, and Accept)
d(q2,0)=q2,0,R
d(q2,1)=q3,x,L (replacing 1 by x)
d(q2,x)=q2,x,R

q1 says "found more 1 than 0"

d(q1,0)=q3,x,L (replacing 0 by x)
d(q1,B)=qr,B,R (Found the end of the string, and Reject)
d(q1,1)=q1,1,R
d(q1,x)=q1,x,R

q3 says "found equally many 1 as 0, and crossed them off against each other"

d(q3,0)=q3,0,L
d(q3,1)=q3,1,L
d(q3,B)=q0,B,R (Back to the Start state!)
d(q3,x)=q3,x,L

========================================================================








