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Bayesian reasoning and 
networks 

 

One of  the most significant bits of  AI so far 

 

I.  Bayesian reasoning (statistics; psychology) 

II. Bayesian networks (computing) 

III. The Noisy Channel model (e.g. NLP) 
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I. Bayesian Reasoning 
 

First: 

 

Basics of  probability  
  for Bayesian reasoning 
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 Bayesian probability is a measure of  
the plausibility of  a proposition. One 
interpretation: the degree of  belief  
that a rational agent should attach to 
the proposition  

 Counting and experiments can 
underpin Bayesian probabilities, but 
they are not necessary. 

Kees van Deemter, 
University of Aberdeen 4 



Probability: one type of  
Bayesian Definition 

�  Suppose a rational, profit-maximizing agent 
R is offered a choice between two rewards: 
�  Winning $1 if  and only if  the event E occurs. 
�  Receiving p dollars (where p∈[0,1]) 

unconditionally. 

�  If  R can honestly state that he is indifferent 
between these two rewards, then we say that 
R’s probability for E is p, that is, PrR[E] :≡ p. 

�  Problem: A subjective definition; depends on 
R, and his knowledge, beliefs, & rationality. 
�  The version above additionally assumes that the 

utility of  money is linear 



 Calculations in Bayesian probability 
often work in the same way as in 
frequentist probability … 

 … only the probabilities of  atomic 
events may have a different source 
(estimation, experimentation, gut 
feeling, etc.) 

 Some special terminology: prior and 
posterior probability; marginalisation  
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Conditional independence 
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The fundamental rule 
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Bayes Law (repeated with proof) 
  

P( E1 and E2 ) = P( E1 ) * P( E2 | E1 )    

P( E2 and E1 ) = P( E2 ) * P( E1 | E2 ) .   Therefore,  

P( E2 )* P( E1 | E2 )    = P( E1 ) * P( E2 | E1 ).  So, 

 

                   P( E1 ) *  P( E2 | E1 )  

  P( E1 | E2 )    =  

                    P( E2 ) 
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Bayesian Reasoning 
  

 

 People often struggle with conditional probabilities 

 

 Much studied: interpreting results of  medical tests 
(e.g., G.Gigerenzer 2002, “Reckoning with Risk”) 

 

 Other examples in D.Kahneman’s “Thinking Fast, 
Thinking Slow” 



Bayesian Reasoning example 
 
ASSUMPTIONS 

 1% of women aged forty who participate in a routine screening 
have breast cancer 
 80% of women with breast cancer will get positive tests  
 9.6% of women without breast cancer will also get positive tests 

 
EVIDENCE 

 A woman in this age group had a positive test in a routine screening 
 
PROBLEM 

 What’s the probability that she has breast cancer? 



Compact Formulation 
C = cancer present, T = positive test 

PRIOR PROBABILITY 

p(C) = 1% 

CONDITIONAL PROBABILITIES 

p(T|C) = 80% 

p(T|~C) = 9.6% 

POSTERIOR PROBABILITY 

p(C|T) = ? 



Bayes’ theorem in this situation 

 

               p(T|C)*p(C) 

p(C|T)  =   _________________ 

 

               p(T) 

 

  How do we find p(T)? 



A variant of Bayes’ theorem 
 

               p(T|C)*p(C) 

p(C|T)  =   ______________________ 

 

                       p(T|C)*p(C) + p(T|~C)*p(~C) 

A 

A   +   C 



Bayesian Reasoning 
Prior Probabilities: 
0.01 = p(C)                                    0.99 = p(~C) 

Conditional Probabilities: 
A = 0.8 * 0.01 = p(T|C)*p(C) = 0.008 

C = 0.096 * 0.99 = p(T|~C)*p(~C) = 0.095 

Rate of cancer patients with positive results, within the 
group of ALL patients with positive results: 

A/(A+C)  = 0.008/(0.008+0.095) = 0.008/0.103 = 0.078 = 7.8% 

 



Revised: p(C) = 0.1 
Prior Probabilities: 
0.1 = p(C)    (was 0.01)                    0.9 = p(~C)  (was 0.09) 

Conditional Probabilities: 
A = 0.8 * 0.1 = p(T|C)*p(C) = 0.08    (was 0.008) 

C = 0.096 * 0.9 = p(T|~C)*p(~C) = 0.0864   (was 0.095) 

Rate of cancer patients with positive results, within the 
group of ALL patients with positive results: 

A/(A+C)  = 0.08/(0.08+0.0864) = 0.08/0.1664 = 0.48 = 48% 

 



Comments 
 Common mistake: to ignore the prior probability 

 

 The conditional probability slides the posterior 
probability in its direction but doesn’t replace the 
prior probability 

 

 Worth reading in popular science: Nate Silver (2012), 
“The Signal and the Noise”. Even better, Daniel 
Kahneman (2011), “Thinking Fast, Thinking Slow” 



II. Bayesian Networks 
  

 A computational implementation  
of  Bayesian reasoning 

   

 First the basic idea,  
then the clever implementation 
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What are Bayesian nets? 

�  A graph-based framework for representing and 
analyzing uncertain information 

 
�  Uncertainty is handled in a mathematically rigorous 

yet efficient and simple way 
 
�  Different from other probabilistic analysis tools 

because of  graphs, use of  Bayesian statistics, and 
the synergy between these 
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What Bayesian Networks are good for 

Medicine Bio-
informatics 

Computer  
troubleshooting 

Stock market 

Text  
Classification 

n   Diagnosis: P(cause|symptom)=? 

n   Prediction: P(symptom|cause)=? 

class
maxn   Classification:          P(class|data) 

n   Decision-making (given a cost function) 

1C 2C

cause 

symptom symptom 

cause 
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Why learn Bayesian networks? 

 

n  Incremental learning  

S C n  Learning causal relationships: 

 

n  Efficient representation and 
inference  

 

n  Handling missing data:      <1.3  2.8 ??  0  1 > 

      
 <9.7  0.6  8  14 18> 
 <0.2  1.3  5  ??  ??>   
 <1.3  2.8  ??  0  1 > 
 <??   5.6  0   10 ??> 
       ………………. 

n  Combining domain expert 
knowledge with data 
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Definition of a Bayesian Network 

Knowledge structure: 
•  variables are nodes 

•  arcs represent probabilistic dependence between variables 

•  conditional probabilities encode the strength of the dependencies 

Computational architecture: 

•   computes posterior probabilities given evidence about some nodes 
•   assumes probabilistic independence for efficient computation 
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These slides focus on discrete variables 
 
 
We start with a non-Boolean example: 
 
•  A tiny network with just two nodes 
 
•  Two variables, each of which have 3 values 
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P(S) 

P(C|S) 

P(S) 
P(C|S) 
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Note: the table for P(C|S) gives information 
about ALL levels of C and S 
 
If C and S were Boolean variables, then this 
would give us both P(C|S) and P(C | not S).  
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How were P(S) and P(C|S) obtained? 
-- Numbers from a medical database?  
(Automatic or by hand.) 
-- An expert’s opinion? Not directly based 
on numbers (i.e., not frequentist). 
 
Given were P(S) and P(C|S). 
The two tables above allow us to compute 
P(S|C), after computing P(C) first. 
 

 The main trick is marginalisation 
 We start by calculating P(C,S). 
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Table shows P(C,S) (at all three levels of C and S) 
calculated as  P(C|S)* P(S) 
E.g., P(C=none, S=no) = 0.96*0.8 = 0.768 



34 Computing P(C), using maginalization. (Result = “total”) 



35 Computing P(S|C) 
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The problem was solved by computing 
 
   P(C) = P(C,S=no) + P(C,S=light) + P(C,S=heavy). 
 
It can be solved in other ways, for example by 
computing 
 
   P(C)  =  (P(S=no) * P(C|S=no)) +  
                 (P(S=light) * P(C|S=light)) + 
                 (P(S=heavy) * P(C|S=heavy)) 
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Let’s look at more complex examples, 
tracking how probabilities change by 
new information 



Example 1: “Icy roads” 
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Causal relationships 



Watson has crashed ! 

40 

E 



… But the roads are salted ! 

41 

E 

E 
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Interpretation of  the graph 

A 

B 

C D 

Each node in the graph is a 
random variable 

A node X is a parent of 
another node Y if there is an 
arrow from node X to node Y 
eg. A is a parent of B  

Informally, an arrow from 
node X to node Y means X 
has a direct influence on Y 



Why this type of  graphs 

43 

Bayesian Networks use directed acyclic 
graphs 
 
Directed because p(X|Y) and p(Y|X) may 
well be different. Represented using lines 
with arrows. (Dotted lines with arrows 
show indirect flow of information.) 
 
Acyclic: no directed path from X to X. 
I.e., no cycles (of any length).  



Occam’s Raisor 

44 

A principle in the philosophy of science 
(attr. William of Occam /Ockham, 
England around 1320) that in explaining 
a thing no more assumptions should be 
made than necessary.  
 
Bayesian reasoning can mirror this idea – 
and so can reasoning with Bayesian 
Networks 



Example 2: “Wet grass” 
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grass 



Causal relationships 
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grass 



Holmes’ grass is wet ! 

47 

grass 
E 



Watson’s lawn is also wet ! 

48 

grass 
E E 



Example 3: “Burglar alarm”  
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Causal relationships 

50 



Watson reports about alarm 

51 
E 



Radio reports about earthquake 

52 
E 

E 



Inference Using Bayes Theorem 

53 

•  Many problems have this shape: find the 
probability of an event given some evidence 

•  This can be done in Bayesian nets with 
sequential applications of Bayes’ Theorem 

•  In 1986/88 Judea Pearl published an innovative 
algorithm for performing inference in Bayesian 
nets. 



How to keep networks 
manageable? 
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A few assumptions allow us to compute the 
probability of each combination of nodes/
variables (at each value of the variable) easily: 
-- No cycles (as we have seen) 
-- An independence assumption:  
    the Markov condition 
 
NB These assumptions are not always realistic 
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The Markov condition 

The Markov condition: given its parents, 
every node is conditionally independent of  
its non-descendants. 

 

For networks that satisfy the Markov 
condition, the General Product Chain rule 
can be used for computing the probability of  
all the variables in the network: 
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As before, this equation holds for  
 each value of the variables X1, X2, .. Xn 
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Let’s populate an earlier network 
example with probabilities 

A 

B 

C D 

We take these 4 variables to be Boolean 



As before: Node Xi has a 
conditional probability 
distribution P(Xi | Parents(Xi)) 
that quantifies the effect of 
the parents on the node 

A P(A) 
false 0.6 

true 0.4 

A B P(B|A) 
false false 0.01 

false true 0.99 

true false 0.7 

true true 0.3 

B C P(C|B) 
false false 0.4 

false true 0.6 

true false 0.9 

true true 0.1 

B D P(D|B) 
false false 0.02 

false true 0.98 

true false 0.05 

true true 0.95 

A 

B 

C D 

Read: “Given A=false then P(B=false) is 0.01” (Etc.) 



Using the Chain Rule 
 

Given this network, suppose you want to calculate: 

P(A = true, B = true, C = true, D = true) 

= P(A = true | Parents(A)) *  

   P(B = true | Parents(B)) *  

   P(C = true | Parents(C)) *  

   P(D = true | Parents(D))  
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A 

B 

C D 



Using the Chain Rule 
 

Given this network, suppose you want to calculate: 

P(A = true, B = true, C = true, D = true) 

= P(A = true) *  

   P(B = true | A = true) *  

   P(C = true | B = true) * 

   P( D = true | B = true)  
 

= (0.4)*(0.3)*(0.1)*(0.95) 
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A 

B 

C D 



Using the Chain Rule 
 

Using the network in the example, suppose you want to 
calculate: 

P(A = true, B = true, C = true, D = true) 

= P(A = true) * P(B = true | A = true) *  

   P(C = true | B = true) P( D = true | B = true)  

= (0.4)*(0.3)*(0.1)*(0.95) 

Kees van Deemter, 
University of Aberdeen 63 

A 

B 

C D 

This is from the 
graph structure 

These numbers are from the 
conditional probability tables 



 

Proceed analogously if  you want to calculate, for 
example, P(A = true, B = false, C = false, D = true) . 

 
The Markov condition says that: 

�  P(C|B,A)=P(C|B)  (for all values of  these variables) 

�  P(D|B,A)=P(D|B)  (for all values of  these variables) 
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Using Bayesian Networks  

 

Let’s look at the first example involving 
Holmes and Watson (“Icy Roads”) 

65 



66 

The “Icy roads” example  
using Bayesian Networks 
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We variously write the following, 
which mean the same: 
-- Holmes Crash, H Crash, H 
-- Watson Crash, W Crash, W 
-- Icy, I 
-- yes, y 
 
Note the difference between e.g. 
-- H  (all values of H) 
-- H=yes (only the value “yes”) 

        Notation 



Assume this Bayes net 
(Watson has not crashed yet) 

68 This network, with these values, is given 



Extracting marginals 

69 For example, P(Holmes Crash=yes) = 0.56+0.03 = 0.59 



Current state of  play 
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Given: 
 P(Icy) 
 P(Holmes|Icy) 
 P(Watson|Icy) 

 
Computed (previous page): P(Holmes) and P(Watson) 
 
Now we learn that Watson has crashed. 
We re-assess P(Icy) in light of this new info: 



Updating with Bayes rule  
(given “Watson has crashed”) 

71 

Compute P(Icy | W crash = y) using Bayes’ Rule: 
 
                                     P(W crash | Icy) * P(Icy) 
P(Icy | W crash = y) =  ------------------------------ 
                                              P(W crash=y) 
 
=    (0.8*0.7 , 0.1*0.3 / 0.59)  (addressing y and n) 
=    (0.56 , 0.03 / 0.59) 
=    (0.95 , 0.05) 
 
  



Current state of  play 
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Given: 
 P(Icy)  (Was 0.8, but given W crash, it’s 0.95) 
 P(Holmes|Icy) 
 P(Watson|Icy) 

Computed: P(Holmes) and P(Watson) before 
learning about W crash. 
 
We have now also computed: P(Icy|Watson=yes) 
To be computed: the new P(Holmes) 



Computing P(Holmes)  

73 

To compute P(Holmes|Watson=yes), we need to go 
via Icy (the only connection between Holmes and 
Watson in the network): 
 
We know P(Icy=yes | Watson=yes) and  
                P(Holmes=yes | Icy=yes) 
 
Calculate P(Icy=yes,Holmes | Watson=yes) 
Calculate P(Icy=no,Holmes | Watson=yes) 
The sum of the two is P(Holmes | Watson=yes) 



Remember 

74 

H = Holmes Crash = H Crash 
W= Watson Crash = W Crash 
I= Icy 
 
 



Calculating P(H|W=y) 
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First calculate P(I,H | W=y),  
looking at both values of I and H: 
 
P(I,H|W=y)                I=y                            I=n 
 
H=y                       0.95*0.8                     0.05*0.1    
 
H=n                       0.95*0.2                     0.05*0.9 
 
For example, P(I=y,H=y | W=y) = 
P(I=y | W=y) * P(H=y | I=y) = 0.95*0.8=0.76 



Recall the shape of  the network: 
 

76 Markov: W crash independent of H crash given Icy 



Calculating P(H|W=y) 

77 

Doing the sums: 
 
P(I,H|W=y)                I=y                   I=n 
 
H=y                            0.76                0.005       tot = 0.765    
 
H=n                            0.19                0.045       tot = 0.235 
 
 
It follows that P(H | W=y) = (0.765 , 0.235) 
(calculating P(H, I=yes | W=y) + P(H, I=no | W=y), 
assessing both H=y and H=n)  
 
 



Summary of  calculation: 

78 

We had been given: 
 P(Icy=y)   (0.7, initial info) 
 P(H=y|Icy=y) (0.8)      P(H=y|not-Icy=y) (0.1) 
 P(W=y|Icy=y) (0.8)     P(W=y|not-Icy=y) (0.1) 

From this we calculated: 
 P(H=y,Icy)   
 P(H=y) = P(W=y)  (0.59, initial info). 

 
We then learned that W=y, and we used 

 P(Icy|W=y) and P(H|Icy) to compute 
 P(Icy)  (0.95, updated info) 
 P(H) (0.765, updated info) 
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Sophisticated  techniques exist for converting 
complex networks into simpler trees that 
express approximately the same information. 
 
Example: trees that contain undirected loops 
(these are called multiply connected trees) are 
converted into ones that do not. The resulting 
trees are called singly connected. [next page] 
 
Theorem (not proven here): inference with 
singly connected trees can be done in linear 
time. 
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Converting a tree into a polytree 
(example) 
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Physical exercise (a) tends to  
     (b) strengthen legs and 
     (c) strengthen arms 
 
Strong arms contribute to being a good 
swimmer (d), and 
Strong legs contribute to being a good 
swimmer (d). 
 
It would be natural to replace (b) and (c) by 
one new node: “strong arms and legs” 

   Example of this type of conversion 
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For example: “If Holmes had an accident  
     then Smith should ask for reinforcement” 
(How to handle this rule given uncertainty over 
whether Holmes had an accident?) 
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For example: “If Holmes had an accident  
     then Smith should ask for reinforcement” 
(How to handle this rule given uncertainty over 
whether Holmes had an accident?) 
 
Modeled in Decision Theory, where each action 
(given a situation) is associated with a number 
that reflects its utility. For instance: 
 
utility(CallReinf=yes & Holmes=yes) = 10 
utility(CallReinf=yes & Holmes=no) = -1 
utility(CallReinf=no & Holmes=yes) = -10 
utility(CallReinf=no & Holmes=no) = 1 
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utility(CallReinf=yes & Holmes=yes) = 10 
utility(CallReinf=yes & Holmes=no) = -1 
utility(CallReinf=no & Holmes=yes) = -10 
utility(CallReinf=no & Holmes=no) = 1 
 
Combined with network-derived probabilities, 
you can calculate expected utility of CallReinf. 
Given the numbers calculated before: 
 
CallReinf=Yes: 0.765*10 + 0.235*-1 = 7.415 
CallReinf=No:  0.765*-10 + 0.235*1 = -7.415 
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This suggests you’d better call reinforcements 
 
 
 
NB Decision Theory is not  
a main topic of this course, 
So we’re keeping this brief  
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Bayesian Networks and learning 
 
1.  How might a Bayesian Network be learnt 

from data?  
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Bayesian Networks and learning 
 

2.  How can a Bayesian Network support 
Machine Learning? Example: learning to 
classify an item. 

 e.g.: Is a mushroom likely to be edible, 
given attributes like colour, height, stem 
type, etc? 
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Simple Bayesian prediction 
�  P (H|E) = probability that some hypothesis, 

H, is true, given evidence E. 

�  A set of  hypotheses H1…Hn.  

�  For each Hi  

�  Given E, a learner finds the most likely 
explanation by finding the hypothesis that 
has the highest posterior probability. 

   

)(
)()|()|(

EP
HPHEPEHP ii

i
⋅

=
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Simple Bayesian prediction 

   
•  This can be simplified.  
•  Since P(E) is independent of Hi it will have the same 

value for each hypothesis.  
•  Hence, it can be ignored, and we can find the 

hypothesis with the highest value of: 

•  (If also all the hypotheses are equally likely, we can 
simplify this further by simply seeking the 
hypothesis Hi with the highest P(E|Hi)) 

   

)()|( ii HPHEP ⋅



Example 

Given: Holmes’s Alarm went off  

 H1: Earthquake 
 H2: Burglers 

Suppose  
 P(Alarm|H1) < P(Alarm|H2), and 
 P(H1) ~ P(H2)  (e.g. because we have 

                                 no information) 

Then H2 is more plausible than H1 
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Bayes’ Optimal Classifier 

�  We have a piece of  n data about y 

�  We seek the best hypothesis from H1 … Hm, each of  which 
assigns a classification to y. 

�  The probability that y should be classified as cj is: 

 

�  In practice this is often too difficult to calculate 

 

∑
=

⋅=
m

i
niijnj xxhPhcPxxcP

1
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94 

The Naïve Bayes Classifier (1) 
�  Based on observations d1,..,dn about an object, we try to 

find the classification c of  that object that has the highest 
posterior probability: we seek to maximize P(c|d1,..,dn) 

�  The classification with the highest posterior probability is 
called the maximum a posteriori classification/hypothesis.  

�  Bayes’ theorem is used to find it: 

 P(d1,…,dn | c) ⋅P(c)
P(d1,…,dn )

Now we reason as before: 
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�  Since P(d1, …, dn) is constant, we can eliminate 
this term, and simply aim to find the classification 
c for which the following is maximised: 

�  We now assume that d1, …, dn are independent, so 
this can be rewritten as: 

�  The classification c for which this is highest is 
chosen to classify the data. 

P(d1,…,dn | c) ⋅P(c)

P(c) ⋅ P(dj | c)
j=1

n

∏
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Classifier Example 
x y z Classification 

2 3 2 A 

4 1 4 B 

1 3 2 A 

2 4 3 A 

4 2 4 B 

2 1 3 C 

1 2 4 A 

2 3 3 B 

2 2 4 A 

3 3 3 C 

3 2 1 A 

1 2 1 B 

2 1 4 A 

4 3 4 C 

2 2 4 A 

�  New data to classify: 
     (x = 2, y = 3, z =4) 

�  Want P(c|x=2,y=3,z=4) 

�  P(A) * P(x=2|A) *  
P(y=3|A) * P(z=4|A) 

�  P(B) * P(x=2|B) *  
P(y=3|B) * P(z=4|B) 
 

�  etc. 

Training Data 

8
15
⋅
5
8
⋅
2
8
⋅
4
8
= 0.0417



Why naïve Bayes? 

�  This form of  Machine Learning is called  
Naïve Bayes because of  the independence 
assumption 

�  More sophisticated versions exist, which use 
dependencies between attributes … 

�  but Naïve Bayes often works surprisingly well. 
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Ask yourself: 

�  What does Bayes’ Theorem contribute to 
the Naïve Bayes Classifier 

�  Could you have used the formula 
 P(ci| d1, …,dn) directly? 
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P(ci| d1, …,dn) 

1.  You could not have used this formula 
directly to classify an unseen 
mushroom, because its combination of  
features d1, …,dn may not have been 
seen before. 

2.  You could have tried to simplify: 
P(ci| d1,…,dn) =?= 
P(ci| d1)+ … +P(ci|dn) 
but this would have been wrong 
because the di overlap! 

3.    99 



Key Events in Bayesian Nets 

�  1763  Bayes Theorem presented by Rev Thomas Bayes 
(posthumously) in the Philosophical Transactions of  the Royal 
Society of  London 

�  19xx  Decision trees used to represent decision theory problems 

�  1976  Influence diagrams in SRI technical report for DARPA as 
technique for improving efficiency of  analyzing large decision trees 

�  1980s  Several software packages are developed in the academic 
environment for the solution of  influence diagrams   

�  1986  “Fusion, Propagation, and Structuring in Belief  Networks” 
by Judea Pearl appears in the journal Artificial Intelligence 

�  After that: faster algorithms, commercial implementations, etc. 
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