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Using the Compactness Theorem 
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V. A summary of FOPL  
and some expressivity results 

•  A more precise statement of FOPL syntax 
and semantics 
– Using models in the definition of truth 

•  Expressibility example: the statement “there 
are finitely many …” 

•  Decidability 
•  The PROLOG programming language 
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Summing up ‘strict’ Predicate Logic  
without extensions and simplified notations 

                       Syntax definition 
•  Variable: x,y,z,… Constants: a,b,c,… 
•  1-place predicates: P,Q,… 
•  2-place predicates: R,S,… 
Atomic formulas:  

If  α is a 1-pace predicate and β a variable or 
constant then α(β) is an atomic formula. 

    If  α is a 2-pace predicate and β and  γ are 
variables or constants then α(β,γ) is an atomic 
formula.     [and so on for 3-place, etc.] 

Topic #3 – Predicate Logic 
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Summing up ‘strict’ Predicate Logic  
without extensions and simplified notations 

                       Syntax definition 
Atomic formulas (continued):  

 
If  α is a variable or a constant and β is a variable 
or a constant, then α=β is an atomic formula. 

   

Topic #3 – Predicate Logic 
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Syntax of predicate logic  
(for 1- and 2-place predicates) 

(Wellformed) Formulas:  

– All atomic formulas are formulas 
–  If  α and β are formulas then ¬α, 

 (α ∧β), (α∨β), (α →β) are formulas. 
–  If  ϕ is a formula then ∀x ϕ and ∃y ϕ  

are formulas. 
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Predicate logic: optional extensions 

•  In addition, we have introduced a number of 
simplifications and extensions: 

•  Brackets 
–  all outermost brackets can be omitted 
–  brackets that are superfluous because of associativity 

can be omitted, e.g., p∧q∧r instead of (p∧q)∧r  
–  we sometimes add extra brackets for clarity, or [..] 

rather than (..), to show which brackets match 
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Semantics of predicate logic 
(this time using models) 

•  The truth conditions for propositional logic 
connectives are as specified in their truth-table 
definitions 

•  ∃xϕ is true with respect to a model if at least one 
expression ϕ(x:=a) is true with respect to the 
model, and false otherwise. 

•  ∀xϕ is true with respect to a model if every 
expression ϕ(x:=a) is true with respect to the 
model, and false otherwise 
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Semantics of predicate logic 
(using models in a more precise way) 

•  Observe: Effectively, the meaning of 
formulas is defined via rules of the form  
“... is true iff ...”. This is called a truth 
definition. 

•  A more general statement of the truth 
conditions, using models 



Module #1 - Logic 

30/10/17 Kees van Deemter 10 

Formally  
what is a model? 

•  A model M  is a pair <D,I> where D is a set (an 
u.d.), and I is a suitable ‘interpretation’ function. 

•  M defines one way of giving a concrete ‘meaning’ 
to the constans and predicates in your formulas. 

•  If a is an individual constant then I(a)∈D 
•  If P is a 1-place predicate then I(P)⊆D  
•  If R is a 2-place predicate then I(R) is a set 

of pairs (α,β) such that α ∈D, and β ∈D 
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An example of a model 

•  Suppose M = (D,I)  where D={John,Mary,Bill} and  
I(j)=John, I(m)=Mary, I(b)=Bill, 
I(B)={John,Bill} 
I(G)={Mary} 
I(A)={(John,Mary),(Bill,Mary)} 

•  Note: John is a person (i.e., a part of the world) 
j is an individual constant (i.e., a part of the 
language of predicate logic).    j “names” John. 
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Formally (where M  = <D,I>)  
atomic formulas 

Here is the start of the new truth definition: 
 

•  A formula of the form P(a) is true  
with respect to M   iff   I(a) ∈ I(P). 

•  A formula of the form R(a,b) is true  
with respect to M   iff   (I(a),I(b)) ∈ I(R). 

•  A formula of the form α=β is true  
with respect to M   iff   I(a)=I(b). 
 
 

•   
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Formally (where M  = <D,I>)  
formulas with propositional connectives 

•  A formula of the form ¬ϕ is true wrt M iff  
ϕ is false wrt M  

•  A formula of the form ϕ∨ψ is true wrt M iff  
ϕ is true wrt M or ψ is true wrt M or both 

•  A formula of the form ϕ∧ψ is true wrt M iff  
ϕ is true wrt M and ψ is true wrt M  

•  A formula of the form ϕ → ψ is true wrt M iff  
ϕ is false wrt M or ψ is true wrt M or both 



Module #1 - Logic 

30/10/17 Kees van Deemter 14 

Formally (where M  = <D,I>)  
quantified formulas 

•  A formula of the form ∃xϕ is true wrt M  
iff  at least one expression ϕ(x:=a)  
is true wrt M.     (More precisely: there is an a such that ...) 

•  A formula of the form ∀xϕ is true wrt M  
iff  all expressions ϕ(x:=a)  
are true wrt M.    (More precisely: for all a, ...) 

•  (End of truth definition.) 
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models: some illustrations 

•  Suppose M= (D,I) , where D={John,Mary,Bill}, and  
I(j)=John, I(m)=Mary, I(b)=Bill, and 
I(B)={John,Bill} 
I(G)={Mary} 
I(A)={(John,Mary),(Bill,Mary)} 

•  Is B(j) true wrt M? 
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models: some illustrations 

•  Suppose M=( D,I) , where D={John,Mary,Bill}, and  
I(j)=John, I(m)=Mary, I(b)=Bill, and 
I(B)={John,Bill} 
I(G)={Mary} 
I(A)={(John,Mary),(Bill,Mary)} 

•  Is B(j) true wrt M? Yes  
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models: some illustrations 

•  Suppose M=(D,I), where D={John,Mary,Bill}, and  
I(j)=John, I(m)=Mary, I(b)=Bill, and 
I(B)={John,Bill} 
I(G)={Mary} 
I(A)={(John,Mary),(Bill,Mary)} 

•  Is B(j) true wrt M? Yes  
•  Is B(j)∧B(b)∧A(m,m) true wrt M?  
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models: some illustrations 

•  Suppose M=(D,I), where D={John,Mary,Bill}, and  
I(j)=John, I(m)=Mary, I(b)=Bill, and 
I(B)={John,Bill} 
I(G)={Mary} 
I(A)={(John,Mary),(Bill,Mary)} 

•  Is B(j) true wrt M? Yes  
•  Is B(j)∧B(b)∧A(m,m) true wrt M? No 
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models: some illustrations 

•  Suppose M=(D,I), where D={John,Mary,Bill}, and  
I(j)=John, I(m)=Mary, I(b)=Bill, and 
I(B)={John,Bill} 
I(G)={Mary} 
I(A)={(John,Mary),(Bill,Mary)} 

•  Is B(j) true wrt M? Yes  
•  Is B(j)∧B(b)∧A(m,m) true wrt M? No 
•  Is ∀x(B(x)→A(x,m)) true wrt M? 
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models: some illustrations 

•  Suppose M=(D,I), where D={John,Mary,Bill}, and  
I(j)=John, I(m)=Mary, I(b)=Bill, and 
I(B)={John,Bill} 
I(G)={Mary} 
I(A)={(John,Mary),(Bill,Mary)} 

•  Is B(j) true wrt M? Yes  
•  Is B(j)∧B(b)∧A(m,m) true wrt M? No 
•  Is ∀x(B(x)→A(x,m)) true wrt M?  
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models: some illustrations 

∀x(B(x)→A(x,m)) true wrt M iff 
all expressions B(a) →A(a,m) are true wrt M. 
These are the following: 
B(j) →A(j,m) 
B(b) →A(b,m) 
B(m) →A(m,m) 
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why is the latter formula true? 

∀x(B(x)→A(x,m)) true wrt M iff 
all expressions B(a) →A(a,m) are true wrt M. 
These are the following: 
B(j) →A(j,m)   true wrt M 
B(b) →A(b,m) true wrt M 
B(m) →A(m,m) 
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why is the latter formula true? 

∀x(B(x)→A(x,m)) true wrt M iff 
all expressions B(a) →A(a,m) are true wrt M. 
These are the following: 
B(j) →A(j,m)    true wrt M 
B(b) →A(b,m)  true wrt M 
B(m) →A(m,m)  true wrt M (antecedent false!) 
 
Consequently ∀x(B(x)→A(x,m)) is true wrt M  
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Expressivity 

•  Proving that no FOPL formula can say 
“there are finitely many things” 

•  First some definitions 
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Satisfiability 

•  A formula p is satisfiable iff it has a model 
•  A set S of formulas is satisfiable iff there is 

a model M such that for all p in S, M is a 
model of p 
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Satisfiability 

•  A formula p is satisfiable iff it has a model 
•  A set S of formulas is satisfiable iff there is 

a model M such that for all p in S, M is a 
model of p 

 
Example: Is this formula satisfiable? 
∃x(P(x) ∧ ¬P(x)) 
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Satisfiability 

•  A formula p is satisfiable iff it has a model 
•  A set S of formulas is satisfiable iff there is 

a model M such that for all p in S, M is a 
model of p 

 
Example: Is this set of 3 formulas satisfiable? 

{∃xP(x), ∃xQ(x), ¬∃x(P(x) ∧ Q(x))} 
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Satisfiability 

Example: Is this set of 3 formulas satisfiable?                 
 {∃xP(x), ∃xQ(x), ¬∃x(P(x) ∧ Q(x))} 

Yes, consider the model M=(D,I), where 
 D={a,b} 
 I(P)={a} 
 I(Q)={b}   (M is a model of each of  

                                the 3 formulas) 
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Compactness theorem 
(stated without proof) 

Compactness Theorem:  
If all finite subsets of a set S of FOPL formulas 
are satisfiable then S itself is satisfiable. 

(“If S as a whole is unsatisfiable then this 
must be caused by a clash between finitely 
many formulas in S.”)  
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Finiteness Theorem 
(not an official name) 

Finiteness Theorem:  
Let p be a formula of FOPL such that for 
every n>=1, p has a model with at least n 
elements. Then p has a model with infinitely 
many elements. 
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Finiteness Theorem 

Finiteness Theorem:  
Let p be a formula of FOPL such that for 
every n>=1, p has a model with at least n 
elements. Then p has a model with infinitely 
many elements. 
 

Can you give an example of a suitable p? 
  (i.e., p for which the antecedent of this theorem holds) 
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Finiteness Theorem 

Finiteness Theorem:  
Let p be a formula of FOPL such that for 
every n>=1, p has a model with at least n 
elements. Then p has a model with infinitely 
many elements. 
 

Trivial example (later we’ll see more interesting ones): 
 ∃xP(x) 
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Finiteness Theorem 

Finiteness Theorem:  
Let p be a formula of FOPL such that for 
every n>=1, p has a model with at least n 
elements. Then p has a model with infinitely 
many elements. 
 
Can you give an example of a p that does not 
meet this condition? 
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Finiteness Theorem 

Finiteness Theorem:  
Let p be a formula of FOPL such that for 
every n>=1, p has a model with at least n 
elements. Then p has a model with infinitely 
many elements. 
 

Example of a p that does not meet this 
condition: ∀x∀y (x=y) 
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Proving the Finiteness Theorem 

Proof: Define qn as follows, for arbitrary n:  

qn =def 
  
 ∃x1…∃xn  
      (x1≠ x2 & x2≠ x3 & x1≠ x3 &..& x1≠ xn) 
 

qn says “there are at least n elements” 
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Consider any formula p that has models of 
every finite size  (as in antecedent of the Finiteness Theorem)  

Now define S = {p} ∪ {qn: n>=1}.  Note:  
•  p has models of arbitrarily large finite size 
•  Second part is this set: 
          {“There are at least 1 elements”, 
             “There are at least 2 elements”, …} 
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First proving a Lemma 

•  Lemma: All finite subsets of S  
are satisfiable 

•  Proof of Lemma: Let D be finite subset of S.  
Let qk be the largest qn in D.  
Then {p,qk} is satisfiable (because all qk requires is 
that there are at least k elements),  
therefore D is itself satisfiable (because its other 
elements say qn for n<k) 
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Now use Compactness 

•  Using the Compactness Theorem, it follows 
from this Lemma that S itself is satisfiable 

•  This means S has a model 
•  Let M be such a model of S 
•  M has infinitely many elements 
   (Suppose M had only t elements, then M     
    would not be a model of qt+1) 
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Now use Compactness 

Now go back to the Finiteness Theorem and  
substitute the putative FOPL formula saying 
“there are finitely many things” for p in the 
Theorem.  
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Finiteness Theorem (restated) 

•  Finiteness Theorem: Let p be a formula of 
FOPL such that for every n>=1, p has a 
model with at least n elements. Then p has a 
model with infinitely many elements. 
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Structure of proof of Finiteness Theorem 

Consider p that has models of every finite size 
        à It follows that à 
every finite subset of p ∪ {q1,q2,…} has a model. 
        à Compactness Theorem à  
p ∪ {q1,q2,…} itself has a model. 
This model must have infinite size. 
It’s an (infinite) model of p as well. 
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Now use Finiteness Theorem 

Substitute FOPL formula saying “there are 
finitely many things” for p  (assuming, as part of a 
proof by contradiction, that there is such a FOPL formula!) 
 

By Finiteness Theorem: this statement has an 
infinite model (so it does not say “there are finitely many 
things” after all!) 

It follows that no FOPL formula can say 
“there are finitely many things” 
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Try out 

•  Try out implications of this theorem 
•  For example, try:  p = 

–  “finitely many A are B” 
–  “there are at most 100 elements (in the UoD)”  
–  “the number of elements (in the UoD) is even” 
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We have proven .. 

•  … that FOPL cannot say “there are only 
finitely many things” 

•  We used a proof by contradiction 
•  Our proof made use of a proposition called 

the Compactness Theorem 
–  We did not have time to prove  

the Compactness Theorem 

•  This one of FOPL’s limitations 
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•  We now move on to the study of probability 
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