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Lecture II  
Beyond the simplest formulas 

•  Nesting quantifiers 
•  Combining quantifiers and connectives 
•  Constructing models in which a given 

formula is true (false). 
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Example: Let the u.d. of x and y be people. 
Let L(x,y)=“x likes y” (a predicate w. 2 f.v.’s) 
Then ∃y L(x,y) = “There is someone whom x 

likes.” (A predicate w. 1 free variable, x) 
Then ∀x (∃y L(x,y)) = 

 “Everyone has someone whom they like.” 
(a real proposition; no free variables left) 

Topic #3 – Predicate Logic 

More complex formulas 
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Do at home 

Use the truth definition above to work out, 
step by step, under what circumstances this 
formula is true: 

 ∀x (∃y L(x,y)) is true in D iff … 
(First address ∀, then ∃.) 
Check that the result matches what is written 
in the previous slide 
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Consequences of Binding (work out for yourself by 
checking when each formula is true) 

•  ∀x ∃x P(x) – the ∀x  is not used, as it were. 
The variable is bound by ∃. 

 
•  (∀x P(x)) ∧ Q(x) – The second x is outside 

the scope of the quantifier, and is therefore 
free.  Not a complete proposition! 

•  (∀x P(x)) ∧ (∃x Q(x)) – A complete 
proposition, and no superfluous quantifiers 

Topic #3 – Predicate Logic 
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More examples  
with nested quantifiers 

Assume R(x,y) means “x relies on y” 
u.d. = the set of all people alive 
What does the following formula mean? 
∀xR(x,a) 
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Nested quantifiers 

Assume R(x,y) means “x relies on y”.  
u.d. = the set of all people alive 
 
∀xR(x,a) means  

“For every x,  x relies on a” 
In other words, 

“Everyone relies on a” 
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Nested quantifiers 

What does the following formula mean? 
∀x(∃y R(x,y)) 



Module #1 - Logic 

09/11/15 Kees van Deemter 10 

Nested quantifiers 

 
∀x(∃y R(x,y)) means “For every x, there exists 

a y such that x relies on y” 
In other words:  

“Everyone relies on someone” 
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Quantifier Exercise 

If R(x,y)=“x relies upon y,” express the 
following in unambiguous English: 

∀x(∃y R(x,y))= 
∃y(∀x R(x,y))= 
∃x(∀y R(x,y))= 
∀y(∃x R(x,y))= 
∀x(∀y R(x,y))= 

Everyone has someone to rely on. 

There’s a poor overburdened soul whom 
everyone relies upon (including himself)! 
There’s some needy person who relies 
upon everybody (including himself). 

Everyone has someone who relies upon them. 

Everyone relies upon everybody, 
(including themselves)! 

Topic #3 – Predicate Logic 
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Quantifier Exercise 

Suppose the u.d. is not empty. Now consider: 
1.  ∀x(∃y R(x,y)) 
2.  ∃y(∀x R(x,y)) 
3.  ∀x(∀y R(x,y)) 
Which of them is most informative? 
Which of them is least informative? 

Topic #3 – Predicate Logic 
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Quantifier Exercise 

(Recall: the u.d. is not empty. Empty u.d.’s are 
discussed later.) 

1.  ∀x(∃y R(x,y))  Least informative 
2.  ∃y(∀x R(x,y)) 
3.  ∀x(∀y R(x,y))  Most informative 
If 3 is true then 2 must also be true. 
If 2 is true then 1 must also be true. 
 

We say: 3 is logically stronger than 2 than 1 

Topic #3 – Predicate Logic 
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“logically stronger than” 

•  General: α is logically stronger than β iff  
–  it is not possible for α to be true and β false 
–  it is possible for β to be true and α false 

•  E.g. α = John is older than 30,  
        β = John is older than 20. 

•  We write ‘iff’ for ‘if and only if’ 
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Diagram  
Arrow: “Is logically weaker than” 

  {∀x(∀yR(x,y)), ∀y(∀xR(x,y))} 
 
∃y(∀xR(x,y))                           ∃x(∀yR(x,y)) 
 
 
∀x(∃yR(x,y))                          ∀y(∃xR(x,y)) 
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Natural language is ambiguous! 

•  “Everybody likes somebody.” 
– For everybody, there is somebody they like, 

•  ∀x ∃y Likes(x,y) 

–  or, there is somebody (a popular person) whom 
everyone likes? 

•  ∃y ∀x Likes(x,y) 

[Probably more likely.] 

Topic #3 – Predicate Logic 
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Interactions between  
quantifiers and connectives 

Let the u.d. be parking spaces at UF. 
Let P(x) be “x is occupied.” 
Let Q(x) be “x is free of charge.” 
1.  ∃x (Q(x) ∧ P(x)) 
2.  ∀x (Q(x) ∧ P(x))  
3.  ∀x (Q(x) →P(x)) 
4.  ∃x (Q(x) → P(x)) 
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I. Construct English paraphrases 

Let the u.d. be parking spaces at UF. 
Let P(x) be “x is occupied.” 
Let Q(x) be “x is free of charge.” 
1.  ∃x (Q(x) ∧ P(x)) 
2.  ∀x (Q(x) ∧ P(x))  
3.  ∀x (Q(x) →P(x)) 
4.  ∃x (Q(x) → P(x)) 
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I. Construct English paraphrases 

1.  ∃x (Q(x) ∧ P(x)) Some places are free of 
charge and occupied 

2.  ∀x (Q(x) ∧ P(x)) All places are free of 
charge and occupied   

3.  ∀x (Q(x) →P(x)) All places that are free 
of charge are occupied 

4.  ∃x (Q(x) → P(x)) For some places x, if x 
is free of charge then x is occupied  
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About the last of these 

4.   ∃x (Q(x) → P(x)) “For some x, if x is free of 
charge then x is occupied”  
∃x (Q(x) → P(x)) is true iff, for some place a,   
Q(a) → P(a) is true. 
 

 Q(a) → P(a) is true iff  
 Q(a) is false and/or P(a) is true    
    (conditional is only false in one row of table!) 
 

 “Some places are either (not free of charge) 
   or occupied” 
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About the last of these 

4.  ∃x (Q(x) → P(x)) When confused by a 
conditional:  re-write it using negation and 
disjunction: 
 

 ∃x (¬Q(x) ∨ P(x))  ⇔  (p. 67) 
 ∃x ¬Q(x) ∨ ∃x P(x) “Some places are 
not free of charge or some places are 
occupied”  
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Combinations to remember: 
1.  ∃x (Q(x) ∧ P(x)) 
2.  ∀x (Q(x) →P(x)) 

They are more frequent than the others 
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II. Construct a model where 1 and 4 
are true, while 2 and 3 are false 

Let the u.d. be parking spaces at UF. 
Let P(x) be “x is occupied.” 
Let Q(x) be “x is free of charge.” 
1.  ∃x (Q(x) ∧ P(x)) 
2.  ∀x (Q(x) ∧ P(x))  
3.  ∀x (Q(x) →P(x)) 
4.  ∃x (Q(x) → P(x)) 
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II. Construct a model where 1 and 4 
are true, while 2 and 3 are false 

1.  ∃x (Q(x) ∧ P(x))  (true for place a below) 
2.  ∀x (Q(x) ∧ P(x))  (false for places b below) 
3.  ∀x (Q(x) →P(x))  (false for place b below) 
4.  ∃x (Q(x) → P(x))  (true for place a below) 
One solution: a model with exactly two objects in it. 

One object has the property Q and the property 
P; the other object has the property Q but not the 
property P. In a diagram:  

   

  a:  Q  P        b:  Q  not-P 
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III. Construct a model where 1 and 3 
and 4 are true, but 2 is false 

1.  ∃x (Q(x) ∧ P(x))  
2.  ∀x (Q(x) ∧ P(x))  
3.  ∀x (Q(x) →P(x))  
4.  ∃x (Q(x) → P(x)) 
 
Here is such a model (using a diagram). It has just 

two objects in its u.d., called a and b: 
   

  a:  Q  P        b: not-Q  P 
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