
Specifying Languages 

Our aim is to be able to specify languages for use 
in the computer. 
 
The sketch of an FSA is easy for us to understand, 
but difficult to input to a computer. 
 
The formal description is unpleasant, lengthy,  
and difficult to write. 

What we need is a simpler method of specifying 
languages - something we can write down in a 
line of text.  
 
Something like  0(0+1)*   ... 
We call the Regular Expressions 



Remember Propositional Logic 

•  Some strings of symbols are well-formed 
formulas of Propositional Logic; others are not 

•  So, Propositional Logic is a formal language 
•  The strings in the language have a meaning 

(i.e., semantics) 
•  All of these things will also be true of the 

language of Regular Expressions 
•  (Added complication: the purpose of a Regular 

Expressions is: to define a formal language) 



  
 

Syntax Definition of Propositional Logic (CS2010) 
 
 
General recursive definition for “statements”: 

– All proposition letters (P, Q, R, S, etc.) are statements 
–  If α and β are statements then 

•  (not α) is a statement 
•  (α or β) is a statement 
•  (α and β) is a statement 

– Nothing else is a statement  
 

not, or, and are called connectives 
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Formula induction: a trivial example 

Theorem: every statement contains  
at least 1 proposition letter 

Proof by formula induction:  
 Base step: Is it true that the theorem holds for all 
statements with 0 connectives?  
 Induction step: If the theorem holds for all 
statements with n connectives, does it follow that it 
holds for all statements with n+1?  

 
 



Formula induction: a trivial example 

Theorem: every statement contains  
at least 1 proposition letter 

Proof by formula induction:  
 Base step: Is it true that the theorem holds for all 
statements with 0 connectives? YES, because they 
contain 1 
 Induction step: If the theorem holds for all 
statements with n connectives, does it follow that it 
holds for all statements with n+1? YES, because 
connectives are added, never removed 

So: theorem holds for any finite number of connectives 
 
 



Formula induction: 2nd example 

Theorem: every statement contains  
an even number of brackets 

Proof by (a slightly different!) formula induction:  
 Base step: Is it true that the theorem holds for all 
statements with 0 connectives? Yes, 0 is even. 
 Induction step: If the theorem holds for all 
statements with fewer than n connectives, does it 
follow that it holds for all statements with n 
connectives? Yes, for proof see next page. 

It follows that the theorem holds for statements 
containing any number of connectives (i.e., for 
all statements)   

 
 



Formula induction: 2nd example 

Proof of the induction step: 
 Suppose the theorem holds for all statements with 
fewer than n connectives. Now consider any 
statement with n connectives. Call this statement A. 
Following the syntax definition, A can have 3 forms:  
–  If A = (not B). Then B has an even number, say k, 

of brackets (because B contains fewer than n 
connectives!) hence A has k+2, which is even. 

–  If A = (B or C). Then B has even number, say k, of 
brackets and C has even number, say m, brackets, 
hence A has k+m+2 brackets, which is even. 

–  If A = (B and C). Then reason analogously.  
   
 
 



Two versions of math. induction 

Same Basic Step, slightly different Induction Steps: 
Version 1: prove that (for any n)  
if F(n), then F(n+1). 
We used this in our first example. 
Version 2: prove that (for any n) 
if F(m) for all m<n, then F(n). 
We used this in our second example. 
(Why did we need version 2?) 



 
•  Back to Regular Expressions (REs): 

–  syntax and semantics of the language of REs 
–  a proof (with formula induction) about all REs 



Regular Expressions 

(i) λ denotes {λ}, φ denotes {}, t denotes {t} for t ∈ T; 
(ii) if r and s are regular expressions denoting languages R and S, then 

 (r + s) denoting R + S, 
 (rs) denoting RS, and 
 (r*) denoting R* are regular expressions; 

(iii) nothing else is a regular expression over T. 

Let T be an alphabet. A regular expression over T  
defines a language over T as follows: 

A language L (over T) is a regular language (over T) 
if there is a regular expression denoting it. 

Note: we can omit most of the brackets assuming this precedence rule:  
 *   >  concatenation >  +. 

For example, we can write ((a*) (b + (c + d))) as a* (b + c + d) 
                                            (a(b*)) as  ab*  



Regular Languages: getting started 

What language is denoted by 
 
a* (b + c + d) 
 



Regular Languages: getting started 

What language is denoted by 
 
a* (b + c + d) 
 
A sequence of 0 or more a, followed by b or c or d 
 
 
 
 



Regular Languages: getting started 

What language is denoted by 
 
a* (b + c + d) 
 
Please enumerate the first 10 elements of the language 
using lexical ordering 
 
 
 



Regular Languages: getting started 

What language is denoted by 
 
a* (b + c + d) 
 
Enumerate the first 10 elements of the language using 
lexical ordering 
b,c,d,ab,ac,ad,aab,aac,aad,aaab 
 
 
 



Regular Languages: getting started 

What language is denoted by 
 
a* (b + c + d) 
 
First 10 elements using lexical ordering:  
b,c,d,ab,ac,ad,aab,aac,aad,aaab 
 
Use dictionary ordering to list all elements of this language 
whose length is at most 10: 
 
 
 
 



Regular Languages: getting started 

What language is denoted by 
 
a* (b + c + d) 
 
Use dictionary ordering to list all elements of this language 
whose length is at most 10: 
 
aaaaaaaaab, aaaaaaaab, aaaaaaab, aaaaaab, aaaaab, 
aaaab, aaab, aab, ab 
 
(what happens if we remove the restriction to strings whose 
length exceeds 10?) 
 



Regular Languages: getting started 

What language is denoted by 
 
a* (b + c + d) 
 
Enumerate the first 10 elements of the language using 
lexical ordering 
b,c,d,ab,ac,ad,aab,aac,aad,aaab 
 
Use dictionary ordering to list all elements of this language 
whose length is at most 10: 
 
aaaaaaaaab, aaaaaaaab, aaaaaaab, aaaaaab, aaaaab, 
aaaab, aaab, aab, ab 
 
(what happens if we remove the restriction to strings whose 
length exceeds 10?) 
 



Regular Languages 

Examples: 
 
(i) If a ε T then aT* denotes the language consisting of all 
    strings over T starting with a. 
 
(ii) (0+1)(0+1)* denotes... 
 
 



Regular Languages 

Examples: 
 
(i) If a ε T then aT* denotes the language consisting of all 
    strings over T starting with a. 
 
(ii) (0+1)(0+1)* denotes the set of all (nonempty) bitstrings. 
 



Regular Languages 

Examples: 
 
(i) If a ε T then aT* denotes the language consisting of all 
    strings over T starting with a. 
 
(ii)  
 
 
(iii)  (1+01)*(λ+0) denotes ... 



Regular Languages 

Examples: 
 
(i) If a ε T then aT* denotes the language consisting of all 
    strings over T starting with a. 
 
(ii)  
 
(iii) (1+01)*(λ+0) denotes the set of all bitstrings  
      not containing two adjacent 0's  



Regular Languages 

Write as a regular expression: 
 
1.  The language of strings that contain one a  

and any number (including 0) of b’s. 

2.  The language of bitstrings that have 00 as a substring  

3.  The language of bitstrings having either 00 or 11 as substring. 



Regular Languages 

Write as a regular expression: 
 
1.  The language of strings that contain one a 

and any number (including 0) of b’s: 
 
b*ab* 



Regular Languages 

Write as a regular expression: 
 
1.  The language of strings that contain one a 

and any number (including 0) of b’s: 
 
b*ab* 

2.  The language of bitstrings that have 00 as a substring: 
 
(0+1)* 00 (0+1)* 
 



Regular Languages 

Write as a regular expression: 
 
1.  The language of strings that contain one a 

and any number (including 0) of b’s: 
 
b*ab* 

2.  The language of bitstrings that have 00 as a substring: 
 
(0+1)* 00 (0+1)* 
 

3.  The language of bitstrings having either 00 or 11 as substring: 
 
(0+1)* (00+11) (0+1)* 



Regular Languages 

Write as a regular expression: 
 
 
4. The language of bitstrings that contain exactly one 1 and exactly two 0. 
 
 
5. The language of bitstrings that contain the same number of 0 and 1 



Regular Languages 

Write as a regular expression: 
 
 
4. The language of bitstrings that contain exactly one 1 and exactly two 0. 

 
100 + 001 + 010  

 
 
 



Regular Languages 

Write as a regular expression: 
 
 
4. The language of bitstrings that contain exactly one 1 and exactly two 0. 

 
100 + 001 + 010  

 
 
5. The language of bitstrings that contain the same number of 0 and 1 

 
No solution!   (Ah!) 



Regular Languages 

Theorem: (proof is trivial) 
 
If A and B are regular languages, then so are: 

A + B, AB and A* 



Properties of Regular Languages 

Theorem: 
 
If A and B are regular languages, so are A ∩ B 
and A'. 

Theorem: 
 
Any finite language is regular. 



Applications of Regular Expressions 

1. Searching for strings of characters in UNIX 
   in ex and other editors, and using grep and 
   egrep. 
 
Note: ex and grep use restricted versions of 
regular expressions. 
 
Example: the ex command /a*[abc]/ means find  
any line containing a substring starting with any  
number of a's followed by an a, b, or c. 

2. Lexical analysis, the initial phase in compiling, 
   divides the source program into "tokens". The 
   definition of how to divide up the source code 
   is given by regular expressions. 



Various additional notations, e.g.: 

 
If r and s are regular expressions denoting 
languages R and S, then 

  (r+) denoting R+  
is a regular expression 
 
If T is an alphabet, then T also denotes the 
regular language consisting of strings over 
T of length 1. 
 
tn denotes ttt...t n times. 
 
 
These additions do not extend the 
expressive power of regular expressions 
and will not be considered when we prove 
things …  

 




