
Formal Languages 

Languages: 
 English, Spanish, ... 
 PASCAL, C, ... 

Problem: How do we define a language? 
i.e. what sentences belong to a language? 
 
e.g. Large red cars go quickly. 
 

 Colourless green ideas sleep furiously. 
 

 Cars red large go quickly. 
 

 Coches rojos grandes marchan rapidamente. 
 

Formal languages: 
Languages with a well-defined membership,  
usually based solely on the form of the sentences. 



Alphabets and Strings: Definitions 

A symbol is a basic unit. 
 g, 5, 1 and $ can be used as symbols 

A string over an alphabet T is a finite sequence  
of  symbols from T. Also called T-string, or  
simply string. 

aZb, 45637, 0001010, aabababba 

The empty string is the string with no symbols, 
denoted by λ. 

An alphabet is a finite set of symbols. 
{a, b, c, d, e, ..., z, A, B, ..., Z} 
{0,1,2,3,4,5,6,7,8,9} 
{0,1} 
{a,b} 



Definitions (cont.) 

The length of a string, w, is the number of 
symbol occurences in the sequence, denoted |w|. 
 

|4732| = 4,  |abbca| = 5 

Two strings, w and v are equal if they have exactly 
the same sequence of symbols. 

The concatenation of two strings, w and v, is the 
sequence of symbols in w followed by the  
sequence of symbols in v. Denoted wv. 
 

w = abb, v = bab,   wv = abbbab. wλ = w. 

Note: concatenation is not commutative:  
 wv need not equal vw. 

Concatenation is associative: w(vu) = (wv)u. 



Definitions (cont.) 

A string u is a substring of w if there exist 
strings x and y  s.t. w = xuy. 

 
ab is a substring of babba. 
 

Note: λ is a substring of every string. 

If u is a substring of w, and x is λ, then u 
is a prefix of w. 
If u ≠ w, then u is a proper prefix. 
 

ba is a prefix of babba. 

If u is a substring of w, and y is λ, then u 
is a suffix of w. 
If u ≠ w, then u is a proper suffix. 
 

bba is a suffix of babba. 



Definitions (cont.) 

If T is an alphabet, then T* is the set of all strings over T. 
T+ is T* without λ 
 

T = {a,b}, T* = {λ,a, b, aa, ab, bb, ba, aaa,...} 

If a is a symbol, then an is the string of n a's 
 

a3 = aaa 
a* = {λ, a, aa, aaa, ...} 
a+ = {a, aa, aaa, ...} 
 

Note: anam = an+m. 

A language over an alphabet T is a set of strings over T.  
Also called a T-language, or simply a language. 
 

T = {a,b}, then {λ, ab, babba, bbbbbbb} is a T-language 

Note: L is a T-language iff L ⊆ T* 



Language Operations 

A+B is the set union of A and B 

A ∩ B is the set intersection of A and B 

A' is the complement of A - i.e. all strings 
in T* but not in A. 

AB is the concatenation of A and B - i.e. all 
strings uv where u ∈ A and v ∈ B 
 
Note: associative, but not commutative.  
Various distributivity laws, e.g. 

Let A and B be languages over T.  (Note: Language are sets!) 

 
A(B+C) = AB + AC 
A(B∩C) = AB∩ΑC 
 



Language Operations 

An is the concatenation of A with itself n times 
 
Note: A0 = {λ}.  It follows that: 
 
 
A* = A0 + A1 + A2 + ... 
  
A+ = A1 + A2 + ... 
 
(A*)* = A* 
 
 
  
A* is called the Kleene Closure of A. 
 
  
   
 



Orderings 

Let T be an alphabet with a given ordering 
on its symbols. Say T = {a, b, c, d, ...}. 
Strings over T can be ordered in two ways: 

Dictionary Order 
All strings beginning a are ordered before 
all strings beginning b, and b before c, etc. 
Within groups of strings beginning with 
the same symbol, strings are ordered by  
their second symbol, etc. λ is always the  
first string. (If strings have different lengths,  
then fill up the shorter one with λ’s on the right.) 

Lexical Order 
Strings are ordered by their length, with 
the shortest first. Within groups of strings 
of the same length, strings are ordered in 
dictionary order.  
λ is always the first string. 



Specifying Languages 

L1 = {xn : n = 1, 2, 3, ...} 
 

What elements are in L1? 

L2 = {xn : n = 1, 4, 9, 16, ...} 
 

What elements are in L2? 

L3 = {xn : n = 1,4, 9, 48, ...} 
 

What elements are in L3? 

Problem: 
 
Devise a clear and precise method for  
defining infinite languages. 



Languages and Machines 

Languages represent problems        Machines find solutions 

Given a Question: How to Find the Answer? 
Ø Yes/no – decision problem 
E.g., “Is this a prime number?” 
Ø Function problems, 
E.g., “What is the square of this number?” 
 

Given a Problem: How to Work Out the Solution? 
Ø E.g., the best move in a chess game 

 
Given a Task: How to Achieve it? 

Ø How to get out of a maze 
Ø How to drive a car through an obstacle course 
Ø How to carry on a conversation? 



Languages and Machines 

Some of these problems are very hard ... 

Languages are as useful as numbers –  It appears that a 
language can describe any problem (though this cannot be 
proved). A class of languages is a useful abstraction for a class of 
problems. 
 
Maths is all about abstraction (e.g. a number is an abstraction) 
If you think about problems abstractly you can see solutions you 
might otherwise miss, you can see equivalent/related problems 



Recognising Languages 

We will tackle the problem of defining languages 
by considering how we could recognise them. 

Problem: 
 
Is there a method of recognising infinite 
languages?  
 
i.e. given a language description and a string, 
is there an algorithm which will answer yes or 
no correctly? 

We will define an abstract machine which takes a candidate 
string and produces the answer yes or no. 
 
The abstract machine will be the specification of the language. 



Finite State Automata 

A finite state automaton is an abstract model 
of a simple machine (or computer). 
 
The machine can be in a finite number of 
states. It receives symbols as input, and the 
result of receiving a particular input in a 
particular state moves the machine to a 
specified new state. Certain states are 
finishing states, and if the machine is in one of 
those states when the input ends, it has ended 
successfully (or has accepted the input). 
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