
Logic assignment for CS2013 + ANSWERS

December 4, 2017

In this assessment I would like you to explore lengthy formulas in First-Order
Predicate Logic (FOPL), and the idea of a notation convention (i.e., notational
shortcut). Please read all the questions carefully before answering them. Solving
these problems will take you about an hour, but do make sure you write down
your solutions precisely and briefly (which may take you a bit longer). Number
them clearly (e.g. a, b(i), etc.)

a. State your student number (omitting any initial zeros and non-digit symbols).
I assume the result is a large positive integer. Call this integer n. [5 points]

Henceforth, suppose n = 41, 012, 571 (my employee number)

b. Suppose you wanted to write a FOPL formula to say that there exist exactly
n things. (The formula will be true in all models whose domain of discourse has
exactly n elements, and false in all other models.) Your formula – which cannot
use any shortcuts, so ∃ and ∀ are your only quantifiers – could be lengthy, so
instead of writing it, I want you to describe it so I could write it if I had the
time and the inclination. [25 points]

(i) Describe the general shape of the formula (using some half-formal notation
if you think it helps). One option is to use a formula starting with
a good 41M existential quantifiers, each with their own variable.
The formula over which these range says all these variables are
different, and they are the only things that exist:
∃x1..∃xn((x1 6= x2 ∧ ... ∧ x1 6= xn ∧ x2 6= x3 ∧ ...) ∧ ∀y(y = x1 ∨ ...y =
xn)). Some of you have found other valid answers, and this will
affect the formulas and numbers below. Note that parts (ii) and
(iii) of this question add further detail to the answer for part
(i). An error that many of you made is to let your formula
say there are so-and-so many things that have the property P .
You don’t need P or any other predicate, just equality (and
inequality). If a predcate like P was used without explanation, I
deducted 8 points; if you did offer an explanation for the role of
this superfluous P (e.g. saying that it means “being an element
of the domain” or something like that), then I deducted only 5.

(ii) How many equalities (i.e., formulas of the form t1 = t2, where t1 and t2
are variables) does it contain? Please give the general formula as well as
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the outcome given “your” n. The number of inequalities is n (41M):
y needs to be distinguished from each of the variables x1, .., xn.
[Some of you took the view that inequalities contain an equality
inside, which is fine of course].

(iii) How many inequalities (i.e., formulas of the form ¬(t1 = t2), where t1
and t2 are variables) does it contain? Please give the general formula as
well as the outcome given “your” n. One way to think about this
is by realising that there are as many inequalities as there are
choices of 2 out of n variables (since we need to say that all n
variables are pairwise different from each other), exactly as in
the binomial formula, that’s nC2. For instance, if n = 3 there are
3C2 (”2 over 3”) choices, which is 6. Once again, there are other
valid ways of thinking about the problem, all of which lead to
equivalent answers.

c. The syntax definition of FOPL presented in class may not contain sufficiently
many variables to write the formula described under (b). Explain why not,
and propose (the relevant part of) a syntax definition that can handle student
numbers of any finite length. (N.B. the only relevant part is the part that creates
atomic formulas, so for this question you do not need to look at the conditions
that introduce propositional connectives and quantifiers.) [15 points]

The definition used in class creates only finitely many variables (we
weren’t very precise, but the suggestion was 26), so we can always
find a situation in which it falls short. The syntax definition can, for
example, look as follows:

Revised Syntax of Predicate Logic (clause for variables):
1. x0 is a variable.
2. For every natural number i, if xi is a variable then xi+1

is a variable

All the other clauses are unchanged, unless the same ap-
proach is applied to constants and/or predicates.

(If you wanted to avoid numerals, you could let clause (2) say instead
that, for all x, if x is a variable then x′ is a variable; this would give
you the variables x, x′, x′, x′′′, and so on.)

My original intention was to deduct 5 points if your revised syntax
definition didn’t use recursion, but since only a handfull of people
used recursion, I decided to deduct only 2. (Most of you didn’t write
any syntax definition at all, only indicating what the definition should
achieve.)

d. Explain the general idea of a notation convention for FOPL. What are they,
and why are they (sometimes) used? [15 points]

Notational conventions extend the set of FOPL formulas without
adding expressive power (everything that can be said using notation
conventions could be said already). Conventions can make formulas
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shorter and/or easier to read. They’re used in many other aras of
maths as well.

[ps Why doesn’t the syntax definition of (for example) FOPL leg-
islate for these shorter & easier notations in the first place (obviating
the need for notational conventions)? The answer is that this would
have complicated the syntax definition! Just try to make one of the
notation conventions a part of the normal syntax of predicate logic –
for example the one that says outermost brackets are omitted. It’s
not so easy! None of you pointed this out, and I didn’t deduct any
points for that. I did, however, look for the insight that conventions
should never extend expressive power. – A surprising number of peo-
ple didn’t have a clue what this question was about, interpreting it
as a question about symbolic notations in general.]
e. Propose a notation convention that makes it possible to write short FOPL
formulas that say “there exists exactly 1 x such that ...”, “there exist exactly 2
x such that ...”, and so on for every positive integer. [15 points]

For instance, ∃!nxϕ [It’s not important that this particular syntax is
used, as long as it’s syntactically unambiguous and expressive enough.
What is important is that your definition is completely general, so
if we plug it into the existing truth definition, we can evaluate all
formulas. Thus if your definition only covered the case where ϕ is a
predicate, I deducted a few points for lack of generality.]

f. Is it possible to write a truth definition, or a schema for a truth definition,
that says (in combination with the other clauses of the FOPL truth definition)
under what conditions the new formulas are true? If no, then explain why this
is not possible. If yes, then propose a truth definition; feel free to assume (as
is often done) that every element of the domain of discourse is named by a
different constant. [25 points]

Yes, here’s a schema: A formula of the form ∃!nxϕ is true in a model
M iff there are exactly n constants a such that the result of replacing
all free occurrences of x in ϕ by a is true in M . More precisely: a
formula of the form ∃!nxϕ is true in a model M iff there are exactly
n different constants a such that ϕ[x := a] is true. Full marks do not
require that models are mentioned explicitly.

The maximum number of points (out of 100) that an answer can give you is
only indicative. Additional points may be awarded for answers that are precise
and brief.

Aberdeen 4 Dec. 2017.
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