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lengths—and therefore times—allow for high throughput. 
In addition, multiplexing and parallel screening aid in pro-
cessing large numbers of samples at high rates. In multi-
plexed devices, one sample is screened for various com-
ponents. Encoded beads, immersed in the liquid flow, are 
a means to achieve multiplexing, with optical methods for 
decoding the particles (Derveaux et al. 2008). Mass transfer 
between beads and the liquid sample then—to a significant 
extent—determines the accuracy of the screening process 
or, conversely, determines the sample size needed to reach a 
certain level of confidence. It has been suggested (Pappaert 
et al. 2003) that suspending the beads in the liquid stream 
will benefit mass transfer since the motion of the particles 
relative to one another helps in mixing the sample. Mixing 
is an important and sometimes problematic issue in micro-
fluidics given the laminar nature of virtually any microscale 
flow (Jain et al. 2013). There is experimental evidence 
that agitation (through oscillation or external force fields) 
indeed improves the signal strengths in microfluidic screen-
ing devices (Liu and Rauch 2003). One of the aims of this 
paper is to establish more clearly a link between flow con-
ditions and mass transfer (including adsorption) of target 
molecules on bead surfaces suspended in a microflow. The 
means of research as described here are computational.

The microsystems considered in this paper are well ame-
nable for a computational approach. Given their size and the 
limited number of beads (typically 50), they allow for nearly 
full resolution of the transport processes taking place, with-
out the need for empirical input parameters. This should 
make the numerical simulations truly predictive and enables 
a detailed look inside the system so as to achieve an under-
standing of the way beads interact with the fluid, with one 
another, and with the microchannel geometry. In this respect, 
it is important to realize that such interactions are of a hydro-
dynamic as well as of a chemical/mass-transfer nature.

Abstract Liquid-to-solid mass transfer in a microfluid-
ized bed consisting of monosized, spherical particles in a 
Newtonian liquid has been studied numerically. The simu-
lations fully resolve the laminar, near-creeping flow of the 
solid–liquid suspension. In addition, passive scalar concen-
trations in the liquid at high Schmidt number (Sc up to 104) 
have been determined. Solids volume fractions are in the 
range 0.18–0.27. The concentration boundary conditions 
are such that the scalar can be thought of as being adsorbed 
on the solid particle surfaces. The simulations quantify the 
overall adsorption performance of the fluidized bed, and 
they provide insights in local variations (per particle and 
over individual particle surfaces) of mass transfer rates.

Keywords Solid–liquid mass transfer · 
Microfluidization · Lattice Boltzmann method · Coupled 
overlapping domains · Particle-resolved simulations

1 Introduction

A good control of process conditions, small sample sizes, 
and optical accessibility makes microfluidic devices 
attractive in a broad range of chemical, pharmaceutical, 
and medical applications, a prominent one being medi-
cal diagnostics (Gervais and Jensen 2006). Short diffusion 
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Simulations of flow and transport in microfluidic devices 
have been reported extensively. They cover a broad spec-
trum of physical and chemical phenomena in a great variety 
of applications: Examples are studies on mixing (Jain et al. 
2013), fundamentals of multiphase flow over patterned 
surfaces (Dörfler et al. 2012), and microemulsification 
processes (van der Graaf et al. 2006; van der Zwan et al. 
2009). Solid–liquid suspensions in narrow channels have 
been studied computationally by (among others) Ai et al. 
(2010) and Başağaoğlu et al. (2013). General purpose com-
putational fluid dynamics (CFD) codes have been applied 
to simulate microfluidic systems (Lakehal et al. 2013). Also 
the lattice Boltzmann (LB) method for simulating transport 
processes has been used frequently in microfluidic applica-
tions; see the review by Zhang (2011).

The current paper discusses solid–liquid mass transfer 
in fluidized solid–liquid suspensions on the microscale. 
Microfluidization is an active field of research with work 
on computational (Hou and Ge 2007; Derksen 2009) as 
well as experimental (Potic et al. 2005; Zivkovic et al. 
2013) fronts. The research described in this paper can be 
viewed as an extension of earlier simulation work of ours 
(Derksen 2009). In the former paper, the simulations were 
restricted to the hydrodynamics of the microbed and its 
mixing performance by means of inert particles, i.e., parti-
cles that did not directly take part in the mass transfer pro-
cess. Their (relative) motion did, however, agitate the liquid 
and thereby enhanced mixing. A main computational chal-
lenge in solid–liquid mass transfer is the resolution of thin 
scalar boundary layers at solid surfaces that are the result 
of the high Schmidt numbers characteristic for liquids. 
In recent work, we have devised a methodology based on 
couple overlapping domains (CODs) to, on the one side, 
resolve the scalar boundary layers, and on the other side, 
not have prohibitively fine grids outside the boundary lay-
ers (Derksen 2014a, b).

The aims of this paper are to provide a computational 
angle on the design of microfluidic devices, and to show 
to what extent mass transfer performance is a function of 
design and process parameters in microfluidization. As 
noted above, optimizing mass transfer is highly relevant in 
bringing down sample size while maintaining reliability of 
diagnostic methods based on microbeads (Lim and Zhang 

2006). It is important to emphasize that the results in this 
paper are based on first-principle simulations only and that 
experimental research is clearly needed to assess their level 
of realism and to guide further model development.

The paper is organized in the following manner: Sect. 2 
defines the flow geometry, including the boundary condi-
tions for flow dynamics and the scalar concentration fields. 
Specific simulation cases are characterized by a set of 
dimensionless numbers. The next section summarizes the 
numerical methods for solving fluid dynamics and scalar 
transport. The Results section is subdivided in (1) a dis-
cussion of the two-phase flow and fluidization, (2) mass 
transfer, and (3) overall performance of the fluidized bed 
in terms of adsorption. The final section summarizes and 
reiterates the main observations and conclusions.

2  Flow geometry and conditions

We consider fluidized solid–liquid suspensions in a micro-
channel. The suspensions consist of uniformly sized spheri-
cal particles with radius a and a Newtonian liquid with 
kinematic viscosity ν. The solids over liquid density ratio 
has been fixed to ρp/ρ = 2.5. The liquid stream contains a 
passive scalar with concentration c(x, t) and uniform dif-
fusivity Γ. This scalar is adsorbed by the particles, as in 
applications where the beads act as a receptor for a chemi-
cal agent. The Schmidt number is defined as the ratio of 
viscosity and diffusivity: Sc = ν

/

Γ . In this paper, results 
will be presented as much as possible in dimensionless 
form. For that reason, the dimensions of the flow geometry 
have been scaled with the sphere radius a. All geometri-
cal details are given in Fig. 1 that also contains a defini-
tion of the Cartesian coordinate system. The vertically ori-
ented microfluidized bed consists of a square channel with 
side length W = 5.125a. The total length of the channel is 
Lt = 50a. The spheres are contained between two gratings 
consisting of three cross bars each that have square cross 
section (0.1W × 0.1W). The channel length available for 
the spheres is L = 35.5a. The overall solids volume frac-
tion φ̄ is based on the volume available for the spheres: 
φ̄ = 4Nπa3

3LW2  with N the number of spheres in the bed. In 
this paper, φ̄ is in the range 0.18–0.27. The reason for the 

Fig. 1  Microfluidized bed geometry, including coordinate system. 
Main dimensions expressed in sphere radius a: W = 5a, L = 35.5a, 
Lt = L1 + L + L2 = 50a, L1 = 9.75a, and L2 = 4.75a. The spheres 

are confined to 0 < x < L. Gravity points in negative x-direction. Peri-
odic conditions apply for the liquid flow in the end planes x = −L1 
and x = L + L2; c = 1 at x = −L1 and ∂c

∂x
= 0 at x = L + L2
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moderate upper limit of φ̄ = 0.27 is the small ratio of chan-
nel width over particle size; as a result of the close proxim-
ity of walls to any particle, dense solids packings cannot be 
achieved. In addition, we want to give the bed some room 
for expansion in the vertical direction (note that φ̄ is based 
on the entire volume of the channel between the lower 
and upper gratings). The lower bound of φ̄ = 0.18 is insti-
gated by typical adsorption applications that require a fair 
amount of solids to perform effectively. Next to the over-
all solids volume fraction φ̄, we also define a bed-averaged 
solids volume fraction φ̃ which is based on the fluidized 
bed height H (precisely defined below): φ̃ = 4Nπa3

3HW2 . Where 
φ̄ is an input parameter, φ̃ is a result of a simulation, i.e., an 
output parameter.

Gravity points in the negative x-direction: g = −gex,  
and a Galileo number has been defined as Ga ≡ ga3/ν2.  
Its value is Ga = 0.614 throughout this study. On earth 
(g ≈ 9.8 m/s2) and with a watery liquid (ν ≈ 10−6 m2/s), 
this value of Ga would imply a sphere radius of a = 40 μm. 
In a “high-gravity” system (Hou and Ge 2007), the physical 
particle size would be (much) smaller. The flow in vertical 
direction is due to a uniform body force f on the liquid in 
positive x-direction.

The positive, dimensionless parameter α controls the 
extent of fluidization, including the height of the bed. In 
practical fluidization terms, α is a dimensionless meas-
ure of the pressure drop over the bed. In the course of the 
simulations, we found that the available window for α is 
quite narrow: If α is too low, the particles settle on the 
lower grating; α too high, the particles collect against the 
upper grating. The operable α-window depends on φ̄ and 
will be discussed further below. A Reynolds number is used 
to characterize the flow in the channel: Re = �u�a

/

ν with 
〈u〉 = φV/W2 the superficial velocity and φV the volumetric 
liquid flow rate. We base Re on the particle size, rather than 
on the channel width W given the emphasis on mass trans-
fer between solid and liquid for which a particle-Reynolds 
number appears most relevant. It should be noted that the 
Reynolds number is not an input parameter to the simula-
tions. For the given geometry, Re largely depends on α and 
φ̄. Reynolds numbers are in the range 0.05–0.13, reflecting 
the typical low-Reynolds (near-creeping flow) conditions, 
characteristic for microfluidics.

Before beginning to simulate the mass transfer process, 
first the solid–liquid flow is developed to a dynamic steady 
state. Then, at the start of mass transfer, the liquid is given a 
uniform concentration c = 1 everywhere and c = 1 is main-
tained at the inlet of the channel. The scalar is adsorbed 
on the particle surfaces by maintaining c = 0 there. This 
implies that the adsorption is—for simplicity—fully con-
trolled by mass transfer, not by the kinetics of surface 

(1)f = f ex = αg
(

ρp − ρ
)

ex

reactions (Froment et al. 2011). At the exit of the channel, 
a ∂ c/ ∂ x = 0 boundary condition applies. The main out-
comes of the simulations are the amount of scalar adsorbed 
by the particles, the variability of this amount among the 
particles, and the levels of non-uniformity of mass transfer 
over sphere surfaces.

3  Simulation approach

3.1  Two-phase flow dynamics

The method for solving the solid–liquid flow dynamics 
goes along the same lines as in our earlier papers, the more 
recent ones being Derksen (2012, 2014c). A short sum-
mary is provided here. The LB method (Chen and Doolen 
1989; Succi 2001) is used to solve the flow of interstitial 
liquid on a uniform, cubic lattice with lattice spacing Δ. In 
the remainder of this paper, we will take the lattice spacing 
as the unit length: Δ = 1. The lattice spacing is smaller 
than the size of the spherical particles. In the current simu-
lations, the sphere radius spans 8 lattice spacings: a = 8. 
This resolution is sufficient to resolve the flow around 
the particles at moderate and low Reynolds numbers (ten 
Cate et al. 2002). No-slip conditions at the sphere surfaces 
have been imposed by an immersed boundary method (ten 
Cate et al. 2002). This method—based on forcing the fluid 
directly surrounding a particle—also provides the forces 
and torques on each individual particle. These are used 
to update velocity (linear and angular) as well as loca-
tion of each particle. These updates couple back to the 
flow as updated no-slip conditions. This way a tight and 
physically realistic coupling between liquid and solids 
dynamics is achieved. The very short-range hydrodynamic 
interactions between spheres and between a sphere and a 
bounding wall cannot be resolved fully by the lattice. If 
solid surfaces are within a distance of one lattice spacing, 
radial lubrication forces are added to the forces resolved 
by the LB method to compensate for this lack of resolution 
(Nguyen and Ladd 2002; Derksen and Sundaresan 2007). 
The lubrication force is repulsive for approaching sur-
faces and attractive for separating surfaces. The lubrication 
force diverges when the distance between two solid sur-
faces approaches zero. For numerical (and also physical) 
reasons, the lubrication force is therefore saturated when 
the distance between surfaces gets below a threshold of 
2  ×  10−4a. In physical reality, the lubrication force satu-
rates due to surface roughness and the 2  ×  10−4a thresh-
old can be seen as a measure for this. The lubrication force 
model does not always prevent solid–solid contact from 
happening. If two surfaces touch, they undergo a hard col-
lision. The two-parameter model (restitution coefficient e 
and friction coefficient μ) due to Yamamoto et al. (2001) 
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has been used, where in this work e = 1 and μ = 0, i.e., 
collisions are elastic and smooth.

The boundary conditions on the edges of the flow 
domain are no-slip conditions on the four side walls of 
the square channel and periodic conditions at the end 
planes (x = −L1 and x = L + L2). Periodic flow conditions 
were preferred over an inflow and an outflow condition at 
the two surfaces since with periodic conditions we better 
mimic a well-developed, single-phase laminar flow at the 
end planes without needing long entrance and exit sections.

3.2  Scalar transport

The liquid contains a passive scalar with concentration c 
that obeys the following transport equation:

with u the velocity field and Γ the scalar diffusion coeffi-
cient. As opposed to the flow, the scalar boundary condi-
tions are not periodic in streamwise direction. The scalar 
enters the domain (at x = −L1) with concentration c = 1 
and adsorbs on the particle surfaces. In the end plane, 
a zero-gradient boundary condition applies: ∂c

∂x
= 0 at 

x = L + L2; on the channel walls, ∂c
∂n

= 0. As indicated 
above, the adsorption on the spheres is mass transfer lim-
ited and is accounted for by imposing a c = 0 concentration 
at the surface of each sphere.

Given the generally high Schmidt numbers in liquids (in 
this paper Schmidt numbers up to Sc = 104), spatial resolu-
tion requirements for numerically solving the convection–
diffusion equation in c (Eq. 2) are much higher than for 
solving the flow dynamics. In previous papers (Derksen 
2014a, b), we have developed a method based on finite vol-
ume (FV) discretization and coupled overlapping domains 
(CODs) to deal with these resolution challenges in a com-
putationally affordable manner. In addition to solving Eq. 2 
on the uniform cubic grid as used by the LB method, it is 
solved on spherical grids in thin shells, one around each 
spherical particle. These grids, i.e., the cubic “background” 
grid and the spherical grids are coupled through interpola-
tion. A typical situation, including the layout of the grids, is 
given in Fig. 2. The COD method is explained, tested, and 
validated in detail in (Derksen 2014a) for a single particle 
moving through liquid. It has been extended to multiple-
particle systems in (Derksen 2014b).

Important characteristics of the COD method are, in the 
first place, that the shells can be kept relatively thin (typi-
cally the shell thickness is δ ≈ 0.2 a). This is the conse-
quence of steep concentration gradients being confined to 
a narrow region around each sphere. Thin shells make solv-
ing Eq. 2 in the shells computationally affordable, and limit 
the extent to which shells overlap other shells of nearby 

(2)
∂c

∂t
+ u · ∇c = Γ∇2c

spheres. In the second place, the COD method allows in 
a natural way for dealing with motion of spheres relative 
to the fixed, cubic background grid. If a cubic grid node 
gets uncovered by a solid sphere, the concentration in that 
node is interpolated from the spherical grid in the shell sur-
rounding the sphere. There is no need for (usually) arbi-
trary “refill” procedures (Caiazzo 2008) for nodes getting 
uncovered. In a similar way, scalar mass is not destroyed 
when a cubic grid nodes gets covered by a particle since the 
scalar mass directly surrounding the sphere travels with the 
sphere in its spherical shell.

3.3  Spatial and temporal resolution

Choices for spatial and temporal resolution of the scalar 
field c(x, t) are based on past experience for single (Derksen 
2014a) and multi-particle (Derksen 2014b) systems. These 
two papers have compared results with the COD approach 
with benchmark results and have checked grid dependen-
cies of the cubic as well as of the spherical grids. In the 
current paper, the resolution of the cubic grid is such that 
the sphere radius spans 8 grid units Δ: a = 8. Around each 
sphere, there is a spherical shell with thickness δ = 1.5. 
This shell contains a grid along the spherical coordinates 
r, θ, ϕ, with a ≤ r ≤ a + δ, θ running from pole to pole 
(0 ≤ θ ≤ π), and 0 ≤ ϕ ≤ 2π. The straight line connect-
ing the poles is in x direction. Previously (Derksen 2014a), 
we have investigated the orientation of the spherical grid 
relative to the main flow direction and only found marginal 
effects on mass transfer rates. The grid is uniform in all 
three directions with (Δr, Δθ, Δϕ) = (δ/8, π/20, π/20). The 
focusing of grid lines near the poles makes that for stability 

Fig. 2  Coupled overlapping domains (CODs) for a single spherical 
particle. A spherical shell with a grid in spherical coordinates with 
fine spacing in radial direction interacts with an outer uniform cubic 
grid. Colors indicate scalar concentration (color figure online)
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reasons we need to treat the ϕ derivatives implicitly. The r 
and θ directions are treated explicitly. The cubic as well as 
the spherical grids make use of TVD (total variation dimin-
ishing) discretization schemes (Harten 1983; Sweby 1984; 
Wang and Hutter 2001) to suppress numerical diffusion.

Temporal resolution is such that the viscous timescale 
a2/ν spans 640 time steps Δt. Convective timescales a/a〈u〉 
are of the order 104Δt.

4  Results

4.1  Fluidization characteristics

First solid–liquid flow characteristics are presented 
before—in the next subsection—mass transfer is included 
in the discussion. As a reference case, a system with 
φ̄ = 0.180 and Re = 3.6 × 10−2 due to liquid forcing with 
α = 0.20 (see Eq. 1) has been selected. An impression of 
the flow field in terms of velocity vectors in a mid-plane 
is given in Fig. 3. In this reference case, the particles do 
not use the entire available space; they mainly occupy the 
lower part of the vertical channel. As will be shown below, 
already a modest increase in the forcing coefficient α to 
0.23 makes particles lodge for extended amounts of time 
against the upper grating. Figure 3 clearly shows laminar 
flow. Particle speeds are typically one order of magnitude 
smaller than liquid speeds. The bed’s dynamic behavior is 
in accordance with a smooth flow: In dynamic steady state, 
the bed expansion (with as metrics the center location of 

the top particle in the bed and the average vertical location 
of the particles) fluctuates slowly and over a limited range; 
see the left panel of Fig. 4. For most of the time span cov-
ered by Fig. 4, at least one particle rests on the lower grat-
ing. In the right panel of Fig. 4, the distribution of solids 
in vertical direction, averaged over the time window of the 
left panel, is shown. In addition to the reference case, also 
results with slightly higher forcings of α = 0.22 and 0.23 
are presented. The resolution of these vertical φ-profiles is 
finer than the size of the particles so that the discrete nature 
of the particles, confined by boundaries in all three coordi-
nate directions, shows up as strong fluctuation in the local 
solids volume fraction. The bed expands when increasing 
the forcing on the fluid in vertical direction. The peak in φ 
at x/a ≈ 34 for α = 0.23 is due to spheres getting pushed 
against the upper grating which leads to a semifluidized 
state of the bed (Fan et al. 1960).

A total of seven flow cases have been studied. Figure 5 
records how the average bed height and the Reynolds num-
ber increase with increasing α at three overall solids volume 
fractions; φ̄ = 0.180, 0.225, and 0.270 that contain 40, 50, 
and 60 particles, respectively. By means of the bed-aver-
aged solids volume fraction φ̃, and the Reynolds number 
relative to the Reynolds number of a single settling sphere: 
Re

/

Re∞ = �u�
/

u∞, the results as shown in Fig. 5 can also 
be interpreted in terms of a Richardson-–Zaki type of cor-
relation (Richardson and Zaki 1954): Re/Re∞ =

(

1− φ̃

)n

 
with n an exponent that depends on Re∞ (Rowe 1987). This 
interpretation is shown in Fig. 6, where the bed height H 
(needed to determine φ̃) has been taken as H = 2〈xp〉 (note 

Fig. 3  Single realization of the flow field in the mid-plane of the 
channel in terms of velocity vectors. The spatial resolution of the sim-
ulation is twice as high in each direction as the density of the velocity 

vectors in the figure. For clarity, the red particle velocity vectors are 
enlarged by a factor of 10 compared to the (black) fluid velocity vec-
tors. φ̄ = 0.180, Re = 0.036 (color figure online)

Fig. 4  Left time series of mini-
mum, maximum, and average 
particle center vertical (x) loca-
tion over a time period the fluid-
ized bed is in dynamic steady 
state; φ̄ = 0.180, α = 0.20, 
and Re = 0.036. Right time-
averaged solids volume fraction 
profiles in vertical direction for 
φ̄ = 0.180 and three values of α 
(color figure online)
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from Fig. 4 that to a good approximation xp,top = 2〈xp〉 on 
time average). Except for the semifluidized state with some 
particles pushed against the upper grating (represented by 
the highest point in Fig. 6), the data points indeed approxi-
mately follow a straight line in this double-logarithmic plot 
and the exponent n is estimated as n ≈ 4.0. According to 
Rowe (1987) and at the current Re∞, n is approximately 
4.5 for unconfined systems, and we attribute the deviation 
with our results to the confinement of the particles in the 
narrow channel.

4.2  Mass transfer

The mass transfer process is started in a fully developed 
flow with the liquid initially having uniform concentration 
c = 1. At time t = 0, the liquid at the sphere surfaces is 
given concentration c = 0 and we start solving Eq. 2 on 
CODs, while keeping solving the two-phase flow dynam-
ics. For each flow case, three scalar fields are being 

determined with Schmidt numbers Sc = 102, 103, and 104, 
respectively.

The impressions in Fig. 7 have been selected to show a 
number of key dependencies in terms of distribution of sol-
ids as well as scalar concentration. The panels show instan-
taneous realizations of the particle locations and the con-
centration field in a center plane. The effect of the Schmidt 
number can be best appreciated for times shortly after start-
ing mass transfer, as we do in panels 1–3. Here, we see the 
same flow (and thus the same particle locations) with the 
scalar having increasingly high Sc. At Sc = 100 (and there-
fore Pe ≡ Re · Sc = 3.6 with Pe the Peclet number), dif-
fusive transport is clearly visible, e.g., in the form of the 
gradually varying concentration at the top of the particle 
bed. At Sc = 104 (and Pe = 3,600), the scalar transport is 
convection-dominated with diffusion confined to thin shells 
around the spheres. Panels 3–5 show how the scalar field 
evolves in time for the highest Schmidt number with the 
particles adsorbing more and more scalar over time so that 
the scalar concentration at the outlet of the channel gets 
smaller. Increasing the Reynolds number, by increasing α, 
leads to a higher, more dilute bed (compare panels 5 and 6 
in Fig. 7). It not necessarily improves the overall adsorption 
performance, given the higher concentrations that can be 
observed in the top regions of the bed as a result of liquid 
bypassing the solid particles. Finally, in panels 7 and 8 we 
show beds with higher overall solids volume fractions.

Mass transfer rates are resolved by the numerical proce-
dure: At the surface of each sphere, Φ ′′ = −Γ ∂c

∂n
 (with Φ″ 

the mass flux, and n the normal direction at the sphere sur-
face, pointing into the liquid) is determined. Mass transfer 

Fig. 5  Reynolds number (Re = �u�a
/

ν) and average vertical particle 
location as a function of forcing parameter α as defined in Eq. 1 at the 
three overall solids volume fractions considered

Fig. 6  Reynolds number relative to single particle settling Reynolds 
number Re∞ as a function of bed-averaged voidage (1− φ̃) on dou-
ble-logarithmic scales. The dashed line has slope 4.0. Overall solids 
volume fractions φ̄ as indicated
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coefficients k are commonly defined as k = Φ″/Δc with 
Δc a “characteristic” concentration difference. The Sher-
wood number is Sh ≡ ka/Γ  (note that in this paper Sh is 
based on particle radius, not particle diameter); it can be 
viewed as a dimensionless mass transfer coefficient. Given 
the above definitions, the local Sherwood number at some 
location on a sphere’s surface is Sh = − a

�c
∂c
∂n

. Integration 
over the surface of an individual sphere i (i = 1…N, with 
N the number of spheres in the fluidized bed) leads to a 

sphere-averaged Sherwood number Shi = − a
�c

∫

Ai

∂c
∂n
dA. 

The bed-average Sherwood number is �Sh� ≡ 1
N

∑N
i=1 Shi.

The above mass transfer coefficient and Sherwood num-
ber definitions require a choice for the concentration dif-
ference Δc. For this, we take the average concentration 
in the liquid volume in the part of the channel available 
to the particles (this volume is LW2 − N 4

3
πa3) minus the 

concentration at the sphere surfaces which is zero. If the 
above relations are applied to the start-up phases of sca-
lar transport in the fluidized bed, the bed-average Sher-
wood numbers quickly reach an approximate steady state, 
see Fig. 8. The initially very high levels of mass transfer 
are due to the step change concentrations (from c = 1 in 
the liquid to c = 0 at the particle surface) at t = 0. After 
t ≈ 3 a/〈u〉, however, the decline in 〈Sh〉 levels off and it 
becomes steady. It should be noted that this initial time is 
very short compared to, e.g., the average residence time of 
a fluid package in the fluidized bed which is approximately 
t ≈ L

(

1− φ̄
)

/�u� ≈ 29a
/

�u� if φ̄ = 0.18. The slight fluc-
tuations in 〈Sh〉 in steady state are due to the finite (and lim-
ited) number of particles in the bed. In order to determine 
statistically sound values of 〈Sh〉, the scalar start-up of the 

bed is repeated a few times with different initial flow condi-
tions and particle configurations. Averaging then results in 
smooth 〈Sh〉 versus time curves (see the dashed curves in 
Fig. 8). These then allow us to approximate steady value of 
〈Sh〉 based on a definition by Yang et al. (2011): The Sher-
wood time series are assumed to have reached steady state 
if the change in Sh during the last 20 % of the computa-
tional time was <1 %.

Applying this procedure to all cases studied provides us 
with bed-averaged Sherwood number as a function of the 
process conditions (Re, Sc, and φ̄), see Fig. 9. As can be 
seen, the strongest dependency is with the Schmidt num-
ber. For convection-dominated mass transfer, the Sherwood 
number is generally proportional to Sc1/ 3 (Rowe and Clax-
ton 1965). Therefore, the same data as in the top panel of 

Fig. 7  Impressions of the scalar 
transfer process: particle loca-
tions and scalar concentration 
in the mid-plane. 1–3: effect 
of Sc; 3–5: time evolution; 5, 
6: Reynolds number effects; 5, 
7, 8: effect of solids loading φ̄
. Dimensionless time is defined 
as t̃ ≡ t�u�

/

a (color figure 
online)

Fig. 8  Time series of bed-average Sherwood number 〈Sh〉 for three 
Schmidt numbers as indicated. Solid lines: single realization of start-
up of the mass transfer process; dashed lines: average over four reali-
zations. φ̄ = 0.180, Re = 0.036 (color figure online)
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Fig. 9 are given in the bottom panel as 〈Sh〉/Sc1/3. The vari-
ability of 〈Sh〉/Sc1/3 with Sc indeed reduces for higher Re, 
i.e., at stronger convection. Furthermore, there clearly is a 
positive correlation between 〈Sh〉 and Re.

In order to investigate the effect of solids volume frac-
tion on the Sherwood number, we hypothesize a Sher-
wood correlation of the form (see, e.g., Fan et al. 1960) 
�Sh� = 1+ βRe1/ 2Sc1/ 3 (note the 1, not 2 in the right-
hand side given our Sherwood definition based on sphere 
radius, not diameter). Then, the parameter β potentially 
depends on the solids volume fraction. For Sc = 104, this 
dependency is given in Fig. 10 in the form β(φ̃). Overall, 
we observe a modest increase in β with increasing bed-
averaged solids volume fraction φ̃, in line with, e.g., Fan 
et al.’s observations. The results in Fig. 10, however, are not 
that conclusive. Sometimes β gets smaller with increasing 
φ̃, most notably for the cases with overall solids volume 
fraction φ̄ = 0.225 and 0.270.

The per-sphere variability of the Sherwood number 
is very significant, as can be judged from a sample result 
as given in Fig. 11. A scalar shielding effect is visible in 
this figure: The spheres at the very bottom of the bed are 
exposed to fresh solute and therefore have high mass trans-
fer rates. This effect extends over not more than one sphere 
diameter beyond which the per-sphere Sherwood number 
becomes erratic and has no relation with the vertical (x) 
location. The per-sphere Sherwood number fluctuations 
are of the same order of magnitude as the bed-average 
Sherwood number. Fluctuations in mass transfer imply 
fluctuations in adsorption. The bottom panel of Fig. 11 
shows the scalar mass adsorbed over time from time zero 
to t = 3.04 〈u〉/2a on individual particles relative to the 
average adsorbed mass per particle. Due to its integral 
nature (adsorption over time), the variability in adsorption 
is somewhat lower as compared to the Sherwood number 
variability.

Zooming in further, the simulations allow us to assess 
the on-sphere variability of the mass transfer process. Since 
each sphere is in a unique hydrodynamic and scalar con-
centration environment, mass transfer rates vary strongly 
over its surface. An impression of the extent of this effect is 
provided in Fig. 12.

4.3  Overall adsorption performance

In the above subsection, mass transfer was analyzed at the 
level of individual particles where it was shown that mass 
transfer coefficients quickly become steady. We now ana-
lyze the bed as a whole and need to do so on much longer 
timescales, of the order of the residence time of a fluid 

Fig. 9  Top bed-averaged Sherwood number 〈Sh〉 as a function of 
Reynolds number Re for three Schmidt numbers and three solids vol-
ume fractions. Bottom same data as top with now 〈Sh〉/Sc1/3 as the 
dependent variable (color figure online)

Fig. 10  Dependence of β (defined in the text) with bed-averaged sol-
ids volume fraction φ̃. All cases have Sc = 104; φ̄ as indicated (color 
figure online)
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element in the fluidized bed. An attempt will also be made 
to relate the local and overall viewpoints.

At the level of the entire fluidized bed, a measure for 
the adsorption performance is the amount of scalar cap-
tured relative to the amount being fed to the reactor. In 
terms of scalar fluxes, ϕ̃ad ≡ ϕad/ϕin with ad denoting 
adsorbed, and in inlet. In Fig. 13, it is shown how scalar 
fluxes through the fluidized bed evolve to steady state. In 
addition to ϕ̃ad, we also keep track of the exit scalar flux 
ϕ̃ex ≡ ϕex/ϕin. It is important to note that the timescales 
in Fig. 13 are much longer than those over which Sher-
wood numbers become steady (see Fig. 8). Where it takes 
t ≈ 4a/〈u〉 for 〈Sh〉 to become steady, it takes approximately 
t ≈ 20a/〈u〉 for the adsorption fluxes to become steady, and 
t ≈ 40a/〈u〉 for the exit stream. The latter times, of course, 

are largely determined by the total length of the reactor, 
which is Lt = 50a, and the superficial velocity. Figure 13 
also shows that in (dynamic) steady state—and in a time-
average sense—the adsorption flux added to the exit flux 
equals the inlet flux, i.e., an overall mass balance is—on 
average—satisfied.

Fig. 11  Top Sherwood number of individual spheres (tagged by their 
vertical location) at the moment the bed-averaged Sherwood number 
〈Sh〉 has become steady (at t = 3.04 〈u〉/2a). Bottom adsorbed scalar 
mass per particle, relative to the average mass adsorbed per particle 
at the same time instant as the top panel. φ̄ = 0.180, Re = 0.036, and 
Sc = 1,000 (color figure online)

Fig. 12  Distribution of local Sherwood number over the surfaces of 
two randomly selected spheres at two moments in time. φ̄ = 0.180, 
Re = 0.036, Sc = 104. The steady, overall, average Sherwood number 
for this situation is �Sh� = 13.2

Fig. 13  Time series of scalar being adsorbed per unit time and scalar 
leaving through the exit per unit time relative to scalar rates at the 
inlet, ϕ̃ad ≡ ϕad

/

ϕin, and ϕ̃ex ≡ ϕex
/

ϕin. φ̄ = 0.180, Re = 0.036, and 
Schmidt numbers as indicated
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A simple, one-dimensional, and steady model has been 
used to derive overall mass transfer coefficients and Sher-
wood numbers for comparison with 〈Sh〉 values that have 
been determined above. In the 1D model, a uniform mass 
transfer coefficient k1D is assumed over the length of the 
reactor between x = 0 and x = L (see Fig. 1). The steady 
concentration as a function of x then satisfies.

with c = 1 at x = 0 as the boundary condition. The sur-
face area per reactor volume σ = 3φ̄

/

a is assumed to be 
uniform over the reactor length. In addition to being the 
dimensionless exit flux, ϕ̃ex also represents the cross-sec-
tional averaged concentration at the exit (at x = L). There-
fore, according to the 1D model, ϕ̃ex = exp

(

− k1DσL
�u�

)

. This 
latter equation allows us to determine k1D values, based 
on the ϕ̃ex (or 1− ϕ̃ad) outcomes of the simulations and so 
to compare a Sherwood number based on the 1D model 
(Sh1D = k1Da

/

Γ ) with the steady Sherwood number aver-
aged over all spheres 〈Sh〉.

This comparison is done in Fig. 14. Here, only results 
for Sc = 103 and 104 have been presented. For Sc = 102, 
ϕ̃ex is very close to zero making evaluation of k1D very inac-
curate. Figure 14 shows a systematic effect with always 
Sh1D < 〈Sh〉 by some 20–30 %. The one-dimensional 
model is based on a number of assumptions, an important 
one being uniformity of the fluidized bed in streamwise and 
in wall-normal directions. The confinement of the particles 
in a narrow channel (channel width is about 5 sphere radii) 
hinders this uniformity. This allows for flow-channeling 

(3)c(x) = exp

(

−
k1Dσx

�u�

)

along the side walls which limits contact and thus mass 
transfer between the liquid and the solid spheres. Gener-
ally, the trends in Sh1D follow those in 〈Sh〉, albeit that for 
the highest solids volume fraction (φ̄ = 0.270) Sh1D hardly 
increases upon a significant increase in 〈Sh〉.

5  Summary and conclusions

Simulations of microfluidization that include solid–liquid 
mass transfer have been performed. The numerical chal-
lenge is the high resolution required to resolve the very thin 
mass transfer boundary layers at the particle surfaces that 
are the result of the usually high Schmidt numbers asso-
ciated with liquids. This challenge has been overcome by 
(for the scalar transport part of the algorithm) applying 
overlapping grids that communicate via interpolation. Each 
particle has a spherical grid with fine radial spacing in a 
thin shell around it. This resolves the scalar boundary layer. 
The scalar concentrations further away from the particles 
are adequately captured by a cubic grid with the same reso-
lution as the grid on which the flow dynamics have been 
solved.

The conditions are such that the liquid flow is at near-
creeping conditions. The fluidization is smooth with par-
ticle speeds an order of magnitude smaller than liquid 
speeds. The levels of fluidization are very sensitive for the 
forcing applied on the liquid (in practice the latter would be 
a pressure gradient) with minor increases leading to parti-
cles being pushed against the upper boundary of the bed, 
and slightly too weak forcing resulting in collapse of the 
bed.

The effects of Schmidt number, solids volume fraction, 
and volumetric flow rates (the latter in terms of a Reynolds 
number based on particle size and superficial velocity) on 
mass transfer rates (i.e., Sherwood numbers) were inves-
tigated. The Schmidt number (and thus scalar diffusivity) 
is a strong determinant of mass transfer rates. Given the 
generally low Reynolds numbers, only for its higher val-
ues, Sherwood numbers converged toward a Sc1/ 3 scaling. 
Reynolds number and solids volume fraction effects were 
relatively weak.

The simulations mimicked a case where scalar is 
adsorbed by the fluidized particles, with the adsorption 
being fully controlled by mass transfer. The trends in over-
all adsorption performance therefore followed those in the 
Sherwood numbers. A one-dimensional model of the mass 
transfer in the fluidized bed has limited accuracy given 
the three-dimensional nature of the two-phase flow and 
(related) the mass transfer processes. The three-dimen-
sionality is the result of the strongly confined character of 
the microfluidized bed with a width of only 2.5 particle 
diameters.

Fig. 14  Sphere-averaged, steady Sherwood numbers 〈Sh〉 versus 
Sherwood numbers derived from a one-dimensional model of the 
fluidized bed Sh1D. Solids volume fractions and Schmidt numbers as 
indicated (color figure online)
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An important avenue for future work is the inclusion 
of surface reactions so that more complex adsorption sce-
narios can be explored. Also connections with experimental 
work should be made so as to validate the numerical proce-
dure, specifically the interaction between solid–liquid fluid 
dynamics and the mass transfer processes.

References

Ai Y, Qian S, Liu S, Joo SW (2010) Dielectrophoretic choking phe-
nomenon in a converging-diverging microchannel. Biomicroflu-
idics 4:013201-1–013201-6
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