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Solid Particle Mobility in Agitated Bingham Liquids

J. J. Derksen*

Chemical & Materials Engineering Department, UniVersity of Alberta, Edmonton, Alberta, T6G 2G6 Canada

Motivated by applications in oil sands processing, numerical simulations of the combined flow of yield-stress
(Bingham) liquids and solid particles in a mixing tank have been performed. The conditions were such that,
generally, the flow systems were in a transitional regime, between laminar and developed turbulence. The
fluid flow was simulated according to a lattice-Boltzmann scheme, with the yield stress being mimicked as
a highly viscous fluid for low deformation rates. Particles were assumed to move under the influence of drag,
gravity, and particle-wall and particle-particle collisions. Agitation formed a cavity (active volume) around
the impeller, with the rest of the tank being virtually inactive. This mobilized the particles in the cavity. In
their ability to suspend and mobilize particles, agitated Bingham liquids behave markedly different from
Newtonian liquids.

Introduction

Solid particles dispersed in continuous-phase liquids are
practically relevant and intriguing systems. In industry, they are
encountered in a wide variety of process equipment such as
slurry reactors, crystallizers, polymerization reactors, transport
pipelines, and liquid-fluidized beds. The momentum, energy,
and mass transfer between the phases (e.g., hydrodynamic forces
on particles) and within the phases [e.g., collisions between solid
particles, (turbulent) stresses in the liquid] determine the
distribution of the solids in the liquid, the relative velocity of
the phases, and (as a consequence) the performance of the
process. Solids interacting with small-scale turbulence give rise
to preferential concentrations to an extent related to particle sizes
and time scales relative to eddy sizes and eddy lifetimes.

In a large number of practical cases, the continuous phase
behaves as a non-Newtonian fluid. Such behavior contributes
significantly to the complexity of the multiphase system.
Prominent applications of solid-liquid suspensions with non-
Newtonian rheology of the liquid phase are found in oil sands
processing. The separation of the bitumen (oil) phase from the
solids (sands) phase involves the use of hot water, which tends
to activate the clay contained in the oil sands. The activated
clay particles form networks that provide the oil-water-solids
mixture with a yield stress. This yield-stress (loosely termed
Bingham-type) behavior of the mixture has consequences for
the design, operation, and efficiency of oil sands processing,
more specifically in those parts of the process related to
separation and to tailings (where tailings are the process
residuals; see Masliyah et al.1 for an overview of oil sands
processing). The clay network can hinder gravity-based separa-
tion: if net gravity is not strong enough to break through the
yield stress, sand particles and/or bitumen droplets become
immobilized. The consistency of the tailings depends largely
on the strength of the clay network. In land reclamation at the
end of the oil sands mining cycle, the tailings consistency is a
crucial variable.

To reveal some of the above-mentioned solid-liquid interac-
tions and to investigate whether and to what extent solid-liquid
mixtures involving yield-stress liquids become mobilized by
agitation, we performed a computational study. Bingham liquids
loaded with solid particles of spherical shape were agitated in
a mixing tank. The small (laboratory-scale) size of the tank and

the relatively high (apparent) viscosity of the working liquid
allowed for direct simulations of the liquid flow, i.e., the liquid
flow could be fully resolved, without the need to apply (some
sort of) turbulence modeling. The solid particles were simulated
as “point particles” in a manner similar to (but simpler than)
that discussed earlier by Derksen.2 The notion of point particles
implies that we do not directly resolve the flow around the
individual particles (the particle diameter is smaller than the
grid spacing of the liquid flow simulation). In the simulations,
the dynamics of the solid particles is governed by the hydro-
dynamic forces (most notably drag) acting on them, which are
determined from single-particle correlations based on particle-
related Reynolds numbers. In addition to hydrodynamic forces,
the solid particles feel net gravity; they collide with the vessel
wall and vessel internals; and they mutually collide at a distance
equal to (dp1 + dp2)/2, where dp1 and dp2 are the diameters of
the particles involved in the collision.

To place the present study in an oil-sands-engineering
perspective, it should be noted that the oil sands process streams
are intrinsically multiscale. A rough distinction in phases counts
up to four: a bitumen phase, a clay phase (small, surface-active
solid particles), a sands phase (larger, inert particles), and the
water phase. In the present study, we do not account for the oil
phase. Further, we lump the clay-water mixture into a single
phase with non-Newtonian rheology. The sand particles are
treated explicitly, i.e., they are tracked as solid spheres through
the non-Newtonian liquid phase in a Lagrangian manner.

In this initial study, we used a simplified liquid rheology.
Specifically, we considered a time-independent Bingham liquid
characterized by two parameters: a yield stress τ0 and a viscosity
η. In one-dimensional shear flow we defined the latter as the
(constant) slope of the shear rate versus shear stress curve. In
oil sands processing, the actual rheology of the liquid phase is
more complicated because of the time-dependent (thixotropic)
nature of the clay network. Fluid deformation will temporarily
disintegrate the network; if deformation stops, the network needs
time to build up.

This article is organized as follows: First, the flow system is
defined in terms of its geometry and its dimensionless numbers.
The representation of the Bingham liquid is explained, along
with the assumptions made in simulating the solid particle
motion. In presenting the results, the liquid flow field is
characterized including the concept of an active volume and an
essentially inactive volume. Also, the solid particles concentra-* E-mail: jos@ualberta.ca.
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tion and the solids velocity fields are presented. The conclusions
and an outlook are given at the end of the article, along with a
plea for modeling the complex systems at hand at multiple scales
in order to capture the essential physical interactions.

Flow System and Liquids

In the system under investigation, the flow is generated by
an impeller revolving in a mixing tank. The geometry of the
tank and impeller are shown in Figure 1, along with a definition
of the coordinate system employed. The impeller, a Rushton
turbine, is a standard impeller in mixing research. All tank and
impeller dimensions can be derived from the tank diameter T
(see Figure 1). We used specifically this configuration because
it allows for a comparison of our Bingham liquid results with
a large body of data for Newtonian liquids and liquid-solid
mixtures agitated in similar tanks.

The Bingham liquid is defined in terms of its yield stress, τ0,
and its viscosity, η (see Figure 2). In three-dimensional flow,
the shear rate γ̇ is generalized according to γ̇ ) (2dijdij)1/2

(summation over repeated indices), with dij ) 1/2(∂uj/∂xi + ∂ui/
∂xj) being the rate of strain tensor (where u is the fluid velocity
vector). The Bingham model then reads

τij ) 2(τ0

γ̇
+ η)dij if |τ| > τ0

dij ) 0 if |τ|e τ0 (1)

with |τ| ≡ (1/2τijτij)1/2. The factor (τ0/γ̇ + η) in eq 1 is often
termed the apparent viscosity, ηa.

Once the flow geometry is specified, assuming that the
working fluid is Newtonian with a density F and a dynamic

viscosity η, the Reynolds number (traditionally defined as Re
) FND2/η, where N is the impeller speed in revolutions per
second) fully determines the flow. For Reynolds numbers below
102, the flow is laminar (albeit time-dependent because of the
impeller rotating relative to the baffled tank wall); for Re >
103, the flow is considered turbulent; and for values between
these limits, there is a transitional range. In the case of a
Bingham liquid, we retain the above definition of the Reynolds
number, with η as defined in eq 1 and Figure 2. Given the two-
parameter rheological model that we use, a second dimensionless
number comes into play. In this work, it has been defined as
the yield stress relative to inertial stresses

Y ≡
τ0

FN2D2
(2)

We prefer using Y as defined in eq 2 instead of the more
commonly used Bingham number (see, e.g., Yu and Wachs3).
The Bingham number represents yield stress relative to viscous
stress; given the inertia-dominated nature of the flows that we
anticipate, we prefer relating yield stress to inertia.

In this work, the lattice-Boltzmann method4,5 was used for
solving the flow equations. This method allows for the simula-
tion of flows with varying viscosity (as is done, for example,
in large-eddy simulations6). Bingham rheology was incorporated
into the lattice-Boltzmann method by assuming that, at very
low deformation rates, the fluid behaves as a very (though not
infinitely) viscous fluid.7 This introduces an additional (numer-
ical) parameter η0. At a critical deformation rate γ̇0 that is related
to η0 and the physical properties τ0 and η [γ̇0 ≡ τ0/(η0 - η)]
the fluid switches from slope η0 to slope η in the deformation
rate versus stress curve (see Figure 2).

The implementation of Bingham rheology in a lattice-
Boltzmann scheme was tested by performing one-dimensional
(laminar) planar channel flow simulations and comparing the
results to the analytical solution. The velocity profiles as
presented in Figure 3 indicate that, as long as η0 g 100η, the
region with |τ| < τ0 hardly deforms, Bingham behavior is indeed
observed, and the dependence on the (artificial) parameter η0 is
small.

Particles and Particle Dynamics Modeling

The solid particles that are released in the agitated Bingham
liquid are considered to be monodisperse and spherical with
diameter dp and solid material density Fs. The motion of each
individual particle is solved according to its equations of motion

dxp

dt
) vp and Fs

π
6

dp
3 dvp

dt
)∑ F (3)

where xp is the particle position vector and vp is the particle
velocity vector. The forces acting on the particle that are being
considered are net gravity Fg, drag FD, and the added-mass force
FAM. These forces are defined as follows:

Fg ) (Fs -F)
π
6

dp
3g

where g is gravitational acceleration, here pointing in the
negative z direction

FD )CD
π
4

dp
21
2
F|u- vp|(u- vp)

where CD is the drag coefficient and u is the fluid velocity at
the position of the particle

Figure 1. Stirred-tank geometry and (r,z) coordinate system. Left, side view;
right, top view. The vessel content is covered with a lid (no-slip wall). The
thickness of the impeller blades and disk amounts to 0.035D; the thickness
of the baffles amounts to 0.02T. In this figure, the impeller clearance is C
) T/3. Clearances of T/4 and T/2 have also been considered.

Figure 2. Schematic of Bingham rheology and its implementation in a
viscous flow code. Solid line, actual rheology with parameters τ0 and η;
dotted line, for γ̇ < γ̇0 ≡ τ0/(η0 - η), the dotted line with slope η0 is
followed in the simulations.
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FAM ) 1
2
Fπ

6
dp

3 dvp

dt

The drag coefficient, CD depends on the Reynolds number based
on the slip velocity of the particle and the apparent viscosity at
the position of the particle [Rep ) (F|u - vp|dp)/ηa] according
to the Schiller and Naumann8 correlation

CD )
24
Rep

(1+ 0.15Rep
0.687)

Applying this correlation to particles moving through non-
Newtonian liquids is a simplification that requires further
investigation. However, numerical simulations by Yu and
Wachs3 demonstrated a clear correlation between the drag
coefficient and the Reynolds number based on the apparent
viscosity with flow structures around the sphere reminiscent of
Newtonian flow. Also, for reasons of simplicity, and because
we expect drag to be the dominant hydrodynamic force under
the relatively viscous (low-Rep) conditions, we neglected history,
lift, and stress-gradient forces. We also did not consider particle
rotation.

Equation 3 is solved simultaneously with the flow equations;
it is discretized according to an Euler implicit scheme with a
time step equal to the time step with which the flow field is
being updated.

In the liquid-solid suspensions considered here, we expect
a significant influence of particle-particle and particle-wall
collisions on the solid particle dynamics. In a previous work,2

it was demonstrated that the excluded-volume effect as a
consequence of particle-particle collisions was necessary for
correctly describing vertical solids concentration profiles in
agitated Newtonian suspensions. In the present study, hard-
sphere collisions are explicitly resolved according to the time-
step-driven algorithm developed by Chen et al.9 For computa-
tional reasons, this collision algorithm considers at most one
collision per time step per particle. This approach works well
for the semidilute cases as considered here.2

In most of the simulations, the solid particles are one-way-
coupled to the liquid; that is, the particles feel and are moved
by the liquid, but the hydrodynamic forces are not fed back to
the liquid flow dynamics. This assumption will be assessed by
incidentally comparing results of one-way-coupled simulations
with those of two-way-coupled simulations. In the two-way-
coupled simulations, we used the particle-source-in-cell (PSIC)
approach;10 the drag force on a particle is fed back to the fluid
phase as a momentum source that is linearly distributed over
the eight lattice nodes surrounding the particle.

Characteristics of Flow Cases

We simulate laboratory-scale systems with a tank volume of
10 L and liquid properties that relate to oil sands (tailings)
practice: τ0 ) 10 N/m2, η ) 10-2 Pa · s, F ) 103 kg/m3. A 10-L
tank with the geometrical layout shown in Figure 1 has a
diameter T ) 0.234 m. The impeller diameter is D ) T/3 )
0.078 m (see Figure 1). In the base case, the impeller spins
with N ) 10 revolutions per second; as a consequence Re ) 6
× 103 and Y ) 1.64 × 10-2. Based on these numbers, we
anticipate mildly turbulent flow conditions, at least in the region
close to the impeller where the apparent viscosity is expected
to approach η.

The solid particles as used in the base case have a diameter
of dp ) 0.65 mm () 0.0083D) and a density of Fs ) 2.5 × 103

kg/m3. At the base-case solids mass fraction of φm ) 0.0337
(achieved by inserting 942 569 spheres into the tank), such

particles immersed in the same tank filled with fluid of the same
viscosity (η ) 10-2 Pa · s) but without a yield stress would need
an impeller speed of Njs ) 25 revolutions per second to get
them “just suspended” according to Zwietering’s criterion.11 The
settling velocity of these particles, again in a Newtonian liquid
with η ) 10-2 Pa · s, is roughly Vs ≈ 7 cm/s, and the associated
settling Reynolds number is Reps ≈ 5. Their Stokes relaxation
time τ ) Fsdp

2/18η is 5.8 ms, or 116 time steps.
As mentioned above, the liquid flow dynamics was resolved

using the lattice-Boltzmann method. In its basic implementation
(as used in this study), the method applies a uniform, cubic
grid. The spatial resolution of the grid was such that the tank
diameter, T, equals 180 grid spacings, ∆. The time step is such
that the impeller revolves once in 2000 time steps. The rotation
of the impeller in the static grid is represented by an immersed
boundary technique, also known as the adaptive force field
method.6 The above simulation procedure (as very briefly
outlined) has been extensively used (and validated against
experimental data) in a number of studies on turbulent flows in
mixing tanks containing Newtonian liquids.6,12,13 The spatial
resolution of ∆ ) T/180 is sufficient to fairly accurately capture
the main features of (Rushton) stirred-tank flow.6 Higher
resolutions would have been feasible and to a certain extent
beneficial.12,13 Given the significant number of flow cases to
be considered in this study and the large numbers of particles
in the tank, it was decided to apply this relatively modest spatial
resolution of the flow simulations.

All simulations were started with a zero liquid and particle
velocity field, with the particles distributed according to a
uniform random distribution throughout the whole tank. The
first 40 impeller revolutions of each simulation were used to
study and visualize the startup behavior of the solid-liquid
system. Subsequently, each simulation was continued for at least
30 impeller revolutions to collect liquid flow and solid particle
motion statistics.

Results

Impressions. Clearly the presence of a yield stress has a
significant impact on the flow and particle dynamics; see Figure
4. In this figure, we compare the base case with the case that
has exactly the same characteristics as the base case, except
for a yield stress that was set to zero. The Bingham base case
shows much more viscous behavior, as witnessed from the size
of the flow structures and the overall left-right symmetry. It
has a significant part of the tank volume with virtually zero
liquid velocity. The active part of the tank volume is usually
termed the cavity. The size and shape of cavities have been
investigated experimentally and numerically by a number of
researchers.14-17 For the base case, the cavity comprises
approximately two-thirds of the tank volume; the cavity clearly
interacts with the tank walls, which makes comparison with
models that neglect such interactions14,15 impossible. The
Newtonian case is turbulent, as evidenced by the development
of eddy-like small-scale structures in the liquid flow and (in
the vertical cross section shown in the figure) the absence of
left-right symmetry.

The distribution of particles and particle velocities (also
displayed in Figure 4) reflects the observations made of the
liquid flow. In the Bingham case, the particles outside the cavity
hardly move. Because the impeller speed is below the just-
suspended speed of the Newtonian case, there is a very high
concentration of particles on and just above the tank’s bottom
and a clear vertical particle concentration gradient. A view of
the particles through the bottom (Figure 5) once again demon-
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strates the turbulent nature of the Newtonian case and the
laminar nature of the Bingham case, with large-scale structures
and symmetries for the latter. The predictions as laid down in
Figure 5 (specifically for the Bingham case) are an interesting
opportunity for experimental validation by means of visualizing
particles through the tank bottom. As observed before, the
Newtonian case has a much higher particle concentration closely
above the bottom than does the Bingham case.

Cavity (Liquid-Flow Results). In Figure 6, we show velocity
magnitude contours in a midbaffle plane at a series of moments

after starting spinning the impeller. The formation of a cavity
is visualized by plotting the contours of only the velocities larger
than 1% of the impeller tip speed (in view of the usual way of
defining a cavity18 as that part of the tank with a velocity of at
least 0.01Vtip). We observe that the cavity has fully developed
after 20 impeller revolutions. It is largely (but not perfectly)
symmetric. Under the given circumstances, the cavity also is
not a static phenomenon. After reaching its full size, the cavity
“breathes” slowly and erratically (on a time scale of a few times
the impeller revolution period; see Figure 7). Closer inspection

Figure 3. One-dimensional channel flow with a Bingham liquid; streamwise velocity profiles. Solid curves, analytical result; dashed curves, simulation
results on a grid that has 21 lattice spacings along the channel height H. From left to right: η0/η ) 62.5, 125, 250.

Figure 4. Snapshots from (top) the base-case simulation and (bottom) a Newtonian simulation (same as base case except with Y ) 0). Left: liquid velocities
in a vertical, midbaffle plane. Right: solid particles (and their velocity vectors) that are in a vertical, midbaffle slice with thickness 0.01T.
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reveals that this breathing is the result of a feed-back mecha-
nism: The smaller the cavity, the stronger the liquid stream

emerging from the impeller. A strong impeller stream, however,
tends to erode the edges of the cavity, making it larger and
thereby weakening the strength of the impeller stream, making
the cavity smaller again, and so on.

Time-averaged velocity fields are shown in Figure 8. Col-
lection of the average data presented in this figure started 40
impeller revolutions after startup and continued over 30 impeller
revolutions. The color scale of Figure 8 is the same as that of
Figure 6; from now on, we will indicate the average cavity with
that part of the tank volume that has an average absolute velocity
higher than 0.01Vtip. Figure 8 shows the impact of modeling
choices on the average liquid flow field. The choice of the
artificial parameter η0 used to mimic Bingham behavior with a
viscous flow solver has some impact on the liquid flow field.
In the base case (η0 ) 667η), the average cavity volume is
64.0% of the total tank volume; if η0 is increased to η0 ) 1333η,
the time-averaged velocities and cavity size get slightly smaller
(the latter becomes 0.629Vtank). Further increasing η0 to 2000η
(results not shown in Figure 8) yields a cavity volume of

Figure 5. Snapshots of particles present in a horizontal slice through the tank with thickness 0.011T and center level z ) 0.02T above the tank bottom for
the base case (left) and Newtonian case (right).

Figure 6. Snapshots of absolute velocity contours in a vertical cross section through the center of the tank between two baffles at different moments in time
after startup from a zero velocity field. From left to right and from top to bottom: tN ) 1, 4, 20, 25, 30, 35, 40. For the base case, Re ) 6 × 103 and Y )
1.64 × 10-2.

Figure 7. Cavity volume as a function of time in the base case under
quasisteady conditions.
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0.621Vtank. We conclude that the flow structure and cavity shape
are not very sensitive to the choice of η0.

As explained above, the liquid flow simulations were coupled
to the solid particle motion. In the default modus, particles are
one-way-coupled to the liquid flow: the particles feel the
presence of the liquid, but the liquid does not feel the particles.
For the fairly viscous cases with modest solids loadings as
studied here, one-way coupling appears to be a fair assumption:

In Figure 8 (right panel), results are presented that do consider
two-way coupling for a situation with the base-case solids
loading of 3.37% by mass. The average liquid flow field with
two-way coupling is virtually the same as that with one-way
coupling. Close inspection shows that the two-way-coupled
cavity is a very little bit smaller (0.638Vtank) than the one-way-
coupled cavity. This is within statistical uncertainty in light of
the temporal fluctuations of the cavity volume (Figure 7).

Changing the impeller speed obviously has an impact on the
liquid flow structure, including the size of the cavity. If the
impeller speed changes for the same tank and liquid properties,
both Re and Y change. Figure 9 shows contours of the absolute
liquid velocity at the three impeller speeds investigated: the base
case, twice the base-case impeller speed, and one-half the base-
case impeller speed. At the higher speed, the active volume
increases significantly, with the cavity filling almost the entire
tank. It is interesting to see the subtle changes in the average
inclination angle of the liquid stream emerging from the im-
peller. At the low impeller speed, the angle is virtually zero.
This is because the cavity is so small that the flow does not
reach the bottom or the top of the tank, making the flow quite
symmetric with respect to the impeller level. The asymmetry
is strongest for the base case, leading to a significant upward
inclination of the impeller stream. For the high impeller speed,
the average flow is again relatively symmetric with respect to
the impeller level. The consequences of the changes in flow
pattern with impeller speed for the distribution of particles in
the tank will be discussed in the next section.

Finally, the influence of the impeller placement was inves-
tigated. We compared the flow induced by the impeller placed
at a clearance of T/3 (base case), with T/4 and T/2 clearances
(Figure 10). The main observation is that, at the same values
of Re and Y, the C ) T/2 placement has the largest cavity
volume: 0.695Vtank, 0.640Vtank, and 0.570Vtank for C ) T/2, T/3,
and T/4, respectively.

Solids Concentrations and Velocities. In this section, the
results regarding solid particle concentration and dynamics are
presented. The solids average velocity field is almost a perfect
copy of the liquid average velocity field: compare the center
two panels of Figure 11. The minor differences can be explained
as the effects of solids inertia. In the impeller stream close to
the impeller, the solids move slightly slower than the liquid:
inertia requires time to bring the solid particles up to speed.
For same reason (inertia), the solid particle impeller stream
extends a bit farther toward the tank wall than does the liquid
stream. Inertia effects are weak though, given the modest slip

Figure 8. Average velocity magnitude field in the midbaffle plane
represented with the same color scale as the snapshots of Figure 6. All
three panels have Re ) 6 × 103 and Y ) 1.64 × 10-2. Left, base case;
middle, same as the base case except for η0 (defined in Figure 2), which is
twice as high; right, same as the base case except that two-way coupling
between liquid and solids has been applied.

Figure 9. Average velocity magnitude field in the midbaffle plane. The
middle panel is the base case with Re ) 6 × 103 and Y ) 1.64 × 10-2. In
the left panel, the impeller speed has been reduced by a factor of 2 (and
thus Re ) 3 × 103 and Y ) 6.56 × 10-2); in the right panel, the impeller
speed is a factor of 2 higher (so that Re ) 12 × 103 and Y ) 0.41 × 10-2).

Figure 10. Average velocity magnitude field in the midbaffle plane with
Re ) 6 × 103 and Y ) 1.64 × 10-2. The center panel has the base-case
impeller bottom clearance of T/3. The left panel has a clearance of T/4,
and the right panel has a clearance of T/2.

Figure 11. Solid-liquid interaction viewed in the midbaffle plane for the
base case. From left to right: average particle concentration, average particle
velocity, average liquid velocity, average particle Reynolds number based
on the slip velocity. The black spots in the solid velocity and Rep panels
indicate that no particles were present and no average could be defined
there.
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velocity Reynolds numbers (not getting much higher than 5)
and associated Stokes numbers

St)
Fs|u- vp|dp

18ηa
)

Fs

18F
Rep

staying well below 1. The yield-stress liquid keeps the solids
distributed throughout most of the tank volume (Figure 11, left
panel; the reference concentration, c0, in this panel is the total
number of particles in the tank divided by the tank volume),

whereas in a Newtonian liquid loaded with the same particles
and stirred at the same speed, the particles preferentially
concentrate at the bottom.

In Figures 12-14, results of the time-averaged particle
concentration and velocity as a function of the vertical level in
the tank are presented. In Figure 12, the three cases with
Bingham liquids with different impeller speeds are compared
with the Newtonian case that has the same characteristics as
the base case except for the yield stress. The vertical solids

Figure 12. Vertical solids concentration (left) and velocity (right) profiles for three Bingham cases with different impeller speeds and one Newtonian
simulation (having Y ) 0 by definition).

Figure 13. Vertical solids concentration (left) and velocity (right) profiles for three Bingham cases with different particle sizes but otherwise the same
characteristics as the base case (including the solids mass fraction of φm ) 0.0337).

Figure 14. Vertical solids concentration (left) and velocity (right) profiles for three Bingham cases with different impeller clearances C but otherwise the
same characteristics as the base case.
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concentration profiles show an interesting trend with impeller
speed: at the lowest speed, the profile shows an almost uniform
concentration, with the particles largely being trapped by the
yield stress (only at the impeller level do particles have
significant velocity). The higher the impeller speed, the more non-
uniform the particle concentration (in a way, this is opposite to
the effect observed with Newtonian fluids, where stronger
stirring enhances uniformity). The Newtonian concentration
profile is the least uniform, with a large accumulation of particles
near the bottom, in agreement with the fact that the impeller
speed is significantly below the just-suspended impeller speed.
If we relate the vertical particle concentration profiles of the
Bingham cases with the shapes of the cavities at different
impeller speeds (Figure 9), the nonmonotonic behavior of the
profiles at the bottom and above the impeller can be appreciated.
In the bottom region, the lower two impeller speeds show similar
cavity shapes and particle concentration profiles that tend to
low values directly above the bottom. At the highest speed, the
liquid gets mobilized down to the bottom, and the particles tend
to settle, similarly to the Newtonian case. Above the impeller,
the particle concentrations are virtually uniform with levels,
largely slaved to the number of particles not moved to the lower
regions of the tank.

Results with three different particle sizes are shown in Figure
13. These three simulations are one-way-coupled, so that the
particles move around in (at least on average) the same liquid
flow field. The particle size has been changed while the rest of
the conditions have been kept the same, including the solids
loading. Although we apply one-way coupling, solids volume
fraction effects are to be expected, as particle-particle collisions
are being considered. Keeping the solids loading constant is
quite a computational burden for the smaller particles with a
size of 5.83 × 10-3D. We have to increase the number of
particles from a little less than one million in the base case to
almost three million. The vertical particle concentration and
velocity results show predictable trends, with a more pronounced
concentration profile for the larger particles and with the larger
particles attaining less speed in the impeller outstream.

Finally, the effect of the placement of the impeller on particle
behavior was investigated. Placing the impeller low limits the
active volume to close above the bottom, giving the particles a
chance to partly sediment and leading to a particle concentration
profile that is peaked near the bottom. Shifting the impeller up
homogenizes the particle concentration. Obviously, the highest
particle velocities are observed at the impeller level. The larger
active liquid volume for C ) T/2 (Figure 10) is reflected in a
wider particle velocity profile along the vertical direction.

Conclusions

Liquid-solid suspensions involving liquids exhibiting a
yield stress have great relevance in (among many other fields)
oil sands processing. Separation of the various phases and
the consistency of the mixture depend critically on how
mobile the solids phase is under agitation. For this reason,
we performed numerical simulations of the liquid-solid flow
in a laboratory-scale stirred-tank geometry.

The flow conditions were such that no turbulence model
was needed to resolve the fluid flow. The fluid flow was
solved with a lattice-Boltzmann scheme. The Bingham
rheology was incorporated in this viscous scheme by
mimicking the yield stress as a very high viscosity, η0, at
low deformation rates. The choice of η0 was shown to be
not decisive for the results as long as η0 g 100η. Particles
were tracked in the numerically determined fluid flow. Based

on a detailed comparison between one-way-coupled and two-
way-coupled simulations, it was concluded that one-way
coupling (particles feeling the fluid flow, but the fluid flow
not feeling the particles) was a reasonable assumption under
the mild solid loading conditions considered in this study.

As is well-known from earlier experimental and compu-
tational studies, an active volume (cavity) is formed around
the impeller in agitated Bingham liquids. Farther from the
impeller, the liquid is virtually stagnant. Both the placement
of the impeller in the tank and the impeller speed have
significant consequences for the size and shape of the cavity.
Furthermore, the cavity is not a static phenomenon. The
cavity size and its flow field are coupled such that a smaller
cavity results in more intense flow that tends to erode
the cavity walls. This leads to a weakly unstable feedback
mechanism with the cavity varying erratically in size (on the
order of 10% by volume) in the course of time.

For cases such as those considered here, in which the slip
velocity between the solid particles and the liquid was small,
and the solids velocity field is largely a copy of the fluid
flow field. Slip velocities between solid and liquid are
primarily observed in the impeller stream where accelerations
are such that solid particle inertia becomes appreciable.
Interestingly but not surprisingly, more intense stirring leads
to a less uniform distribution of particles in the tank: The
apparent viscosity decreases with faster stirring, and the
particles become more mobile, with gravity pulling them to
the bottom of the tank where they then preferentially
concentrate. In practical applications, such results (and/or the
simulation procedure that was used) could guide the design
of agitation systems for separating solids from yield-stress
liquids.

In a more general sense, the simulation method presented
here has interesting applications for guiding experimental
work and process design. Extension toward more complex
rheology (e.g., shear-thinning behavior) is relatively straight-
forward. It should be realized, however, that important issues
need further research. These mainly fall in the category of
microscale (sand-particle-level) phenomena and the impact
that time-dependent rheology (thixotropy) would have on the
results. In integrating the equations of motion of the particles,
correlations for the drag in Newtonian fluids were applied.
In future work, this approach could be refined by using results
of experiments and simulations on spheres moving through
non-Newtonian liquids.3,19

The thixotropy of clay suspensions potentially impacts the
macroscopic (mixing-tank) level, as well as the microscopic
(sand-particle) level. At the macroscale, the agitation usually
is inherently time-dependent (e.g., an impeller revolving
relative to a baffled tank wall as applied in this study), and
as a result, an interplay between imposed (related to stirring)
and inherent (in the liquid phase) time scales will develop.
At the microscale, particles moving through thixotropic
liquids show complex behavior20 that could prove highly
relevant for practical purposes. A meaningful integration of
our understanding at the microscale into the macroscale (i.e.,
a multiscale approach) is an additional challenge when
dealing with multiphase flows involving complex fluids.
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