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Solid-to-liquid mass transfer as a result of liquid flow through static and dynamic assemblies of
mono-sized solid spheres has been simulated. The three-dimensional, transient simulations fully resolve
the flow of liquid in the interstitial space between the spheres by means of a lattice-Boltzmann scheme.
For the mass transfer process, a finite volume method on Coupled Overlapping Domains (CODs) is used.
Spherical grids around the particles allow for resolving the thin scalar concentration boundary layers that
are the result of high Schmidt numbers (Sc up to 1000). The spherical grids – one for each sphere – are
coupled to an outer cubic grid. Particle-based Reynolds numbers are in the range 1–10; solids volume
fractions are 0.15–0.40. The results demonstrate the validity of the COD approach for multi-particle
systems, and provide insight in the dependencies of the Sherwood number on the solid–liquid system
characteristics. It is shown that for moderate solid-over-liquid density ratios, fluidized particle assem-
blies have lower Sherwood numbers than fixed beds.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

Mass transfer between a solids phase and a liquid phase is at the
heart of many natural and technological processes. In engineering,
the applications and their scale of operation are very diverse:
detection of biological and biochemical agents in medical diagnos-
tics through particle-based receptors in microfluidic devices [1],
formation of solids in crystallization processes for a myriad of
products (from fine chemicals and pharmaceuticals to bulk materi-
als) [2], heterogeneous catalysis in slurry reactors, and wastewater
treatment in large-scale municipal facilities are just a few exam-
ples. Equipment sizes range from micrometers in micro-fluidics,
to multiple meters in large industrial vessels. Since mass transfer
requires interfacial area and is enhanced by relative motion
between solid and liquid, suspending the solids phase as small par-
ticles in the liquid phase is a practical way to stimulate it (1 ml of
solid spheres with a diameter of 1 micron in random close packing
has a surface area of approximately 3.6 m2). Typical for mass trans-
fer in liquid–solid systems is the low diffusivity of almost any spe-
cies (but specifically those consisting of large molecules) dissolved
in the liquid. Hence, there is the necessity for convection (and thus
relative motion of liquid and solid) to transport species towards
and/or away from the interfaces, since diffusion can hardly take
care of this. The above notions have implications for reactor design
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and operation with respect to – for instance – choice of particle
size and solids loading; the denser the suspension (i.e. the higher
the solids loading) the larger the surface area per unit volume. At
the same time, dense suspensions are limited in flowability and
do not necessarily allow for strong relative motion between the
particles and the interstitial liquid.

Clearly, the dynamics of solid–liquid suspensions are determi-
nant for their mass transfer capabilities. The hydrodynamics of
suspension is an active field of research, with review papers sum-
marizing the state of the art [3–7]. Some research trends in the
field of dense suspensions are towards highly resolved simulations
and the development of closure relations for coarse-grained
descriptions [8], connecting the micro-structure with rheological
behavior [6], hydrodynamic (self) diffusion of particles [9], and
the effects of the shape of particles on their collective behavior
[7,10,11]. A significant portion of that research is done in a compu-
tational manner with various numerical methods being employed,
and a wide spectrum of length scales being considered. The length
scales relevant to non-Brownian, inertial suspensions (particles not
having vanishingly small Stokes numbers) typically range from the
roughness of particle surfaces to the overall sizes of industrial ves-
sels and reactors (from approximately 10�7 m to 10 m). Capturing
this full spectrum in a single numerical simulation is impossible
and therefore simulations usually focus on a subrange of the full
spectrum. In simulations on the equipment scale, most often the
objective is to assess overall solids distributions and solids and
liquid fluxes [12]. In such simulations, it is unpractical and unnec-
essary to treat the particles as individual entities. Instead, the col-
lection of particles is treated as a continuous phase having its own
transport and constitutive equations that interacts with the liquid
phase (Euler–Euler simulations). In Lagrangian simulations, indi-
vidual particles or groups of particles (parcels) are being tracked
through the liquid with the latter solved in an Eulerian manner.
For computational and modeling reasons, Lagrangian simulations
have mainly been used for dilute systems where collisions
between particles are relatively scarce and might be less critical
for the behavior of the suspension [13]. Recently, however, much
progress has also been reported in utilizing Euler–Lagrange
approaches to simulations of large volumes and under dense, sus-
pended conditions [14]. Where in the majority of Euler–Lagrange
simulations the flow around particles or parcels is unresolved
(i.e. particles are smaller than the width of the Eulerian mesh for
the continuous phase; they are treated as ‘‘points’’), this is not
the case in resolved-particle simulations [15–17]. By making the
mesh finer than the size of the particles, and imposing no-slip con-
ditions at the actual solid–liquid interfaces, a realistic dynamic
Fig. 1. Left: schematic of Coupled Overlapping Domains for a single sphere: a spherical s
Right: cartoon of overlapping spherical grids of two closely spaced spheres.
solid–liquid coupling can be achieved. Hydrodynamic forces on
particles are then determined directly, i.e. do not need to be
derived from empirical correlations as is done in point-particle
approaches. No need to explain that the price for resolving the par-
ticles is a strong reduction in the number of particles that can be
dealt with in a simulation (order 107 with point particles [18],
order 104 with resolved particles [16]).

The lattice-Boltzmann method [19,20] in combination with var-
ious ways of imposing no-slip at solid surfaces (link-bounce-back
[15], immersed boundary method [21], forcing [22]) has been
extensively employed for particle-resolved simulations of suspen-
sions. However, also finite volume discretizations have been
reported [16,23].

In the present paper, an attempt is made to include liquid–solid
mass transfer in particle-resolved suspension simulations. The
short diffusion distances in liquids are the key challenge in this
respect. Length scales of mass transfer are smaller by a factorffiffiffiffiffi

Sc
p

than the fluid-dynamic length scales, with Sc � m=C the
Schmidt number, m the kinematic viscosity of the liquid, and C
the mass-diffusivity. In liquids, Sc ¼ Oð103Þ. Therefore, a computa-
tional grid that is sufficiently fine for resolving the hydrodynamics
is not necessarily fine enough for mass transfer. In a recent paper
[24], we have proposed a computational method to overcome this
resolution challenge for mass transfer of a single spherical particle
immersed in a liquid that undergoes laminar and also turbulent
flow. The method is based on the notion that the need for a very
fine grid to resolve scalar concentration is mostly restricted to a
thin layer adjacent to the solid surface where steep concentration
gradients normal to the solid–liquid interface exist. In [24], scalar
concentration fields were solved on Coupled Overlapping Domains
(COD’s). One (inner) domain is a spherical shell around the particle
and moving with the particle. It has fine radial grid spacing. The
other (outer) domain is static and is discretized with a uniform
cubic grid. The COD approach has been illustrated in Fig. 1 (left
panel). The concentration fields in the domains are coupled
through interpolation; in addition, the velocity field in the spheri-
cal shell is imposed by the flow as resolved in the outer domain.
The consistency of the coupling between the domains was demon-
strated in [24], and good results were achieved for simple mass
transfer benchmarks, with Schmidt numbers up to 103, and Peclet
numbers up to order 104.

Extending the COD approach as applied to one spherical particle
to a dense suspension of many – in our case – uniformly sized
spherical particles is not straightforward, the major issue being
the occasional, however inevitable, overlap of the shells surround-
ing each particle in the suspension (as schematically shown in
hell with a grid in spherical coordinates interacts with an outer uniform cubic grid.
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Fig. 1, right panel). The single-particle benchmarks [24] showed,
however, that already with thin shells (with a thickness of the
order of 10% of the sphere diameter) the mass transfer process
can be captured well. This implies that if shells overlap, the over-
lapping liquid volumes are small, and that applying simple ‘‘mixing
rules’’ for the concentrations in overlapping shells could provide a
reasonable representation of the overall scalar field and thus of the
solid–liquid mass transfer process. The alternative for such simple
mixing rules would be the direct solution of scalar transport equa-
tions on bi-spherical (or tri, or multi-spherical) grids which – with
an increasing number of particles that are also allowed to move
relative to one another – would quickly become unfeasible from
a computational (including coding) point of view.

The primary aim of the present paper therefore is to propose
ways to extend the COD approach that was validated for a single
sphere [24] to multi-sphere systems with the realization that
approximations need to be made with respect to the concentration
fields when spherical shells overlap. The consequences of these
approximations for overall scalar concentration fields and mass
transfer rates need to be carefully assessed and quantified. This
involves a number of verifications that will be done mainly in static
sphere assemblies. Subsequently we show that extension towards
mass transfer in dynamic suspensions (spheres moving relative to
one another under the influence of gravity, hydrodynamic forces,
and collisions) is very well feasible. The range of solids volume
fractions in this paper is limited to 0:15 6 / 6 0:40 given (the
lower boundary) our interest in dense suspensions, and (the upper
boundary) very high resolution requirements for realistically sim-
ulating mass transfer in very dense suspensions. It is (again)
important to emphasize that the paper is geared towards liquid–
solid systems so that testing the method for Sc� 1 is essential.

The organization of the paper is as follows. In the next section
the numerical approach is outlined with emphasis on the way
we solve the scalar transport equation on Coupled Overlapping
Domains. The first case to be discussed in Section 3 is a two-sphere
benchmark that allows us to assess the consequences of overlap-
ping spherical shells. Then we consider random assemblies of fixed
spheres, and finally fluidized systems with moving spheres. Condi-
tions in fixed and fluidized beds are such as to allow for direct com-
parison between the two. The last section is devoted to a summary
and a reiteration of the main conclusions.
2. Simulation approach

2.1. Two-phase flow dynamics

The method for numerically solving the dynamics of the solid–
liquid systems with resolved spherical particles is the same as has
been used in our earlier papers, the more recent ones being [25,26].
To briefly summarize: the liquid flow is solved by the lattice-
Boltzmann (LB) method (the specific scheme is by Somers [27])
that employs a uniform, three-dimensional cubic grid with spacing
D that we define as the unit distance (D = 1). The surfaces of the
monosized, spherical particles in the flow domain are represented
by densely spaced sets of points (spacing between the point is typ-
ically 0.7). No-slip is achieved by forcing the liquid to have the
same velocity as the solid surface at these surface points
(immersed boundary method [28]). Per-sphere integration of the
surface forces gives the hydrodynamic force and torque on each
particle. In simulations involving mobile particles, the hydrody-
namic forces as resolved by the lattice-Boltzmann method are sup-
plemented by unresolved lubrication forces when spheres surfaces
are within a distance s = 1 [29,30]. Upon very close range of sphere
surfaces (s 6 2� 10�4a), the lubrication force saturates to account
for surface roughness and to avoid divergence of the force at
contact. Forces and torques acting on the spheres are then used
to update their velocities (linear as well as angular) and locations.
While moving relative to one another, the spheres undergo hard-
sphere collisions according to a two parameter model (restitution
coefficient e, friction coefficient l) as described in detail in [31].

In this study, the three-dimensional flow domains are fully peri-
odic. In the simulations involving static sphere assemblies the flow
is the result of a uniform body force on the liquid in x-direction. In
mobile sphere simulations we mimic fluidized conditions: the
solid spheres tend settle as a result of net gravity (that acts in
the negative x-direction) while the liquid flows upward as the
result of a body force. The downward force on the solids is exactly
balanced by the upward force on the liquid so as to achieve an
overall force balance needed to acquire a dynamically steady state
in the fully periodic domain [30].

In the static sphere assemblies, the hydrodynamic conditions
are fully defined by the solids volume fraction / and a Reynolds
number based on the superficial velocity which is the total (liquid
and spheres) volume-averaged velocity in the direction of the force
driving the flow hui: Re � hui2a=m (with m the kinematic viscosity
of the Newtonian liquid). For dynamic spheres the Reynolds num-
ber is defined as Re � hui � hvx;pi

� �
2a=m with hvx;pi the average sol-

ids velocity in x-direction. This Reynolds number, together with
solids volume fraction /, the solid over liquid density ratio qp=q,
and the collision parameters e and l then controls the dynamics
of the suspension. Throughout this paper e = 1 and l ¼ 0.

The default resolution of the flow simulations is such that a
sphere radius a spans 8 cubic lattice spacings D (a = 8). The tempo-
ral resolution depends on specific conditions. The viscous time
scale a2=m usually spans 640 time steps Dt. Convective time scales
a=hui are of the order of 103Dt.

2.2. Scalar transport

The liquid contains a passive scalar with concentration c that
obeys the following transport equation:

@c
@t
þ u � rc ¼ Cr2c ð1Þ

with u the velocity field and C the constant scalar diffusion coeffi-
cient. The latter gives rise to an additional dimensionless parameter
Sc � m=C; in this study Sc has been varied between 10 and 103, with
103 representative for chemical species dissolved in a liquid phase.
As for the flow, the boundary conditions for c are periodic over the
domain boundaries. At the surface of each solid sphere a concentra-
tion c = 1 is imposed. The initial scalar condition we set to c = 0
everywhere in the liquid and we only start solving for c after the
solid–liquid flow has reached a steady state (which is a dynamically
steady state in simulations with mobile particles). While solving for
c we monitor the rate of mass transfer from solid to liquid for each
individual particle i:

_mi ¼ �C
Z

Ai

@c
@n

dA ð2Þ

with Ai the surface of sphere i and n the normal to the surface point-
ing into the liquid. The transfer rate is parameterized by a mass
transfer coefficient ki: _mi ¼ kiSDc. In this expression Dc is an overall
concentration difference (which will be detailed below); the surface
area S ¼ 4pa2 is the same for all spheres. We then have
ki ¼ _mi= 4pa2Dc

� �
and Shi � ki2a

C ¼
_mi

2p CaDc with Shi the Sherwood
number for sphere i. The average Sherwood number over all N
spheres in the domain will be denoted as hShi � 1

N

PN
i¼1Shi. The

solid–liquid mass transfer rates are expected to vary over a sphere
surface due to the structure of the flow and the proximity of other
spheres. A local Sherwood number is defined as Sh ¼ �2 a

Dc
@c
@n.
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The numerical solution of Eq. (1) and its boundary conditions
makes use of finite volume discretizations. The same cubic, uni-
form grid (spacing D = 1) as used by the LB scheme is used for this.
In addition, we have spherical grids with fine spacing in the radial
direction around each sphere in order to resolve the steep concen-
tration gradients near the solid–liquid surface. The spherical shells
have thickness d and are discretized by grids along the spherical
coordinates ðr; h; uÞ : a 6 r 6 aþ d; 0 6 h 6 p, and 0 6 u 6 2p
with h running from pole to pole and h ¼ p=2 on the equator. For
simplicity, radial and angular steps (Dr; Dh; Du) are uniform.
Numerical diffusion on both grid types has been limited by using
TVD (total variation diminishing) schemes [32,33].

The way one spherical grid exchanges concentration informa-
tion with the (outer) cubic grid has been detailed in a previous
paper [24] that only considered one sphere in the liquid domain.
That paper also explains how the velocity field, that only is
updated on the cubic grid (by means of the LB method), is imposed
on the spherical grid. In terms of the numerical method, the pres-
ent paper extends this Coupled Overlapping Domains (COD) proce-
dure to systems containing multiple spheres. This extension is
straightforward if spherical shells attached to different spheres
do not overlap. It requires assumptions and specific choices when
dealing with overlapping spherical shell volumes. These are
detailed below.

First, however, we briefly go over the COD method in case
spherical shells do not overlap which is a situation that resembles
that of a single particle so that the details can be found in [24]. The
scalar field is updated after each flow update, i.e. after each LB time
step. At the start of the scalar transport part of a time step, the
newly updated velocity field on the cubic grid is imposed on each
spherical grid through interpolation. The concentrations on the
edge of the shells (at r = a + d) are obtained from interpolating
the concentration field on the cubic grid from the previous time
step. With the concentration prescribed at the outer and inner
(c = 1 at r = a) shell surface we update the concentration in the
spherical shell. We do this update in a mixed implicit/explicit
way: the focusing of grid lines near the poles makes that for stabil-
ity reasons we need to treat the u derivatives implicitly. The r and
h directions are treated explicitly so as to avoid solving large linear
systems. For very small radial grid spacings, the scalar update may
require multiple sub time steps. After this update of the concentra-
tion in the spherical shells, the nodes of the cubic grid that fall
inside a spherical shell are updated through interpolation from
the spherical grids. In the subsequent explicit concentration
update on the cubic grid, the concentrations within the shells act
as boundary conditions (and are thus not updated again). This
cubic grid update then concludes a full scalar time step and the
system is ready for the next time step. All the interpolations men-
tioned above are tri-linear, except for the velocity distributions in
radial direction in the spherical shells which, given the fine radial
grid, need a different treatment that is based on parabolic velocity
profiles through three radial support points, see [24].

It is important to realize that the spheres are allowed to move
relative to the cubic grid. The shells are attached to the spheres,
and the concentrations on cubic grid nodes that fall inside the
shells are governed by the concentration field on the spherical grid.
This implies that our COD approach does not require a ‘‘refill’’ pro-
cedure for cubic grid nodes that get uncovered by a moving sphere.
Cubic grid nodes that get uncovered by a shell already have a
(physically sound) concentration associated with them based on
the concentration field in the shell.

In [24] the impact of the thickness of the shell d on the quality of
the mass transfer predictions was investigated. Given the methodol-
ogy, the minimum shell thickness is d ¼ 1: we need at least one layer
of cubic grid nodes that fall within the shell around each sphere so
that we have proper boundary conditions for the scalar update on
the cubic grid. Benchmark results as shown in [24] (its Figs. 4
and 9) show small differences between d ¼ 1:125; 1:5; and2:25 in
term of the Sherwood number for a single sphere in laminar flow.
The slight improvement in Sh from d ¼ 1:125—1:5 at low Reynolds
numbers made us decide to take d ¼ 1:5 as the default shell thick-
ness in the present study. Note that with a ¼ 8, d � 0:2a.

We want to retain as much as possible the simplicity of the COD
procedure as outlined above in situations where the shells of
neighboring spheres overlap and where a shell overlaps the solid
volume occupied by a neighboring sphere, since such simplicity
allows for computational efficiency and the possibility of perform-
ing simulations with large numbers of particles. In this respect it
helps that the shells are relatively thin so that overlapping volumes
are generally small.

In the procedure for overlapping shells as proposed in this
paper, all shells, including those that overlap, keep having their
own concentration fields that are calculated in the same way as
for non-overlapping shells with one exception: when the shell of
sphere i (i ¼ 1 . . . N) overlaps the shell of sphere j – i, for the part
of the outer edge of shell i that is within shell j, the concentration
on that edge of i is determined by interpolation from the concen-
trations in the spherical grid of shell j, not anymore from interpo-
lating the concentrations on the underlying cubic grid. In case part
of the outer edge of shell i overlaps with sphere j itself, the concen-
trations on that part of the edge are set to c = 1. In addition to this
direct interaction between overlapping shells via the concentration
boundary conditions on their outer edges, overlapping shells indi-
rectly interact via the cubic grid. If two shells overlap, a cubic grid
node (given that the shells are thin relative to the sphere radius, at
any moment not more than two shells will overlap a cubic grid
node), the concentration assigned to this cubic node is the average
of the interpolated concentration of the two shells, i.e. the concen-
trations in different shells mix via the cubic grid.

It is anticipated that the above approximations will lead to
some level of overestimation of solid–liquid mass transfer rates
since the spherical shells ‘‘mainly’’ (‘‘only’’ if mixing via the cubic
grid would be discarded) interact through their outer edges: Con-
centrations in one shell do not directly penetrate the other shell.
This generally will lead to a level of underestimation of local shell
concentrations, therefore an overestimation of the radial decay of
concentration from the solid–liquid interface into the fluid, and
thus an overestimation of mass transfer rates. It is to be seen
how strong and how local these effects are. One manner to assess
this – as we will do below – is to compare simulations that have
the same particle configuration (and thus the same flow) but dif-
ferent shell thicknesses such that shells do not overlap for thinner
shells, but do overlap for thicker shells.
3. Results

3.1. Two-sphere test case

As a verification test, the situation as given in Fig. 2 has been
considered. Two spheres are placed side by side – and held fixed
– in a fully periodic, cubic domain with side length W = 8a. Flow
is generated by a uniform body force acting on the liquid. The
main variable in these test cases is the spacing 2s (as defined
in Fig. 2) between the spheres. We study how overall and local
mass transfer depends on the spacing, with for local mass trans-
fer a focus on the gap region. We also compare simulations that
have the same sphere spacing but different shell thicknesses such
as to compare results with overlapping and non-overlapping
shells and further the same physical conditions. The Reynolds
number Re � hui2a=m with hui the volume-averaged velocity in
x-direction was fixed to 1. The Schmidt numbers probed were



Fig. 2. Cross-section through the two-sphere benchmark geometry. The fully
periodic, three-dimensional, cubic domain has side length W = 8a. The liquid is
forced in the x-direction such that a pre-set Reynolds number (defined in the text) is
achieved.

Fig. 3. Sherwood number as a function of time for the two-sphere benchmark at
Re = 1 for three different sphere-spacings s (top to bottom s = 2.25, 1.5, and 0). The
colors in each panel indicate the Schmidt number. Solid curves are for a shell
thickness d = 1.5; dashed curves have d = 2.25. In all cases the sphere radius is a = 8.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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Sc ¼ 10; 30; 102; 3� 102 and 103 respectively; it is anticipated
that errors due to the simplifications introduced for dealing with
overlapping shells will show up stronger for higher Sc.

The resolution of the cubic mesh in this test is such that a ¼ 8.
The spherical grid had uniform spacing in r; h; u directions:
Dr ¼ 0:0234a (8 nodes in radial direction if d ¼ 1:5) and
Dh ¼ Du ¼ p=20. The resolution in radial direction is based on
the following estimate: a time scale for the flow past a sphere is
a=hui. During this time, the scalar diffuses over a distance relative

to the sphere radius of typically
ffiffiffiffiffiffiffiffiffiffiffiffi
pCa=hui
p

a ¼
ffiffiffiffiffiffiffiffi

2p
Re�Sc

q
¼

ffiffiffiffi
2p
Pe

q
with

Pe � Re � Sc the Peclet number. The radial grid should be able to

well resolve this diffusion layer: Dr
a <

ffiffiffiffi
2p
Pe

q
. For the highest Peclet

number of 1000,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p=Pe

p
� 0:08 whereas Dr=a � 0:02 .

In Fig. 3 it is shown how the solid–liquid mass transfer evolves
in time for a number of situations. In the time series, the initial
condition is a fully developed flow and zero concentration every-
where. Then, at t = 0, we start solving the convection–diffusion
equation in the scalar concentration with c = 1 at the sphere sur-
faces. The Sherwood numbers in Fig. 3 are based on an overall con-
centration difference Dc ¼ ð1�m=VÞ, with m the total scalar mass
in the liquid, and V ¼W3 � N � 4pa3=3 the liquid volume with N = 2
the number of spheres in the domain. The initially high Sherwood
numbers are due to the initially very steep @c=@n gradients at the
solid–liquid interfaces. With the development of a scalar boundary
layer Sh decays; the lower the Schmidt number, the faster this
decay. The Sherwood number is approximately steady in a finite
time window, beyond which it goes down again as a result of scalar
mass that approaches the spheres from the front after having
crossed the downstream periodic boundary. The (approximately)
steady values of Sh strongly increase with increasing Sc as
expected. The formal procedure for assigning a steady-state Sher-
wood number is the same as proposed by [34] (and also used in
[24]): if during the last 20% of the time window of a simulations
Sh has changed by less than 1%, the value at the end of that time
window is considered the steady-state value.
Numerical effects are most clearly visible for the cases with
Sc = 1000. For this Schmidt number, the steady values of Sh depend
on the shell thickness; d ¼ 1:5 has lower Sh than d ¼ 2:25. This
effect – including its extent – was also observed for simulations
involving single spheres at low Reynolds numbers [24], and is
therefore not thought to be related to overlapping shells. In the
top panel of Fig. 3, in the case with d ¼ 2:25 as well as the one with
d ¼ 1:5 the shells are not overlapping; in the middle panel the
d ¼ 2:25 shells overlap and the d ¼ 1:5 shells do not; in the lower
panel the two spheres touch and the shells are overlapping one
another as well as some of the volume occupied by the solid
spheres. No qualitative difference between the time series and
the way they depend on shell thickness is observed. The slight
reduction of Sherwood numbers when the two spheres come closer
is a physical effect that has been further detailed below.

A closer look is required to investigate potential artefacts of
shell-overlap. In Fig. 4, local Sherwood numbers are presented for
time instants that fall within the steady-state windows. The angu-
lar profiles (curves) in Fig. 4 reveal that the differences as observed
in Fig. 3 between the cases with d ¼ 2:25 and d ¼ 1:5 in terms of
overall Sh for Sc = 1000 are localized at the front of the spheres,
there where the free stream flow impacts with the spheres. In that
region, the profile for d ¼ 1:5 gives a clearly lower local Sherwood
number as compared to the profile for d ¼ 2:25. The front region,
however, is not a region of overlapping shells. In the two lower
panels of Fig. 4 the spheres touch at angle c ¼ 3p=2. For
Sc = 1000 it can be seen that having a thin shell – and thus less
overlap – is advantageous. With d ¼ 1:5 the local Sherwood



Fig. 4. Local Sherwood numbers for the two-sphere benchmark at Re = 1 for two different sphere-spacings s (top s = 2.25, bottom s = 0) under nearly steady conditions (time
instants as indicated). Left panels Sc = 100; right panels Sc = 1000. Profiles: Sh as a function of angle c (defined in Fig. 2). Contour plots: bottom views of the top sphere; local
Sherwood number. Shav; d¼1:5 is the surface-averaged Sherwood number at d = 1.5. In all cases the sphere radius is a = 8.
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number drops to very close to zero at c ¼ 3p=2, whereas with
d ¼ 2:25 the local Sherwood number is clearly finite at this loca-
tion. At the same time, this small region will not have much impact
on overall (sphere-averaged) mass transfer rates. The color con-
tours in Fig. 4 tell a similar story as the angular profiles. They show
how the reduction in mass transfer rates at the top of the lower
sphere (and bottom of the upper sphere) is resolved by the grid
in the spherical shell, and that minor differences appear as a result
of the choice of shell thickness.

To conclude this two-sphere benchmark, steady-state, sphere-
averaged Sherwood numbers as a function of the distance 2s
between the two spheres are presented in Fig. 5. A reduction of
Fig. 5. Two-sphere benchmark. Steady-state, sphere-averaged Sherwood number
Sh as a function of sphere spacing 2s for two shell thicknesses d (as indicated), and
four Schmidt numbers. The sphere radius is a = 8, Re = 1.
some 20% in the overall, steady Sherwood number is observed
when the side-by-side spheres are touching compared to being
separated by one sphere radius. The results are more sensitive to
the choice of the shell thickness d at higher Sc (as also observed
in Fig. 3); the differences in Sh at Sc = 1000 between the two shell
thicknesses are typically 4%. Similar effects and levels of sensitivity
with d were also observed in single-sphere simulations [24]. They
are thus largely unrelated to interactions between the spherical
grids around the two particles.
3.2. Fixed beds

The random, three-dimensional, fully periodic assemblies of
monosized spheres forming a fixed bed are snapshots taken from
an equilibrated granular gas. Overall solids volume fractions are
in the range / ¼ 0:15—0:40. The interstitial liquid if forced in x-
direction such as to achieve a pre-set Reynolds number: Re = 1, 3,
or 10. The default domain size in the streamwise (x) direction is
L = 24a, and W = 12a in the two lateral directions y and z. We define
a base-case that has / ¼ 0:2, Re = 1, d ¼ 1:5, Dr ¼ d=8, and
Dh ¼ Du ¼ p=20. This base-case contains N = 165 spheres with
radius a ¼ 8.

After the flow in the domain is fully developed and steady, the
mass transfer process is started, i.e. we start solving the convec-
tion–diffusion equation, without updating the flow field anymore.
For each flow field we solve 5 convection–diffusion equations
simultaneously with Sc = 10, 30, 102, 3 � 102, and 103. Steady state
values of the Sherwood number are assigned in the same way as in
the two-sphere benchmark (over the last 20% of the time window a
change in Sh of less than 1% [34]). It can be demonstrated that the
way we assign steady-state, average mass transfer coefficients in
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fixed beds is the temporal equivalent of the way Deen et al. [23]
use spatial evolutions of temperature to determine heat transfer
coefficients.

Impressions of the velocity and scalar fields in xz cross sections
are presented in Fig. 6. The white disks are cross sections through
the monosized spheres. The way the liquid meanders through the
space between the particles is clearly visible in the top panel. It
shows strong variability in liquid velocity; regions that are largely
blocked off by groups of particles, and regions with significant
streaming. Snapshots of the concentration fields in the same cross
section as the velocity field are given in Fig. 6 as well, with the four
different panels relating to different Schmidt numbers. The scalar
snapshots are taken at the same moment after the start of the mass
transfer process. At this moment the domain-average Sherwood
number in all four cases was approximately steady. Clearly, the
amount of scalar that is transferred into the liquid strongly
depends on its diffusivity and it is interesting to note the thin stri-
ations of scalar that form in the wakes of the spheres at the higher
Schmidt numbers. Given the proximity of other spheres and the
related complexity of the flow field, the variation of the rate of
mass transfer over a sphere surface is significant. This is shown
in Fig. 7 for spheres that were selected from Fig. 6. The sphere with
the black clearly feels the two spheres directly below as a reduc-
tion of local mass transfer. Given the thicker mass transfer layers,
this interaction is stronger for the lower Schmidt number of 100.
The sphere with the red is more isolated from the other spheres
and as a result has a more gradual mass transfer distribution over
its surface with high levels on the upstream side (left) and lower
Fig. 6. Top panel: steady velocity field in a cross section through a static bed with / = 0.2
as the density of the velocity vectors in this panel. Bottom: scalar distribution in the same

are the subject of Fig. 7; the arrows indicate the direction of view in Fig. 7.
levels downstream. The main numerical effect in Fig. 7 is that
the simulation with the thicker shell (d ¼ 2:25D) around the black

sphere at Sc = 1000 does not capture the fine minimum mass
transfer spot on the lower part of the sphere. This likely is due to
shells more overlapping in this case. A similar effect was observed
in Fig. 4 (lower right panel) for touching spheres in the two-sphere
benchmark.

Numerical and related issues have been further investigated in
Fig. 8 in terms of domain-averaged Sherwood numbers hShi. The
bottom panel of Fig. 8 explores shell overlap effects. In this panel,
the base-case particle assembly is compared to a particle assembly
where spheres are not allowed to touch; the spheres have a mini-
mum distance between their surfaces of 3 lattice spacings. This
assembly has higher mass transfer than the base case because
the spheres are more evenly distributed over the domain. This is
a physical (not a numerical) effect. More importantly, however,
the mass transfer rates for the non-touching assembly are largely
independent of the shell thickness where for one case ðd ¼ 1:5Þ
shells do not overlap, and for the other ðd ¼ 2:25Þ shells do overlap.
The largest deviation between these two cases is 2.5% and is
observed for Sc = 300. The middle panel of Fig. 8 shows that our
domains are sufficiently large for getting consistent domain-aver-
aged Sherwood numbers; the top panel shows minor dependencies
on resolution (of cubic as well as spherical grids) and (again) shell
thickness.

After investigating potential numerical artefacts in the simula-
tions, we now present results for physical parameter variation.
The variables in our parameter space are /, Re and Sc. The results
and Re = 1. The spatial resolution of the simulation is twice as high in each direction
cross section at t ¼ 3:9hui=ð2aÞ for four different Sc. The spheres marked with and



Fig. 7. Sherwood number distribution over sphere surfaces for the situation in Fig. 6
(/ = 0.2, Re = 1, and Sc as indicated) for two spheres indicated in Fig. 6 with and

. From left to right numerical parameters have been varied. hShi is the steady, bed-
average Sherwood number under base-case conditions at the corresponding
Schmidt number.

Fig. 8. Average, steady-state Sherwood number as a function of Sc for fixed beds
with / = 0.2 at Re = 1. Upper panel: numerical effects (compared to base case:
thicker shell, finer radial grid, finer cubic grid). Middle panel: configuration effects
(different random sphere configuration, larger domain with L = 36a and W = 18a).
Bottom panel: base case compared to a bed with minimum sphere spacing of 3 with
d = 1.5 and 2.25 respectively.
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have been summarized in Fig. 9. The double logarithmic plots on
the left side are given to highlight the Sc1=3 behavior of the average
Sherwood number if hShi is sufficiently high, as is commonly
observed in empirical correlations. If hShi gets below approxi-
mately 10, the 1/3 slope levels off. This is consistent with correla-

tions of the form hShi ¼ Aþ BRenSc1=3 [35] with A = 2 for a sphere

in isolation and (e.g.) A ¼ 2= 1� /1=3
� �

[35] for assemblies of

particles.
There is limited experimental data for the flow systems consid-

ered here with heat transfer data outnumbering mass transfer
data. As long as the heat transfer is a passive process (no free con-
vection) such data can be used for validation of the current simu-
lations (with Nussels replacing Sherwood, and Prandtl replacing
Schmidt). But then again, experiments at high Prandtl numbers
are scarce (Pr of liquid water hardly exceeds 10). A widely used
correlation for heat/mass transfer in fixed and fluidized beds based
on a range of experimental studies and capturing the (/, Re, Sc)
dependencies is due to Gunn [36]:

hShi ¼ 7� 10eþ 5e2� �
1þ 0:7Re0:2Sc1=3
� �

þ 1:33� 2:4eþ 1:2e2� �
Re0:7Sc1=3 ð3Þ

(written here in mass transfer terms) with e ¼ 1� / the poros-
ity. The Reynolds number in the correlation is based on the super-
ficial velocity so that it is consistent with our Re definition.

In the right panels of Fig. 9 we compare the Gunn correlation
with our simulation outcomes. The agreement we consider fair
for low Sc and in the lower part of the /-range (i.e. the high e-
range). For higher Sc, deviations get stronger and the simulation
results show a significantly higher hShi as compared to Eq. (3)
(deviations up to 30% at Sc = 1000). The high Schmidt number
input for the correlation (Eq. (3)) is due largely to experiments
by Rowe and Claxton [35] on ordered beds and liquid fluidized
beds operated at Reynolds numbers of order 100 and higher which
are conditions quite different from ours. Also, deviations between
Eq. (3) and the fluidized bed data of [35] are of the order of 20%
(as shown in Fig. 8 of Gunn [36]).
3.3. Dynamic beds

The full potential of our COD approach is used when we allow
motion of the spheres relative to the cubic grid, and motion of
the spheres relative to one another. In doing such simulations,
we benefit from the fact that COD does not need a refill procedure
for the scalar concentration in the cubic nodes that get uncovered
by a moving particle; the spherical grid surrounding each particle
takes care of assigning these concentrations. The dynamic particle
simulations have one additional dimensionless degree of freedom
for which we take the solid-over liquid density ratio qp=q (the
alternative is defining a Stokes number that combines the density
ratio and the Reynolds number: Stk ¼ 1

18
qp

q Re). Compared to the

algorithm of the fixed bed simulations, the main difference is that
now the multiphase flow dynamics and the scalar transport need
to be solved concurrently. The numerical procedure for solving
the convection diffusion equation (Eq. (1)) in fixed and dynamic



Fig. 9. Domain averaged Sherwood numbers hShi in fixed beds. Left: hShi as a function of Sc for / = 0.2 (bottom) and 0.3 (top) at various Re. Right: hShi as a function of / for
Re = 1 (bottom) and 10 (top) for four Schmidt numbers as indicated. The drawn curves in the right panels represent Eq. (3) [36].
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beds is essentially the same. As for the fixed beds, first the flow
dynamics is developed before we include solving the convection–
diffusion equation in the numerical procedure. In the dynamic
solid–liquid flow simulations it requires some tuning to reach
the desired Reynolds number which (to allow for direct compari-
son with static beds) is now based on the volume-averaged veloc-

ity hui and the average particle velocity hvx;pi: Re ¼ hui�hvx;pi½ 	2a

m . As
the tuning parameter the gravitational acceleration is used. The
tuning is considered sufficiently fine if the time-averaged Reynolds
number is within ±5% of the target Reynolds number (i.e. between
0.95 and 1.05 if we aim for Re = 1.0).

Results for base-case conditions, including the base case
domain size of L = 24a and W = 12a, and a density ratio of
qp=q ¼ 4 are presented in Figs. 10 and 11. Fig. 10 shows a number
of time series. The Reynolds number weakly fluctuates during the
time span over which we run the full (i.e. flow dynamics plus scalar
transport) simulation. This is also true for the Sherwood number of
two randomly selected spheres (middle panel) where the inset
contour plots show some of the local variability of the Sherwood
number over the surface of one of these two spheres at two differ-
ent times. The Sherwood number averaged over all spheres, how-
ever, follows a smooth evolution (lower panel of Fig. 10) and
allows for determining a steady-state value in the same way as
before (less than 1% change over the last 20% of the time series
[34]).

These average, steady Sherwood numbers are presented and
compared to fixed bed results in Fig. 11. The most important con-
clusion from this figure is that in all cases considered, the simula-
tions with dynamic particles have lower (sometimes only slightly
lower) overall Sherwood numbers as compared to their static par-
ticle counterparts. Although also Rowe and Claxton report lower
Sherwood numbers for liquid fluidized beds compared to fixed
beds [35], our result is somewhat counterintuitive as one might
expect the additional flow brought about by the fluctuating motion
of the particles relative to one another to induce mixing [37] and
subsequently to enhance mass transfer. In what follows we will
argue that such fluctuations could actually be detrimental to the
solid–liquid mass transfer process.
First, however, we have verified that numerical or algorithmic
issues are likely not the reason for the reduction in mass transfer
in dynamic beds. Results with dynamic particles held at fixed rel-
ative positions have been included in Fig. 11 (black r symbols in
the left panel). In the latter simulations, the relative particle loca-
tions are the same as in the base-case fixed bed. All particles
now move relative to the cubic grid with all of them having the
same velocity in x-direction such that Re = 1. In a physical sense,
this is the base-case fixed bed, now moving in a reference frame
with constant velocity. The algorithm correctly deals with this sit-
uation: the Sherwood numbers of the translating bed are very close
to the fixed bed values (see Fig. 11, left panel).

A translating bed is akin to a fluidized bed with the particles
having very high inertia. For this reason the effect of the density
ratio qp=q on the mass transfer rates has been studied for fluidized
beds with Re = 1 and / ¼ 0:2. The density ratio was varied in the
range qp=q ¼ 1:25—2� 103. At the higher density ratios (typically
for qp=q P 50) in the standard domain (with size L = 24a, W = 12a)
fluidization quickly turns inhomogeneous with the development of
voidage waves that travel in positive x-direction. The very interest-
ing consequences these local dilations and compressions of the sol-
ids phase have for mass transfer rates fall outside the scope of the
present paper. Reducing the size of the domain in x-direction to
L = 8a largely suppresses the waves and keeps fluidization homo-
geneous up to the highest density ratio considered. The reduction
of the domain length by a factor 3 increases the statistical uncer-
tainty when determining steady-state, domain averaged Sherwood
numbers. To mitigate this and to make fair comparisons with
results obtained in domains with default size, the mass transfer
simulations have been repeated three times per case, starting from
a statistically independent, fully developed flow field, and the mass
transfer rates were subsequently averaged. In Fig. 12 the results
have been summarized.

In the top panel of Fig. 12 it is confirmed that for (very) high solids
density, the mass transfer rates in fluidized beds and in fixed beds are
approximately the same. The transition towards transfer rates com-
parable to fixed beds occurs in the range 100 6 qp=q 6 500. The
other panels of Fig. 12 assist in exploring the reasons for this transi-



Fig. 10. Time series of dynamic beds; base-case conditions and qp=q ¼ 4. Top:
Reynolds number; middle: Sherwood number of two randomly selected spheres
(named A and B) including a view of the distribution of Sh over the surface of sphere
A at two moments in time; bottom: domain-averaged Sherwood number. Schmidt
numbers as indicated.

Fig. 11. Domain averaged, steady state Sherwood number hShi as a function of Sc at
/ = 0.2 (left) and 0.3 (right). Comparison between dynamic beds (‘‘dyn’’), fixed beds
(‘‘fxd’’), and translating beds (‘‘trns’’). The dynamic beds have a density ratio
qp=q ¼ 4.

Fig. 12. Dynamic bed simulations at / = 0.2 and Re = 1. (A) (top panel) Domain
averaged, steady state Sherwood number hShi as a function of density ratio;
Schmidt numbers as indicated; dashed horizontal lines are static bed Sherwood
numbers. (B) Mean square displacement of particles in streamwise (x) and
transverse (t) directions over a time period of 4 � 2a= hui � hvx;pi

� �
. (C) Average drag

per sphere relative to Stokes drag hF
Di �
FD

6paqm hui�hvx;p i½ 	; dashed line is the static bed

value. (D) Average number of collision per particle and per time period
2a= hui � hvx;pi

� �
, symbol nc .
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tion. In the bottom panel [D] it is shown how the collision frequency
behaves as a function of the density ratio. At qp=q ¼ 4 the collision
frequency goes through a maximum; beyond qp=q � 100 collisions
between spheres become rare. Panel [C] explores the average drag
force (made dimensionless by Stokes drag at slip velocity) on the
spheres as a function of the density ratio. Panel [B] shows the
mean-square displacement r2 of the fluctuating motion (average
motion subtracted) of the particles in streamwise (x), and in the
transverse (t) direction (transverse results shown are the average
in y and z-direction) over the period from the start of the mass trans-
fer process t = 0 to t hui � hvx;pi

� �
=2a ¼ 4. Over this time window,

steady state mass transfer rates have established themselves (see
Fig. 10). Note that the transverse mean square displacements are
generally more than one order of magnitude smaller than the ones
in streamwise direction.

The trends in the drag force largely match those in the Sher-
wood number. They hint at hydrodynamic shielding for the lower
density ratios as a result of which average drag decreases. Such
micro-structural effects will have impact on mass transfer with
lower transfer rates for shielded particles and thus could explain
lower overall mass transfer in dynamic beds as compared to fixed
beds. We leave a more detailed account of the consequences of
micro-structure on mass transfer for future studies.

An additional (or alternative) reason for reduction of mass
transfer in dynamic beds lays in particle displacement fluctuation
levels. A transition to low r2-values occurs in approximately the
same density ratio range as the Sherwood numbers transit to
fixed-bed values. This also could explain why for modest density
ratios fluidized beds have lower mass transfer rates than the fixed
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beds: erratic motion of particles in (mainly) the streamwise direc-
tion makes that they – from time to time – move in positive x-
direction (i.e. opposite to their average motion) and as a result
move into their mass transfer wake which has (on average) high
scalar concentrations. This reduces the mass transfer process
(locally there is a lower Dc driving force for scalar transfer). If fluc-
tuations get weaker as a result of increased solids density this
effect gets weaker and mass transfer rates increase.

Collision rates seem less important. The transition towards low
collision rates is largely completed beyond qp=q � 100 which is
where the increase in Sherwood numbers with density ratio only
begins.
4. Summary and conclusions

A coupled overlapping domain (COD) approach has been
applied to study mass transfer in solid–liquid systems where the
solids consist of equally sized spheres. An extension of its original
form [24] was needed to apply COD’s to multi-sphere assemblies
with each sphere surrounded by a thin shell (thickness order 0.1
times the sphere diameter) with a fine grid in radial direction to
resolve the mass transfer boundary layer, and a background cubic
grid. Multiple spheres in dense suspension then inevitably lead to
overlap of shells. Dealing with overlapping shells was done in a
heuristic way: simple mixing rules for the concentrations in over-
lapping grids (shell grids and background grid) were devised and
tested with a two-sphere benchmark. Comparison between simu-
lations under the same physical conditions but with different shell
thicknesses showed that overlap of shells only contributes margin-
ally to uncertainties in the computational results that were cast in
the form of local, as well as sphere-averaged Sherwood numbers.

Further numerical verifications were conducted in fixed, ran-
dom assemblies of solid spheres in domains with solids volume
fractions in the range / = 0.15–0.4 at superficial Reynolds numbers
in the range 1–10. Again, limited effects of the assumptions and
simplifications associated with overlapping shells were observed.
Furthermore, effects of resolution (of the cubic grid as well as of
the spherical grids) were assessed. Grid effects were weaker as
compared to our previous paper [24] which is mainly due to the
higher particle-based Reynolds and Peclet numbers in the latter.

Physical parameter variation in fixed beds recovered the
(expected) Sc1=3 behavior of the domain-averaged Sherwood num-
ber if we are in a convection dominated regime. Dependencies of
domain-averaged Sherwood numbers on the solids volume frac-
tion and Reynolds number were in reasonable agreement with
the empirical correlation of Gunn [36] in the lower end of the
Schmidt number range investigated. At higher Schmidt numbers
(Sc = 300 and 1000), deviations of up to 30% were noted with the
simulation result being systematically above the Sherwood num-
bers predicted by the correlation.

The numerical approach can also be used for situations where
the spheres move relative to the cubic background grid, and rela-
tive to one another. This allowed for direct comparison between
a fixed bed and a fluidized bed that have the same dimensionless
parameters (/, Re, Sc). For density ratios typical for solid–liquid
suspensions (qp=q ¼ Oð10Þ), the Sherwood numbers of fluidized
beds were found to be lower as compared to fixed beds. Based
on variation of the density ratio over a wide range (where beyond
qp=q � 500 mass transfer rates for fluidized beds converge to
fixed-bed results), it was hypothesized that reduction of mass
transfer in fluidized beds is a physical effect related to hydrody-
namic shielding and/or fluctuating particles motions. Evidence
for shielding was found when assessing the average drag as a func-
tion of the density ratio. Fluctuating particle locations, from
time-to-time, reduce the driving force for mass transfer.
Further work will certainly focus on the suspension’s micro
structure and on inhomogeneous fluidization and how they trans-
late in the mass transfer performance. In some preliminary simula-
tions it was observed that voidage waves significantly reduce
overall mass transfer rates. Other avenues for follow-up research
are the inclusion of chemical reactions at the solid–liquid inter-
faces to the simulations procedure so as to start predicting reactor
performance. The good resolution at the interfaces will be benefi-
cial in assessing to what extent the flow is able to bring reagents
to the interfaces, and transport products back into the bulk phase.
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