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The critical conditions for the suspension of single, spherical solid particles by a liquid flow in a square container
driven by a rotating disk have been determined. In the experiments, the motion of the sphere has been visualized quanti-
tatively. The conditions are such that the flow in the container is laminar (Reynolds numbers based on the rotating disk
characteristics are in the range 10–40). The Archimedes numbers of the spheres are of order 1. The suspension process
has also been numerically simulated with full resolution of the liquid flow, including the flow around the sphere, and
the translational and rotational motion of the sphere. The simulations recover the critical conditions to within 3% in
terms of the rotational speed of the disk. Also the sphere’s trajectory in the container is reproduced well by the simula-
tions. VC 2015 American Institute of Chemical Engineers AIChE J, 61: 1455–1469, 2015

Keywords: solid suspension, rotating disk, quantitative visualization, direct numerical simulation, lattice–Boltzmann
method, stirred tank

Introduction

Suspending solid particles in a liquid flow is relevant in
many situations and applications. Examples are slurry pipe-
lines, sediment transport in rivers and coastal regions, and
heterogeneous and catalytic chemical reactors. In batch reac-
tors, suspension of particles is a means of promoting solid-
liquid mass transfer by exposing as much as possible solid
surface area to a strong turbulent flow that is usually gener-
ated by an impeller. Designing effective ways of creating
flow conditions that achieve entrainment of solids, therefore,
contributes to process performance and efficiency. In the
research on this topic, emphasis has been placed—for good
reason—on finding critical conditions for solids suspension:
what minimum flow, and thus what minimum power input,
is needed to mobilize and suspend solid particles? In this
field, seminal work has been performed by Zwietering1 who
systematically addressed the above question for the flow gen-
erated by impellers in mixing tanks. Zwietering’s work has
been extended and refined by many others (Nienow,2 Baldi

et al.,3 and Davies4). Montante et al.5 combined experimental
and computational (computational fluid dynamics, CFD)
methods to study solids suspension in mixing tanks. Recent
work on solids suspension in stirred tanks deals with mix-
tures of different types of particles6,7 and addresses impor-
tant questions about the interaction between the different
particle types.

Besides reactor engineering, the topic of incipient motion
of solids in liquids has attracted considerable attention by
environmental fluid mechanists who study sediment trans-
port.8,9 Recent work has reviewed and highlighted the lim-
ited reproducibility of past experiments on incipient motion
and suggests ways to improve this.10

Conceptually, the situation of entraining solid particles in
a liquid flow is rather simple. A collection of solid particles
has settled on the bottom of a container that contains mostly
liquid. Agitation of the liquid creates a flow that exerts
forces on the particles. If the flow gets sufficiently strong,
particles start moving, first rolling over the bottom or over
one another, later being entrained by the liquid and moving
through the container. The drag force is the major coupling
between solid and liquid. With this realization, some of the
complications become apparent. We are dealing with drag in
the vicinity of a wall and/or in the vicinity of many other
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particles. For the former situation, drag near a wall, theoreti-
cal results for drag due to simple (shear) flow on single
spherical particles in the low (particle-based) Reynolds num-
ber range are available;11–13 some computational studies14–16

have extended this to higher Reynolds numbers. Segre and
Silberberg reported lateral migration effects of particles mov-
ing in the vicinity of a wall.17 Also knowledge on the drag
force on spherical particles in dense, homogeneous suspen-
sions is ubiquitous.18 Complications relate in the first place
to the very inhomogeneous distribution of solids closely
above the bottom. If a bed of solids has formed, the solids
volume fraction can vary by orders of magnitude from
within the bed to slightly above the bed over distances of a
few particle diameters. For such inhomogeneous distribu-
tions, drag force relations are not available. In the second
place, the flow that entrains the particles might not be a sim-
ple, canonical flow. It might, for instance, be a turbulent
boundary layer that additionally is perturbed by the presence
of the particles.

Recent experimental and computational work steps back
from some of the complications as outlined above and con-
siders the fundamental aspects of solids suspension mecha-
nisms in relatively simple situations under well-controlled
conditions.19,20 A similar approach is taken in this article
where we follow in great detail the scenario for entrainment
of a single spherical particle by the laminar (though inertial)
liquid flow in a container generated by a spinning disk. Dif-
ferent from other works, our experimental configuration
resembles an agitated tank and in follow-up research, we
plan to systematically add complexity (an impeller as used
in practical applications instead of a disk, multiple particles,
higher Reynolds numbers, and eventually turbulence). The
current setup allows for detailed and accurate quantitative

visualization of the motion of the spherical particle. In addi-
tion, the mobilization scenarios are designed such that they
can be simulated directly, “directly” meaning with full reso-
lution of the flow and the interactions between solid and
liquid.

Therefore, the aims of the research described in this article
are (1) to provide a highly reproducible base-case of solids
suspension in an agitated tank, the results of which can be
used to derive and tune models and (CFD) simulation tools;
(2) identify—by relating experimental and simulation
results—solids suspension mechanisms in agitated, confined
flows; (3) critically validate our own computational approach
by comparison with the detailed experiments; (4) to build on
this base-case and systematically work toward more complex
agitated systems and suspension mechanisms.

The organization of this article is as follows: in the next
section, the experimental flow system is described including
identification of the dimensionless numbers that govern the
flow. Subsequently, experimental methods for determining
critical entrainment conditions and quantitative visualization
of sphere motion are presented. Then, our existing numerical
framework is outlined briefly where emphasis is placed on
the necessity of modeling the lubrication force between par-
ticle and bottom wall. In the “Results and Discussion” sec-
tion, first experimental observations are given, followed by
the comparison of experimental and computational results.
The computations give detailed insights in the flow in the
direct vicinity of the sphere which allows the experimental
results to be placed in context. The final section summarizes
the main conclusions and suggests future research directions.

Experimental Setup

Flow system

Flow is being generated by spinning a circular disk in a
square, flat bottomed container filled with a Newtonian liq-
uid. This geometry, including a coordinate system that will
be used throughout the article, is shown in Figure 1. Gravity
points in the negative z-direction. The main dimension of the
tank is the length of its base: T 5 0.220 m. The other dimen-
sions of tank and disk have been derived from T, as indi-
cated in the figure. Once the geometry is fixed, the flow in
the tank is fully characterized by a Reynolds number that we
define as Re5 ND2

m with D5T=2 the disk diameter, N the rota-
tional speed of the disk (in rev/s), and m the kinematic vis-
cosity of the liquid. The Reynolds number in this study is of
the order of 10 so that the flow is laminar, however, with
appreciable inertial effects.

At the top of the tank, the liquid has a free surface. The
bottom and side walls are transparent for optical access. The
liquid is a silicone oil (purchased from Shanghai Lubao
Company, density q 5 977 kg/m3) which was chosen for its
weak dependency of viscosity on temperature. Preliminary
experiments were done with glycerol. Glycerol’s pronounced
temperature-dependent viscosity in combination with viscous
heating was, however, detrimental for reproducibility of the
experiments. This instigated the choice for a silicone oil.
Directly before and after each experiment, the temperature
of the oil was measured at two locations, as indicated in Fig-
ure 1. The viscosity assigned to the specific experiment (and
used to, e.g., determine the Reynolds number) is based on
the average of the four temperature readings and the rela-
tionship between temperature and viscosity as measured with

Figure 1. Agitated tank geometry: a circular disk spins
in a square tank with side length T 5 0.220 m.

The off-bottom clearance of the disk is either C 5 0.25

or 0.20T. The origin of the coordinate system is in the

center of the bottom. Temperatures were measured

before and after each flow experiment at the locations

indicated.
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a RS150L Rheometer (Haake, Germany), see Figure 2. Tem-
perature gradients do develop in the experiment. However,
the maximum difference between the four measured temper-
atures was less than 0.5�C, which implies a variability of
less than 1% in the viscosity. During whole of the experi-
mental campaign, the room temperature was controlled at
23�C.

Various spherical solid particles with different diameters
dp and densities qp were used in the experiments (Table 1).
The particles were carefully selected for their spherical shape
and the tolerance in the diameter (as measured in different
directions) is within 1%. The presence of a spherical particle
in the flow gives rise to additional dimensionless numbers.
Various choices can be made in this respect. In this article,
we will be working with the density ratio qp=q, the ratio of

particle diameter over disk diameter dp=D, the Archimedes

number Ar � gd3
p

m2

Dq
q (with g gravitational acceleration, and

Dq � qp2q), and an inertial Shields number21 defined as

h � qN2D2

gDqdp
. The Archimedes number relates to a Reynolds

number of the particle settling in quiescent liquid. The iner-
tial Shields number is indicative for the ratio of inertial
stress exerted on the particle by the flow due to the rotating
disk and gravity-induced stress.

Experimental procedure and visualization

An important goal of the experiments is to quantify criti-
cal conditions for the sphere getting suspended. As a metric,
we determine the lowest rotational speed of the disk for
which the sphere is lifted off the bottom of the tank. For
this, the experimental procedure is as follows: the sphere is
placed in still liquid on the bottom of the tank with center
location x; y; zð Þ5 0:0;20:409T; 0:5dp

� �
. The disk is set to

rotate and accelerates very slowly (by 2 rpm/min). The flow
this generates makes the sphere roll over the bottom to the
center of the tank. At some point, the sphere starts rising
along a vertical line that coincides approximately with the
center line of the tank. The sphere eventually hits the bottom
surface of the disk, rolls underneath the disk and eventually
is ejected into the bulk of the tank. The critical rotational

speed of the disk at lift off of the sphere we call NLO. The
procedure for determining NLO is repeated at least two times.
The value of NLO is reproducible within 1.5%. The reported
values for NLO (see the Results section) are averages of
duplicate experiments. Lift-off disk speeds as a function of
particle properties (size and density) and the disk’s off-
bottom clearance C (Figure 1) are important outcomes of
this study.

Once lift-off disk speeds have been determined, particle
trajectories are measured by means of quantitatively visualiz-
ing the motion of the sphere: rolling over the bottom, rising
vertically near the center of the tank, and rolling underneath
the disk along a spiraling path. The complete and well-
defined scenario for measuring solid suspension has been
designed so that it can be reproduced in numerical simula-
tions (to be discussed in this article as well). The scenario as
executed in the visualization experiments involves a much
faster acceleration of the disk (typically by 100 rpm/s)
toward the critical rotational speed based on the lift-off
experiments as described earlier. If the sphere does not get
suspended, the procedure is repeated with the target rota-
tional speed increased by 1 rpm. Surprisingly, critical lift-off
rotational speeds NLO as measured with high-acceleration
rates hardly differ from those at the lower acceleration rates
(by less than 1%) and differences might as well be due to
differences in viscosity.

The motion of the sphere is tracked by two high-speed
camera’s (FASTCAM-ultima APX, Photron Company). As
shown in Figure 3, Camera A looks from the side and cap-
tures the vertical rise trajectory of the sphere between bottom
and disk. Camera B looks up through the bottom and is used
to record the trajectory of the initial rolling over the bottom
and the spiraling motion underneath the disk. The spheres
were painted white, and strong lighting was used to get clear
and contrast-rich images. Typical frames taken from below
and from the side are presented in Figure 4. The different
stages of particle motion were captured in separate experi-
ments and with frame rates and resolutions that depend on
estimates of local particle velocity. The horizontal motion
over the bottom and the vertical motion toward the disk are
relatively slow and were recorded at a rate of 250 frames per
second (fps) for the glass and silicon nitride spheres and at
125 fps for the plastic sphere (the latter moves slower) which
allowed the maximum camera resolution of 1024 3 1024 pix-
els2 to be used. The motion underneath the disk is much faster
and is filmed at 1000 fps for the glass and silicon nitride
spheres and 250 fps for the plastic sphere with a resolution of
512 3 512 pixels2. The frame rates for the different stages
(and particles) have been selected sufficiently high so that
motion blur is virtually absent in the camera frames.

The digital camera frames were processed and analyzed in
a Matlab environment to determine the center location of the

Figure 2. Measured dynamic viscosity as a function of
temperature of the silicone oil used in the
experiments.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 1. Experimental Input Parameters

Case Particle qp=qð2Þ C=Tð2Þ dp (mm) vq (Pa�s) Ar (2)

E1 Glass 2.50 0.25 10 2.143 3.07
E2 8 2.137 1.58
E3 5 2.151 0.38
E4 0.2 10 2.149 3.06
E5 8 2.143 1.57
E6 5 2.140 0.39
E7 Silicon

nitride
3.33 10 2.148 4.74

E8 Plastic 1.43 10 2.110 0.91
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sphere as a function of time. First, the Canny Edge Detec-
tor22 was used as a preprocessing step to identify pixels that
are on the circular edge of the image of the sphere in each
frame. A Hough transform23 was selected to group all the
edge pixels according to the equation of a circle. The accu-
racy of the latter step is enhanced by the fact that we know
(from a calibration) how many pixels correspond with the
sphere radius. The image processing procedure has been
illustrated in Figure 5. The center location of the sphere is
determined with an uncertainty of 1 pixel. For the bottom-
view frames, 1 pixel corresponds to 0.235 mm with the
10242 as well as with the 5122 resolution; for the side view,
1 pixel corresponds to 0.063 mm.

An overview of the input parameters of the (in total eight)
experimental cases is given in Table 1. The main input vari-
ables in the experiments are the particle (five different solid
spheres have been used), and the distance between the

bottom of the tank and the bottom surface of the disk (sym-
bol C, see Figure 1) for which two values were considered.
With C, we control—to some extent—the strength of the
flow over the bottom of the tank.

Numerical approach

The systems as studied experimentally were also investi-
gated numerically. In the numerical simulations, it was
attempted to accurately mimic the geometry and physical
conditions of the experiment—including the transients asso-
ciated to the startup of the flow—and to fully resolve the
hydrodynamics, including the flow around the sphere and its
associated translational and rotational motion.

The lattice–Boltzmann (LB) method24,25 was used to solve
the liquid flow field. More specifically, the scheme proposed
by Somers and coworkers26,27 was applied. It uses a uniform,
cubic grid and steps in time in an explicit manner. In the

Figure 3. Optical layout: Camera A captures the side view; Camera B the bottom view.

Figure 4. Sample frames.

Left: bottom view with the sphere rolling under the disk; right: side view with the sphere rising toward the disk.
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simulations, the grid spacing (symbol D) and time step (Dt)
are the units of space and time, respectively, these are
termed “lattice units.” The translation to and from physical
systems is made by matching the dimensionless numbers in
simulations with those in experiments. In general, LB meth-
ods use a compressible model for the fluid. As we want to
simulate incompressible flow, the fluid’s speed juj should be
kept much lower than the speed of sound. In the LB frame-
work, the speed of sound is of order one in lattice units.
Therefore, we require u � u� 1. This criterion is achieved
by restricting the tip speed of the disk (vtip5pND) to values
of order 0.1 in lattice units. The tip speed is a good measure
for the highest liquid velocity in the tank. In numerical
terms, this restriction means that we use a small time step:
we need many time steps (of the order of a few thousand) to
complete one disk revolution.

The no-slip walls of the tank (bottom and side walls) are
imposed by a halfway bounce-back boundary condition.25

The free-slip condition at the top surface is implemented by
a halfway specular reflection rule.25 The rotating disk and
shaft are represented by a large set of off-grid points on their
surface with a spacing of 0:7D. At these points, we enforce
no-slip by applying a force on the liquid that is controlled in
such a way that the liquid velocity at the surface points
(determined via linear interpolation from the lattice) matches
the solid surface velocity due to the rotation. This variant of
the immersed boundary method was developed in 199928

and has as been applied to agitated flow systems many
times.

The solid sphere is also accounted for by means of the
immersed boundary method. The local forces on the liquid
to maintain no-slip at the surface of the sphere are integrated

over the sphere’s surface to determine the total hydrody-
namic force and torque on the sphere.29 In addition to the
hydrodynamic force and torque, the sphere feels net gravity
(gravity minus buoyancy) and lubrication forces (see below
for more details) that are subsequently used to numerically
solve the sphere’s equations of translational and rotational
motion. The updated location and translational and rotational
sphere velocities are fed back to the liquid flow as updated
no-slip boundary conditions, thus creating a tight and realis-
tic coupling between flow and sphere dynamics.30 A calibra-
tion procedure29,31,32 has been applied to correctly place the
off-grid surface points that represent the sphere in the
immersed boundary method.

The sphere collides with the container walls according to
a two-parameter model33 involving a restitution coefficient e
51 and a friction coefficient l50:1. For solid particles
immersed in liquid, the restitution coefficient is not a sensi-
tive parameter as most of the dissipation associated with a
collision takes place in the liquid, not on hard-sphere con-
tact.34 A nonzero friction coefficient l is needed to allow for
rolling over solid surfaces with the precise nonzero value of
l of less importance.35 The sphere collides with the disk in
a manner akin to soft spheres interactions, with a repulsive
force being applied when the sphere volume starts to overlap
the disk volume. The strength of repulsion is such that for
typical sphere-disk encounters the collision time is of the
order of 10Dt. Over this time interval, the disk rotates about
1�.

An important modeling aspect of the simulations is the
lubrication force between sphere and bottom wall. In the lift-
off experiments, the sphere moves over and closely above
the bottom for a considerable amount of time. If the width

Figure 5. Image processing steps in detection of the sphere position: (a) raw camera frame; (b) image after edge
detection; (c) image with fitted circle and center location.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 2. Lift-Off Impeller Speed NLO and Derived Quantities

Case Particle qp=qð2Þ C=Tð2Þ dp (mm) vq (Pa�s) Ar (2) NLO (rpm) vtip;LO (m/s) ReLO (2) hLO (2)

E1 Glass 2.50 0.25 10 2.143 3.07 342 1.97 31.44 2.66
E2 8 2.137 1.58 326 1.88 30.06 3.02
E3 5 2.151 0.38 310 1.79 28.40 4.37
E4 0.2 10 2.149 3.06 284 1.64 26.04 1.83
E5 8 2.143 1.57 274 1.58 25.19 2.13
E6 5 2.140 0.39 263 1.51 24.21 3.14
E7 Silicon nitride 3.34 10 2.148 4.74 410 2.36 37.61 2.46
E8 Plastic 1.43 10 2.110 0.91 120 0.69 11.21 1.14

AIChE Journal April 2015 Vol. 61, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 1459

http://wileyonlinelibrary.com


Figure 6. (a) Lift-off Reynolds number as a function of the Archimedes number for glass spheres; off-bottom disk
clearance as indicated.

(b) Lift-off Reynolds number of dp 5 10 mm spheres of different density for C=T 5 0.2 (note the double-logarithmic scale in panel

[b]).

Figure 7. Sphere motion for experimental case E1 (10 mm glass sphere and C/T 5 0.25).

(a) Rolling motion over the bottom; (b) spiraling motion under the disk; (c) vertical location as a function of time; (d) vertical

velocity as a function of time. The panels show two realizations of the experiment (R1 and R2). The direction of rotation of the

disk has been indicated in panels (a) and (b). In the bottom panels, t 5 0 is defined as the moment the gap between bottom wall

and sphere is 0:1dp. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

1460 DOI 10.1002/aic Published on behalf of the AIChE April 2015 Vol. 61, No. 4 AIChE Journal

http://wileyonlinelibrary.com


of the gap between the tank bottom and the sphere surface
(symbol s) is typically less than one lattice spacing D and the
sphere has a velocity component in the direction normal to the
bottom, the flow simulation does not sufficiently resolve the
hydrodynamic interaction between the bottom wall and the
sphere. For that reason, we then supplement the hydrodynamic
force as obtained from the immersed boundary/LB method
with the lubrication force in radial direction (which is the wall-
normal direction and thus the vertical direction for bottom-
sphere interactions). Analytical expressions for the lubrication
force are available based on a creeping flow assumption in the
gap between the solid surfaces.36 To smoothly switch between
lubrication forces being active (at small s) and inactive (at
larger s), a procedure proposed by Nguyen and Ladd37 has
been followed. It involves the parameter s0 which is the dis-
tance below which the lubrication force becomes active. To
avoid divergence of the lubrication force for s # 0 and to
account for surface roughness, a second parameter s1 saturates
the lubrication force for small s. The eventual expression for
the wall-sphere radial lubrication force reads21

Flub52
3

2
qmd2

p

1

s1

2
1

s0

� �
n � up

� �
n s � s1

Flub52
3

2
qmd2

p

1

s
2

1

s0

� �
n � up

� �
n s1 < s < s0

Flub50 s � s0

(1)

with n the unit normal to the wall, pointing into the liquid

(e.g., n5ez for the bottom wall), and up the velocity of the

sphere. Throughout this study, s050:1dp and s151024dp.

Tangential lubrication forces and torques have been

neglected in this study because they are much weaker than

the radial lubrication force.36 We will compare results of

simulations that include with those that do not include the

lubrication force model.

The overall spatial resolution of the simulations is dictated
by the sphere. One needs of the order of 10 lattice distances
over a sphere diameter (dp � 10D) to properly resolve the
flow around it at moderate, sphere-based Reynolds num-
bers.29 Therefore (as an example), with a 10 mm sphere, and
given the uniform, cubic lattice, the grid size for the entire
tank becomes 220-cubed. The impeller then has a diameter
of D � 110D. Given compressibility constraints (disk tip

speed not exceeding 0.1 in lattice units), the rotational speed
of the disk is approximately N � 331024=Dt which implies
that the disk makes one revolution in about 3300 time steps.
To match a certain experimental Reynolds number (say
Re5 ND2

m 5 30), the kinematic viscosity needs to be set to
m �0.12 (in lattice units).

The impact of resolution on the results has been checked
by comparing simulations on four different grids (such that
dp58D; 10D; 12D; and 14D, respectively) that have the
same dimensionless numbers, and thus represent the same
physical situation.

Results

Lift-off impeller speeds

In Table 2, the results of lift-off experiments have been
summarized. A first observation is that, for the glass spheres,
the lift-off disk speed is to a fair approximation independent
of the size of the sphere: reducing the sphere diameter by a
factor of 2 (and thus its weight by a factor of 8) reduces the
lift-off disk speed by less than 10% (for C=T 5 0.25 as well
as for C=T 5 0.20). This observation—that has been graphi-
cally displayed in Figure 6a—contradicts the hypothesis that
the inertial Shields number h is the controlling parameter for
lift off. Such a hypothesis is based on the suspending force
scaling with inertial stress times surface area of the sphere
Fsusp / qN2D2d2

p, and net gravity being Fng / gDqd3
p. Their

ratio is equal to h � qN2D2

gDqdp
. From Table 2, it is clear, how-

ever, that h is not constant at lift off for the same particle
material and at fixed C=T. The critical disk speed being
almost independent of particle size does suggest that the sus-
pending force scales, just as the sphere’s weight, with the
volume of the sphere, not with its surface area. Figure 6a
also shows—not surprisingly—that placing the disk closer
above the tank bottom makes suspending the sphere easier.

The second major observation relates to the lift-off disk
speed as a function of the density of the solid material, the
sphere is made of (at constant sphere diameter dp 5 10 mm
and constant C=T 5 0.20). The hydrodynamic force required
to suspend the sphere has to overcome gravity which is pro-
portional to Dq. By plotting Dq=q vs. ReLO (at constant disk
diameter and almost constant viscosity the latter is a dimen-
sionless measure for NLO), as done in Figure 6b, it is

Figure 8. Trajectories of dp 5 10 mm spheres over the bottom of the tank.

(a) Effect of disk acceleration at conditions E1 (Table 2); disk accelerations of 100 rpm/s, 66.7 rpm/s, and 50 rpm/s as indicated.

(b) Effect of the disk’s off-bottom clearance (E1 vs. E4) at 100 rpm/s acceleration. (c) Effect of sphere density at C=T 5 0.20 at

100 rpm/s acceleration. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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concluded that approximately ReLO / Dq=qð Þ0:7. This
implies that the suspending force scales as
Fsusp / N1=0:7 � N1:4, that is, in between viscous (Fsusp / N)
and inertial (Fsusp / N2) scaling. Further interpretations of
the results in Table 2 will be presented in the context of the
results of numerical simulations.

Visualizations of the motion of the sphere

Three subsequent stages in the particle suspension process
have our particular interest: (1) rolling of the sphere over the
bottom; (2) lift off and vertical rise over the center line of
the tank; (3) spiraling motion underneath the disk and ejec-
tion into the tank. For two realizations of experimental case
E1, the results of the quantitative visualizations are shown in
Figure 7. In this case, the disk is accelerated from rest to
NLO 5 342 rpm with a constant acceleration of 100 rpm/s so
that NLO is reached after 3.42 s. The sphere rolls over the
bottom along a curved path and reaches the center of the
tank after 5.54 s. It then gets lifted off, hits the lower surface
of the disk, spirals around, and is eventually swirled out.
The experiment shows good reproducibility in all three
stages. For the vertical part of the trajectory, the velocity of
the sphere has been determined by numerical differentiation
(central differences) of location as a function of time (Figure
7d). This differentiation brings out some noise in the loca-
tion data. Overall, however, the velocity signal is smooth.
The sphere accelerates to a distinct peak velocity of about
0:065 vtip before it quickly decelerates on approaching the
disk.

Figure 8a shows that there is a minor, though consistent,
effect of disk acceleration on the path the sphere follows

while rolling over the bottom: its curvature increases with
decreasing acceleration. This is likely due to the flow still
developing while the sphere rolls over the bottom. The time
over which the disk accelerates is a few seconds. Given the
viscosity and the dimensions of the mixing tank (specifically
the distance C 5 55 or 45 mm between disk and bottom), a
few seconds is also the time scale over which momentum
diffuses over a distance of the order of C; over t 5 1 s,ffiffiffiffi

mt
p
�50 mm. The simulations (see the next subsection) con-

firm this time scale for flow development. For the lowest
acceleration of 50 rpm/s, the flow has most time to develop
during the rolling of the sphere over the bottom which leads
to slightly more curvature in its path. In the remainder of the
visualization experiments, the disk rotation starts by default
with an acceleration of 100 rpm/s.

More dependencies on the experimental conditions appear
when the rolling of the sphere over the bottom is visualized.
A more strongly curved path is followed at lower disk clear-
ance (Figure 8b); this again is for reasons of a more devel-
oped flow near the bottom for smaller C. In Figure 8c, the
paths of spheres with different densities are given. The light-
est sphere (made of plastic with qp=q51.43) follows a much
longer and more curved path than the other two spheres. As
we will see when discussing the simulated liquid flow field
(which will be done later in Figure 11), this is a Reynolds
number effect and is not directly related to the sphere’s den-
sity. The disk speed for lifting off the light sphere is much
lower than for the other spheres and at lower Re, the radial
liquid velocity component near the bottom is smaller than
for higher Re giving rise to a longer trajectory of the sphere
over the bottom.

Figure 9. Time series of sphere trajectory (top) and velocity (bottom) during its rise toward the disk over the cen-
terline of the tank.

(a) Effect of disk’s off-bottom clearance (E1 vs. E4). (b) Effect of diameter of glass spheres at C/T 5 0.25. (c) Effect of sphere den-

sity at C/T 5 0.20 and dp 5 10 mm. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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The vertical motion of the sphere is analyzed in Figure 9.
The disk spins steadily with the critical lift-off rotation rate
NLO during the stages shown in Figure 9. As we are close to
the critical condition for lift off, the initial vertical accelera-
tion of the sphere is small. With increasing distance between
the sphere and the bottom wall, net vertical hydrodynamic
forces on the sphere apparently strongly increase given the
strong increase in vertical acceleration which peaks when the
sphere is approximately halfway the bottom and the disk.
Then, the vertical velocity quickly decreases to become zero
when the sphere touches the disk. With a larger disk clear-
ance, the sphere has more room and time to accelerate and
therefore, the peak vertical velocity is nearly twice as high
for C=T 5 0.25 as compared with C=T 5 0.20 (Figure 9a).
Smaller spheres get entrained more slowly by the flow: the
initial, low acceleration stage is twice as long if dp 5 5 mm
compared with 10 mm (Figure 9b). The low-density, plastic

sphere behaves markedly different from the denser spheres
(Figure 9c). Its rise to the disk is slower when measured in
number of impeller revolutions (tNLO) as we do in Figure
9c. As the lift-off disk speed of the light plastic particle is
about 2.4 times less than that of the glass particle, in real
time, the rise of the plastic particle takes about 3.6 times
longer than of the glass particle.

At the end of its vertical path, the sphere touches the
lower surface of the disk close to its center. Centrifugal
forces and contact friction make that the sphere spirals away
from the center while positive vertical hydrodynamic forces
ensure rolling and/or slipping contact between sphere and
disk surface. Figure 10 shows this spiraling motion and also
shows that the speed of the sphere closely follows the local
circumferential velocity of the disk surface with limited rela-
tive velocity between disk and sphere. The exception is the
dense silicon nitride sphere. Its speed clearly lags that of the

Figure 10. (a) Comparison of swirling motion of the 10 mm glass sphere under the disk for the two off-bottom
clearances.

(b–d) Speed of the sphere as a function of its radial location (with R 5 D/2 the disk radius) showing limited levels of relative

velocity between sphere and disk, except for the dense sphere (shown in panel [d]). Panel (b): 10 mm glass spheres; (c) C/T 5
0.25 and glass spheres; (d) C/T 5 0.2 and 10 mm spheres. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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disk surface. Its high net weight likely prevents good contact
with the disk.

In the next section, the experimental results will be con-
fronted with numerical simulations. The simulations aim at
resolving the liquid flow and the way the liquid interacts
with the sphere. The detailed (flow) information from the
simulations allows for placing some of the experimental
observations in context. At the same time, the experimental
data provide important validation material for the
simulations.

Numerical results and comparison with experiments

Impressions of the liquid-only flow after the disk has spun
sufficiently long for the flow to reach steady state are given
in Figure 11. It qualitatively shows the effects of the disk
clearance C and the Reynolds number. The horizontal cross-
sections are taken approximately 5 mm above the bottom,
that is, at the vertical location of a dp 5 10 mm sphere if it
is supported by the bottom. Here, it shows that—as antici-
pated in Figure 8c—the flow at Re 5 11 closely above the
bottom has a weaker inward radial component as compared
with the cases with higher Re. Note that the flow fields
shown in Figure 11 are instantaneous realizations and, there-
fore, clearly are laminar in nature. The development to
steady state is illustrated in Figure 12, where it is noted that

very shortly after the end of the acceleration period of the
disk the flow reaches steady state.

We now turn to simulations that include the motion of the
sphere. Four of the experimental cases will be considered:
E1, E2, E4, and E5, that is, the cases with 10 and 8 mm
glass spheres at both disk clearances C/T 5 0.25 and C/
T 5 0.20. The default simulation settings are that the sphere
diameter is resolved by 12 lattice spacings (dp512D) and
that the lubrication force model (Eq. 1) is active. The sensi-
tivity of the results with respect to these settings will be dis-
cussed as well. As in the experiments, the simulations are
started with liquid and sphere at rest, the sphere at the speci-
fied location on the bottom 0:0;20:409T; 0:5dp

� �
, and the

same acceleration of the disk as in the visualization experi-
ments is applied. In each simulation, the Shields number is
specified which—given all the other conditions of the flow
system—can be directly translated in the disk’s angular
velocity.

In Table 3, the critical lift-off conditions as observed in
the simulations are presented. For each of the experimental
cases, we simulated, a lower-bound and an upper-bound crit-
ical Shields number are presented, hlowb and hupb, respec-
tively. The value hlowb indicates the highest simulated
Shields number for which the sphere did not lift off; hupb is
the lowest simulated Shields number for which the sphere
did lift-off.

Figure 11. Impression of the simulated liquid flow (no sphere present) in terms of velocity vectors.

Flow field after 20 impeller revolutions. Resolution such that the disk diameter D spans 132 lattice spacings (D5132D). Top row:

vertical cross-sections through the center (y 5 0); bottom row: horizontal cross-sections at z 5 0.023 T 5 5.06 mm (which is the

approxiamte vertical location of the center of a sphere with dp 5 10 mm lying on the bottom). Left column: C/T 5 0.25, Re 5
31.44; middle column: C/T 5 0.2, Re 5 37.61; right column: C/T 5 0.2, Re 5 11.21. The reference vector that indicates the tip

speed applies to all six panels.
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We see that for C=T 5 0.25, the critical Shields number is
overpredicted by some 10% which (given that h / N2) is an
overprediction of 3% of the lift-off disk speed. For
C=T 5 0.20, the agreement between simulations and experi-
ment is better. It has further become clear that the application
of the lubrication force model has no influence on the critical
lift-off conditions. It is the vertical hydrodynamic force on the
sphere lying on the bottom that has not yet a wall-normal
velocity (and thus does not yet feel a lubrication force) that
matters for lift off. The lubrication force does have a strong
impact on the time scales over which the lift-off process takes
place. For Case E1 at the Shields number that eventually
shows lift off in the simulation, the initial rise of the sphere
over a vertical distance of 0:1dp can take up to 16.9 s with an
active lubrication force, while the much shorter time of 4.1 s
(a factor of 4 shorter) is observed without lubrication force. In
that respect, the simulations with active lubrication force
much better resemble the experimental observations: 16.8 and
17.9 s for the two realizations of the experiment.

In what follows the sphere’s motion as simulated will be
compared with the experimental data. In Figure 13, good
agreement is observed between the experimental and simu-
lated trajectories of the sphere rolling over the bottom. Also
the time of travel agrees fairly well. As a measure for this,
we take the time it takes for the sphere to approach the
center of the bottom within a distance of 0.5dp.

The detailed flow information assists in understanding the

precise reason for lift-off of the sphere. In Figure 14, pres-

sure and velocity fields are shown directly around the sphere

on its upward vertical path toward the disk. An important

feature is the pressure minimum above the sphere when it

still rests on the bottom. It is created by the swirling motion

of the liquid due to the spinning disk. The negative @p=@z is

responsible for the initial lift off. This is consistent with the

analysis of the data in Table 2 and Figure 6 that indicates

that the hydrodynamic force responsible for lift off is propor-

tional to the volume of the sphere, which is the case for a

pressure-gradient force.
Above, we also noted that the suspending force scales as

Fsusp / N1:4, that is, in between viscous (Fsusp / N) and iner-

tial (Fsusp / N2) scaling. It is due to the reduced pressure

above the sphere when it rests on the bottom and this

reduced pressure does not—due to the viscous nature of the

flow—perfectly scale as N2 but rather to some power lower

than 2. This can be appreciated when one looks at Figure 11

and sees that the strength of swirl depends significantly on

the disk Reynolds number (note that the velocity vectors in

Figure 11 have been scaled with the tip speed of the disk

and thus with N).
Shortly, after lift off, the pressure below the sphere

reduces as a result of liquid being drawn in the widening

gap between bottom and sphere. As can be seen in the sec-

ond frame of Figure 14 (at tN 5 3), still @p=@z < 0. At this

stage, also the upward vertical liquid flow assists in lifting

the sphere further. On approach of the spinning disk, the

pressure above the sphere increases as liquid needs to be

squeezed out of the gap between disk and sphere (as in the

final panel of Figure 14).
In Figure 15, the vertical part of the sphere’s trajectory is

considered and experimental and computational results com-

pared. Most importantly, these results have been used to

assess the effect of spatial resolution of the simulations. The

vertical location and velocity as a function of time for simu-

lations at or close to the upper bound Shields numbers hupb

(Table 3) are compared with experiments at hLO. The agree-

ment is generally good. Grid refinement (to dp514D) and

coarsening (down to dp58D) have marginal effect on the

results (Figure 15c).
Finally, the spiraling motion underneath the disk has been

investigated. It is recovered by the simulations. A precise
match between measured and simulated paths was not
observed (Figure 16). One reason is due to the strong sensi-
tivity of the spiraling path with respect to the point of initial
contact between sphere and disk. Another reason might be
that the lubrication model was not incorporated for the
sphere approaching the lower surface of the disk. As a global
characteristic of the motion underneath the disk, the time the
sphere is in contact with the disk was taken. This time is
typically less than 1 s. As indicated in Figure 16, these times
are well reproduced by the simulations.

Figure 12. Time series of local flow velocities in x-
direction in the vertical plane with y 5 0.

In this simulation, the disk accelerates from t 5 0 to

tN 5 13.44 with N the eventual rotation rate, that is,

during the acceleration period the disk makes 6.72

revolutions. Re 5 26.04, C/T 5 0.2. [Color figure can

be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Table 3. Lift-Off Shields Numbers; Experiments and Simulations

Case Particle qp=qð2Þ C=Tð2Þ dp (mm) vq (Pa�s) Ar (2) hLOexp. (2) hlowbsim (2) hupbsim. (2)

E1 Glass 2.50 0.25 10 2.143 3.07 2.66 2.66 2.92
E2 8 2.137 1.58 3.02 3.02 3.32
E4 0.2 10 2.149 3.06 1.83 1.65 1.83
E5 8 2.143 1.57 2.13 1.92 2.13
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Figure 13. Rolling of glass sphere on bottom, simulation and experiment. Left: dp 5 10 mm; right: dp 5 8 mm.

The time listed is the time it takes for the sphere to move from the starting location on the bottom 0:0;20:409T; 0:5dp

� �
to a

location within a distance of 0.5dp from the center of the bottom. [Color figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]

Figure 14. Normalized flow field and pressure distribution during the lift off of a 10 mm glass particle (Case E1, C/
T 5 0.25, dp512D, h 5 2.92).

Lubrication force was included in this simulation. The dimensionless times tN for the top left, top right, bottom left, and bottom

right panels are 0, 3, 6, and 7, respectively. [Color figure can be viewed in the online issue, which is available at wileyonlineli-

brary.com.]
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Conclusions and Future Work

In this article, we have generated an experimental data set
on critical conditions for a single sphere being suspended by
a laminar liquid flow that resembles the flow in a mixing
tank: a rotating disk generates a swirling flow in a square
container. The flow systems and scenarios for lift off of the
sphere have been described in detail so that the cases dis-
cussed allow for the execution of numerical simulations that

very closely match experimental conditions. This article also
describes the application of one of such simulation
approaches.

It is concluded from parameter variations in the experi-
ment that the vertical force responsible for lift off of the
sphere is approximately proportional to the sphere’s volume.
Based on observations from the simulations, this force has

Figure 15. Particle axial position vs. dimensionless time (left column) and particle vertical velocity vs. dimension-
less time (right column).

Top row: Case E1, C/T 5 0.25, dp512D; middle row: Case E4, C/T 5 0.2, dp512D; bottom row: Case E4, C/T 5 0.2, h 5 2.

Lubrication force was included in all simulations. [Color figure can be viewed in the online issue, which is available at wileyonli-

nelibrary.com.]

AIChE Journal April 2015 Vol. 61, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 1467

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com


been identified as a pressure-gradient force. The scaling of
the suspending force with the strength of the flow—that has
been quantified by the rotational speed of the disk N—is
such that Fsusp / N1:4 which is intermediate between viscous
and inertial scaling.

In addition to identifying critical lift-off conditions, parti-
cle trajectories and velocities have been measured by high-
speed imaging and quantitative image analysis. These trajec-
tories have been compared with the outcomes of our numeri-
cal approach based on the LB method with an immersed
boundary approach to imposing no-slip conditions at moving
surfaces (the spinning disk and the moving and rotating
sphere). Good agreement of simulation results with experi-
mental data in the various stages of particle motion has been
observed. A grid-refinement study shows that the simulations
are sufficiently resolved. In terms of the inertial Shields
number h � qN2D2

gDqdp
, the critical lift-off conditions as simulated

are within 10% of the critical conditions as measured. It has
also been found that inclusion of the lubrication force in the
simulations (to compensate for lack of resolution if solid
surfaces are within one lattice spacing) has no influence on
the critical lift-off conditions. It does have an impact, how-
ever, on the time scales over which lift off takes place.

It needs to be emphasized that in practical (chemical engi-
neering) applications, particle entrainment mechanisms are
more complex and rich than the ones described in this arti-
cle. In future research, we will be systematically adding
complexity to the “base-case” as described here. By adding
more spheres to the same (disk-in-square-tank) mixing con-
figuration, we will study how collective behavior assists sus-
pending processes. As is known from sheared granular
beds,38 rolling of spheres over one another helps in exposing
them to liquid flow and thus enhances entrainment. Admit-
tedly, the behavior of a swarm of suspended particles will be
more complex than a simple extrapolation of the behavior of
few particles. A more complex impeller (e.g., a down-
pumping pitched-blade turbine or a Rushton turbine) makes
the liquid flow unsteady (due to blade-passage effects) of
which it will be interesting to study how these fluctuations
will affect single and multiple sphere entrainment. Introduc-
ing fluctuations will also be a step toward studying the

effects of turbulence on solids suspension processes in mix-
ing tanks. As is known from swirling flows, the Ekman vor-
tex enhances turbulence levels and the entrainments of
particles into the liquid.39,40
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